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1. INTRODUCTION

In this work, we are concerned with the following higher-order nonlinear mixed neutral

differential equation with variable coefficients
/
r(t) [2(t) + Pu()a(t — 1) + Pa(t)a(t + 7)Y

+ (=1)" [Q1()g1(2(t — 01)) — Q2(t)g2(x(t + 02)) — f(t)] =0, (1)

where n > 2 is a positive integer, P; € C([tg, ), R),

Q; € C([to,0),[0,0)), 1 > 0, 0, = 0, g; € C(R,R), i=1,2, r € C([tg,0), (0,00)),
f € C([to,00),R). We assume that g;, i = 1,2, satisfy local Lipschitz condition and
gi(x)x >0,i=1,2, for x # 0.
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Recently, many results have been obtained on the nonoscillatory solutions of first,
second and higher order neutral differential and difference equations; see [1, 2, 3, 4,
5,6, 7, 8,9, 10] and the references contained therein. The nonoscillatory behavior of

solutions to first-order mixed neutral differential equation

d

7 2O + Pi()z(t — 1) + Pa(8)a(t + 7)) + Qu(t)2(t — 01) — Qa(t)z(t + 02)

where P; € C([tg,00),R), Q; € C([tp, ), [0,00)), 7, > 0 and o; > 0 for i = 1,2, was
studied in [11].

The aim of this paper is to present some new sufficient conditions ensuring the
existence of nonoscillatory solutions of (1) which is generalization of (2). To set up
our main results, we consider different cases for the ranges of the coefficients P (t)
and Ps(t).

Let m = max{7,01}. By a solution of (1) we mean a function x € C([t; —
m,00),R), for some t1 > tg, such that x(t) + Py (t)z(t — 7)) + Po(t)x(t + 72) isn —1
times continuously differentiable and r(t)(x(t) + Py (t)z(t — 1) + Pa(t)z(t + 12)) D
continuously differentiable on [t1, 00) and such that (1) is satisfied for ¢ > ¢;.

As it is customary, a solution of (1) is said to be oscillatory if it has arbitrarily
large zeros and nonoscillatory if it is eventually positive or eventually negative.

We use the following theorem to prove our main results.

Theorem 1. (Banach’s Contraction Mapping Principle) A contraction mapping on

a complete metric space has exactly one fixed point.

2. MAIN RESULTS

Theorem 2. Assume that 0 < Py(t) <p1 <1,0< Pg(t) <pa<1l—p1 and

/ / u)duds < 00, / / u)|duds < 0o, (3)
to to tO

where i=1,2. Then (1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [ty, 00) with the

sup norm. Set
Q:{"EGA:Mlgx(t)éMg, t}to},
where M7 and M, are positive constants such that

(p1 + p2) Mo+ My < Mo.
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Let L;, i = 1,2 denote Lipschitz constants of functions g;, ¢« = 1,2 on the set (,

respectively and L = max{Li, Lo}, 8; = max,cq{gi(z)}, i=1,2, respectively and let

a € ((p1 + pa)Ms + My, Mg). From (3), one can choose a t1 > o,
th1 >t + max{ﬁ, 0'1}

sufficiently large such that

- ! 5 /too ‘i; /t (@1 + 1 (u)l) duds < My — a.

and

p1+p2+ (nf2)! /foo 5:(;)2 /S (Ql(U) +Q2(U))duds =q <1

t1 t1

Consider the operator S : 0 — A defined by

a— Pi(t)z(t — 1) — Pa(t)z(t + 72)

T B o e e M CAQTICCRE)
—Q2(u)ga(x(u + 02)) — f(u))duds, t>t
(Sz)(t1), to <t < ty.

Clearly Sx is continuous. For ¢ > ¢; and = € Q, using (5) we have

(S2)(t) < a+ 12)![" (S;t)"_2 / (@101 (w(u — 02)) — F(u))duds

(n— ) Ju
set (n i 2)! /tloo 5:28)2 /: (Q1(u)61 + |f(u)|)duds
<M>

and taking (6) into account, we have

(Sx)(t) Z2a— Pi()z(t — 1) — Pa(t)z(t + 72)

- [T [ Qa0 + 0 )duds

(n— r(s)  Ju

>a — (p1 + p2) Mo

B (n _1 2)! /:o iTES)Q /fj (QZ(U)BZ + |f(u)|)duds > M.

(4)
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These imply that SQ C €. Since 2 is a bounded, closed, convex subset of A, in order
to apply the contraction principle the remaining is to show that S is a contraction

mapping on Q. For 1,29 € Q and t > 14,

|(Sa1)(t) — (Swa)(8)] <PL(O)|er(t = 71) — ot — )

I
—|—P2(t)|$1(t—|—7‘2)—$2(t+7'2)|+ (n_2)'/t 7"(8)

x/ (Ql(u)|gl(x1(u—01))—91($2(U—01))|

t

+ Qa(w)lga( (u + 02)) — ga(wa(u + 02))]) duds

or using (7)

n—2

|(Sz1)(t) — (Sz2)(1)]

< lles—aall (ot gy [ 5 [ Qa0 Q) ) = s =l

t1

This means with the sup norm that
|[Sz1 — Szaf| < qulzy — 22l

where in view of (7), ¢1 < 1, which shows that S is a contraction mapping on 2.
Thus, there exists a unique solution, obviously a positive solution of (1), x € Q of

Sx = x. The proof is complete. O

Theorem 3. Assume that 0 < Pi(t) < p1 <1, p1 —1 < ps < Pa(t) <0 and (3)

holds, then (1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, o) with the

sup norm. Set
Q={zxeA: Ny <z(t) <Ny, t=to},
where N7 and Ny are positive constants such that
N1+ piNa < (1 +p2)Na.

Let L;, i = 1,2 denote Lipschitz constants of functions g;, ¢ = 1,2 on the set 2,
respectively and L = max{Li, L2}, 8; = maxzca{gi(z)}, i=1,2, respectively and let
a € (N1 + p1Na, (1 + p2)Ns3). Because of (3), one can choose a t1 > ty sufficiently
large satisfying (4) such that
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oo n—2 S
(n_12)!/f i(s)/f (@o(w)B + | (u)])duds < o — pr N — N,
and
oo n—2 s
pl_p2+(nf2)!/t i(s)/t (Q1(U)+Q2(U))dUdS=(J2<1~

By defining the operator S by (8), the remaining part of the proof follows similar
lines as that of Theorem 2. O

Theorem 4. Assume that 1 < p; < Pi(t) < p1, <00, 0 < Pa(t) < pa <p1—1 and
(3) holds, then (1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, c0) with the

sup norm. Set
Q={zeA: Ms<x(t) <My, t=to},
where M3 and M, are positive constants such that
p1oMs + (1 + p2) My < p1My.

Let L;, i = 1,2 denote Lipschitz constants of functions g;, i = 1,2 on the set 2,
respectively and L = max{Li, L2}, 8; = maxzca{gi(z)}, i=1,2, respectively and let
o€ (plOMg +(1 +p2)M4,p1M4). In view of (3), we can choose a t1 > to,

i +71 2t +o1 (9)
sufficiently large such that
1 oo 8n—2 s
duds < p1 My — a, 10
i sy (@ s < o~ o 10

(n i 2)! /too i; /ts (Qz(u)ﬁz + |f(u)|)duds

< a—piyMs— (1+p2)My (11)

and

t1

pil <1 +p2+ (an)! /:0 jj;; /S (Ql(u) + Q2(U))duds> =q3 < 1. (12)
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Define a mapping S : @ — A as follows

m a—x(t+1)— Pt +7)a(t + 71+ 72)

ot — | o B T e (e o)

—Qa(u)ga(x(u + 02)) — f(u))duds) o t>t

(Sz)(t1), to <t <t

Clearly Sz is continuous. For ¢ > ¢, and = € Q, using (10) we have

1 1 ® (s—t—T)" 2
(Sz)() <P1 (t+m) <a + (n—2)! /t+r1 r(s)

<[ (@ntetu-a) - f(u))duds>

1+71

“ (O‘ vt | S ) (@ |f<u>|)duds> < M,

and taking (11) into account, we have

(Sz)(t) >ﬁ <a (b 1) = Pt + m)a(t+ 1+ 7)

B 1 ® (s—t—T)"2
(n—2)! /t+n r(s)

X /ts (QQ(U)QQ({E(U +09)) + f(u))duds)

1+71

P1,

" i 2)! /too iES; /ts (Qz(u)ﬂz + |f(U)|)duds> > Ms.

1
Z— <a — (1 +p2)My

These show that SQ C Q. Since €2 is a bounded, closed, convex subset of A, in order
to apply the contraction principle we have to show that S is a contraction mapping
on Q. For 21,29 € Q and t > t1, from (12)

||21 — 22|
P1

X (1 +p2 + & 52)! /:0 izs; /: (Ql(u) + Qg(u))duds>

= g3||z1 — z2]].

|(Sz1)(t) — (Sz2)(t)] <
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This means with the sup norm that
|[Sz1 — Sza| < gsllz1 — 22l

where in view of (12), g3 < 1, which shows that S is a contraction mapping on 2.
Consequently there exists a unique positive solution of (1), € Q of Sx = x. Thus

the proof of Theorem 3 is complete. O

Theorem 5. Assume that 1 < p; < Pi(t) < p1, <00, 1 —p1 < p2 < Pa(t) <0 and
(3) holds, then (1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [ty, 00) with the

sup norm. Set
Q={zeA: Ns<a(t) <Ny t2=to},
where N3 and N4 are positive constants such that
p1, N3 + Na < (p1 + p2)Na.

Let L;, i = 1,2 denote Lipschitz constants of functions g;, ¢« = 1,2 on the set (,
respectively and L = max{Li, Lo}, 8; = max,cq{gi(z)}, i=1,2, respectively and let
a € (p10N3 + Ny, (p1 + pg)N4). By using (3), one can choose a t1 > to sufficiently
large satisfying (9) such that

o [ 2 [ (@ + 15 Yduds < (o + N -

o0 n—2 s
i | S | (@415 )auds < a3 - N,

and

(o 5 e awus) e

By defining the operator S by (13), the remaining part of the proof is similar to that

of Theorem 4, therefore it is omitted. O

Theorem 6. Assume that —1 < p; < Pi(t) <0, 0< Po(t) < p2 < 1+4py and (3)

holds, then (1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, c0) with the

sup norm. Set

Q:{$€A2M5<$(t)<M6, t}to},
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where M5 and Mg are positive constants such that

Ms 4 paMs < (1 + p1)Ms.

Let L;, i = 1,2 denote Lipschitz constants of functions g;, ¢« = 1,2 on the set (,

respectively and L = max{Li, L2}, f8; = maxzca{gi(z)}, i=1,2, respectively and let
a € (Ms + paMs, (1 + p1)Msg). Because of (3), we can choose a t; > to sufficiently

large satisfying (4) such that

00 n—2 s

and

0o 8n72

—p1+p2+ (nf2)! /t1 05) /: (Ql(u) +Q2(u))duds

=gq5 < 1.

Define an operator S :  — A as follows

a— Pi(t)x(t — 1) — Pa(t)z(t + 72)

(S2)(t) = o i (S_rf()sy)h I (Ql(u)gl(ﬂf(u —01))
—Qs(w)ga(a(u + 02)) — f(u))duds, t> 1
(Sz)(t1), to <t < ty.

(14)

(15)

(17)

Obviously Sz is continuous. For ¢ > ¢; and = € Q, from (14) and (15), respectively,

it follows that

(S2)(t) < @ = p1Ms + _1 ol /:o i(; /t (Ql(u)ﬁl n |f(u)|)duds <M
and
5200 > 0=~ ot [ 5 [ (@ + 170 auas > 0

These show that SQ C Q.  is a bounded, closed, convex subset of A. In order

to apply the contraction principle, the remaining is to show that S is a contraction

mapping on Q. Thus, if z1, 22 € Q and ¢t > ¢, from (16)

[(Sz1)(t) = (Sz2)(t)] < [[o1 — 22| ( —p1+po
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+ 0 52)! /:o i;s)z /: (Q1(u) + Qg(u))duds> = gs||lz1 — 2.

This means with the sup norm that
|[Sz1 — Sxa| < gsllz1 — 22l

where in view of (16), g5 < 1. S is a contraction mapping on 2 and S has a unique
fixed point which is a positive and bounded solution of (1). This completes the
proof. O

Theorem 7. Assume that —1 < p; < Pi(t) <0, =1 —p; < p2 < P2(t) <0 and (3)
holds, then (1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, c0) with the

sup norm. Set
Q={zeA: N5 <z(t)<Ng, t>=to},
where N5 and Ng are positive constants such that
N5 < (1+ p1 + p2) Ne.

Let L;, i = 1,2 denote Lipschitz constants of functions g;, ¢ = 1,2 on the set €,
respectively and L = max{Li, L2}, 5; = max,cq{gi(z)}, i=1,2, respectively and let
a € (N5, (1 4 p1 + p2)Ng). By using (3), one can choose a t; > o sufficiently large
satisfying (4) such that

it | S | (@ duds < (14 4N -
(n _1 2)! /too Srzs)z /t (QQ(“)ﬁQ * |f(“)|)d“d8 Sa— N
and
—p1—p2+ e 52)! /:0 in(: /f: (Ql(u) + Qz(u))dUdS =g <1

By defining the operator S by (17), the remaining part of the proof is similar to that
of Theorem 6, therefore it is omitted. Thus the proof is complete. O

Theorem 8. Assume that —oo < p1, < Pi(t) <p1 < —1,0< Po(t) < pa < —p1 — 1
and (3) holds, then (1) has a bounded nonoscillatory solution.
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Proof. Let A be the set of all continuous and bounded functions on [ty, 00) with the

sup norm. Set
Q={zeA: M;<x(t) <Ms, t=>to},
where M7 and Mg are positive constants such that
—p1, M7 < — (14 p1 + p2) Ms.

Let L;, i = 1,2 denote Lipschitz constants of functions g;, i = 1,2 on the set 2,
respectively and L = max{Li, L2}, f8; = max,ca{gi(z)}, i=1,2, respectively and let
a € (—p1, M7, (—1 — p1 — p2)Ms). In view of (3), we can choose a t; > to sufficiently
large satisfying (9) such that

1
(n —

2)1 /too o /8 (Ql(u)ﬁl + |f(U)|)duds < p, M7+ a, (18)

r(s) J,

(n_lg)g /too i;;; /ts (QQ(U)ﬁQ + |f(u)|)duds
< —(1+p1 +p2)Msg — (19)

and

e o o) -t o

Define a mapping S : @ — A as follows

Wiﬁ) a+z(t+mn)+ Po(t+m)zt+ 7+ 1)

(S2)(t) = — Jn % . (Ql(u)gl(az(u —01))

—Qa(u)ga(x(u + 02)) — f(u))duds), >t

(Sw)(t1)7 t() <t<t1.

(21)

Clearly Sz is continuous. For ¢ > t; and z € Q, from (19) and (18), respectively, it

follows that
Sn72

r(s)

P1

(Sz)(t) < -1 <a+Ms+P2Mg+ 0 _1 i /f h /f ) (Q2(u)52+| f(u)|)duds> < Mg

and

(Sz)(t) > __1 <a _ 1 5 /:0 gn—2 /f: (Ql(U)51 + |f(u)|)duds> = My.

(n— o)
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These prove that SQ C Q. In order to apply the contraction principle, the remaining
is to show that S is a contraction mapping on €2 since € is a bounded, closed, convex
subset of A. Thus, if 21,22 € Q and t > t1, from (20)
-1
|(Sz1)(t) — (Sz2)(t)] < p—lllxl — To|
(rmr g [0 [ (@ + @) duds ) = arlies — ol
b2 1(u 2(U uas | = qr||r1 — T2l
(n=2)1Jy, r(s) Ju,

This implies with the sup norm that

[[Sz1 — Szo|| < qrl|z1 — @2]|,

where in view of (20), g7 < 1. S is a contraction mapping and S has a unique fixed
point which is a positive and bounded solution of (1). This completes the proof. O

Theorem 9. Assume that —00 < p1, < Pi(t) <p1 < =1, p1+1<pa < Pa(t) <0
and (3) holds, then (1) has a bounded nonoscillatory solution.

Proof. Let A be the set of all continuous and bounded functions on [tg, c0) with the
sup norm. Set

Q:{$6A1N7<$(t)<Ng, t}to},
where Ny and Ng are positive constants such that
—p1,N7 — paNg < (—p1 — 1)Ng.

Let L;, i = 1,2 denote Lipschitz constants of functions g;, ¢ = 1,2 on the set ,
respectively and L = max{Li, L2}, f8; = max,ca{gi(z)}, i=1,2, respectively and let
a € (—p1,N7 —p2Nsg, (—p1 — 1) Ns). By using (3) one can choose a t1 > t( sufficiently
large satisfying (9) such that

o (@m )t < e
o (@)t <

and

et 5 e awjus) e

By defining the operator S by (21), the remaining part of the proof is similar to that
of Theorem 8, therefore it is omitted. Thus the proof is complete. O
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Example 1. Consider the equation

(¢ (at) - Lot —1)+ Sat+ 1))(6))'

e2 e2

—t,3 —2t 64 , So-n)? ot —2(t41)
—leta(t—1)—e¢ a:(t+1)—6—46 —e (2—|—e ) +e (2—|—e )

and note that n = 7, 7(t) = €', Pi(t) = —%, Pa(t) = %, Q1(t) = e~" and Q(¢) =

3
e 2t gi(z) = 23, go(w) = z and f(t) = %e’t—l—e’t(?—i—e’?(t’l)) —e 2t (2—|—e*2(t+1)).
A straightforward verification yields that the conditions of Theorem 6 are satisfied.
We note that x(t) = 2 + exp(—2t) is a nonoscillatory solution of (22).
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