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1. INTRODUCTION

The term “differential equations” was proposed in 1676 by Leibniz [1]. The first
studies of these equations were carried out in the late 17th century. The differential
equations have played a central role in every aspect of applied mathematics for a very
long time and their importance has increased further with the advent of computers.
It is also well known that throughout science, engineering, and far beyond, scientific

computation is taking place in an effort to understand and control natural phenomena
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and to develop new technological processes that can be written as differential equa-
tions. As investigation and analysis of differential equations arising in applications
often leads to various deep mathematical problems, there are several techniques for
solving differential equations.

Integral transform method has been extensively used to solve several differential
equations with initial values or boundary conditions; see [2-16]. In the literature, there
are numerous integral transforms which are extensively used in physics, economy,
astronomy, and engineering. Many works on the theory and application of integral
transform were contributed by Fourier, Laplace, Mellin, Hankel, Sumudu, and Elzaki.

Recently, Kim [17] introduced the intrinsic structure and some properties of Laplace-

type integral transforms or G,-transform, which is defined by

Golf(1)} = u” / T et (),

where a € Z. The G,-transform can be applied directly to any situation by choosing
« appropriately.
The Laplace transform is defined by

C{f(1)) = / T et f (1)

Letting s = 1/u, the Laplace transform can be rewritten as

C{f(0)) = / T et (1t = Gol F(1)).

Similarly, the Sumudu transform is defined by

SUWY = [ e = Galr@),

and the Elzaki transform is defined by

BUO}=u [ T et gt = Gy (D).

Thus, the G, -transform is a generalized form of the Laplace, Sumudu, and Elzaki
transforms, which is more comprehensive and intrinsic than existing transforms.

Furthermore, the Laplace transform has a strong point in the transforms of deriva-
tives, that is, the differentiation of a function f(¢) corresponds to the multiplication

of its transform L£{f(t)} by s. However, if we choose a« = —2, that is,

G710} = / T et (),

then this transform yields a simple tool for transforms of integrals. In other words,
the integration of a function f(¢) corresponds to the multiplication of G_o{f(¢)} by



FURTHER PROPERTIES OF LAPLACE-TYPE INTEGRAL TRANSFORMS 197

u, whereas the differentiation of f(¢) corresponds to the division of G_2{f(¢)} by w.
Also, he solved Laguerre’s equation by G, -transform; see [18, 19] for more details.

The purpose of this paper is to study some other properties of the G-transform
and to demonstrate the effectiveness of their applicability via some examples. We
give an example that cannot be solved by Laplace, Sumudu, and Elzaki transforms,
but it can be solved by Laplace-type integral transforms.

In the next section, we give the necessary facts about the G-transform. Some
properties of the G, -transform and some illustrative examples will be investigated in

Section 3. Finally, we give the conclusion in Section 4.

2. PRELIMINARIES

The definition for the G,-transform is given by

Definition 1. Let f(t) be an integrable function on [0,00). The G,-transform of
f(t), denoted by Go{f(t)}, is a function of u > 0 defined by

Galf(0) = | Tt (nyt, 1)
where o € 7.

Next, we will consider the conditions for the existence of the G-transform of f(t).

Suppose that f(t) is piecewise continuous on [0, c0) and has an exponential order
at infinity with |f(¢)| < Me* for t > C, where M > 0, and k,C are constants. Let
F(u) be the G4-transform of f(t). Then F(u) exists if u < 1/k. Since the integral in
the definition of F'(u) can be split as

00 C [e's)
u® /0 e () dt = u® / e VU () dt + u® / et f(t)dt. (2)

0 c
And since f(t) is piecewise continuous on [0, C], then f(¢) is bounded. Letting A =
max{|f(t)] : 0 <t < C}, we obtain

c c
Ua/ e f(t)dt < Aua/ e~t/udt = Au® (u - ue’c/“) < o0.
0 0
Furthermore, it can be seen that
oo (oo}
uoz/ e—t/uf(t)dt’ < uoz/ e_t/u|f(t)|dt
c c

Sua/ e U peRtdt
C
Muoz+1e—C(1/u—k)

1—ku

< 00,
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No. f() Go{f(t)}
1 1 uott
2 t u®t?
3 tn nlytotl
A eat uaJrl
1~
. au®
5 Sm(at) m
ua+1
6 ~ N
cos(at) T 2
7 | sinh(at) au”””
simnla ﬁ
1 ualila
8 COSh(CLt) m
u®(1/u— a)
9 | ecos(bt) | —————553
e cos(bt) a0t 12
bu®
1 “sin(bt) | ——m89 ——
0 | e*sin(bt) (Ja—aZ 117

Table 1: The G,-transforms of some functions f(t) on [0, c0)

provided that u < 1/k.

Since the integral on the right-hand side of (2) is convergent, the integral on
the left-hand side of (2) is also convergent for v < 1/k. Thus f(t) possesses a Gq-
transform.

The G, -transforms of some elementary functions f(¢) are shown in Table 1. Note

that we can choose an appropriate constant depending on each situation.

The proof of the following lemmas and theorems can be seen in [17].
Lemma 2. (t-shifting) If f(¢) is a piecewise continuous function on [0, 00) and has

an exponential order at infinity with |f(¢)] < Me*" for t > C, where C is a constant,

then for any real number a > 0, we have
Go{f(t—a)H(t —a)} = e~*/"F(u), (3)

where F'(u) = Go{f(t)} and H(t — a) is the Heaviside function, which is defined by

1 if ¢t >0;
Hi)={ oo
0 if t<O0.

Moreover, we have Go {H(t — a)} = u®Fle=/v,
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Example 3. We wish to find the G,-transform of the function
0 if t<0;
ft) =< sint if 0<t<m;
0 if t>m.

Note that the function f(t) can be rewritten using the Heaviside function as
f(t) =sint - [H(t) — H(t — m)].
Taking the G,-transform, we obtain
Gy {sint-[H(t) — H(t — 7))}
= Go{sint- H(t)} + Go{sin(t — ) - H(t — )}
ua+2(1 +677r/u)
1+ u?
Lemma 4. (Transforms of derivatives) If f(t), f'(t),..., f*~1(t) are continuous
and f(")(t) is a piecewise continuous function on [0, 00) and has an exponential order

at infinity with |f(™)(¢)| < MeF* for t > O, where C'is a constant, then the following
hold:

L Gall' (0} = 1 Galf} — FO*;

2 Golf" (0} = 5 Galf} — LFOe — f/(O)u";

O~ LD (0)u — O 0

yn—1 U

3 Culf™ (W) = - Galf) -

Theorem 5. (Transform of integral) If f(¢) is a piecewise continuous function on
[0,00) and has an exponential order at infinity with |f(¢)] < Me* for t > C, where

C' is a constant, then

Ga {/Ot f(T)dT} = uF(u), (4)
where F(u) = Go{f(t)}.

Theorem 6. (Transform of the Dirac delta function) For a > 0, let

1/k if a<t<a+k;
t—a)= -
Il ) { 0 otherwise.

Then we have
a+1

Galfult =)} = ——e e/ (e —1). (5)
If 5(t — a) denotes the limit of f as k — 0, then by L’Hopital’s rule, we can write

Gaf{d(t —a)} = lim Go{fi(t —a)} = ute”

where ¢ is the Dirac delta function.
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Lemma 7. Let U(¢) be an infinitely differentiable function. Then

U™ (1) = (=1)™ 8™ (0)8(t) + (=1 Lmw =D (0)6' (£)+

m—1)

(—1)m—2m( ol W= (08" (t) + - - + V(0)6™(¢). (6)

The proof is given in [20].

A useful formula that follows from (6), for any monomial ¥(¢) = t”, is

0 if m<mn;
50 (4) = '

(m—n)!

In the next section, we will discuss other properties of the G -transform.

3. THE PROPERTIES OF G,-TRANSFORM
3.1. LINEARITY OF THE G,-TRANSFORM

Theorem 8. Suppose that f(t) and g(t) are piecewise continuous function on [0, o)
and have an exponential order at infinity with

flit) < MieF't for t > €, and g(t) < Mye*2t for t > O,
where C; and C5 are some constants. Then the following hold:

1. For any constants a, b, the function af(t) + bg(t) is a piecewise continuous func-

tion on [0,00) and has an exponential order at infinity. Moreover,
Go{af(t) +bg(t)} = aGa{f(t)} + bGa{g(t)}; (8)

2. The function h(t) = f(t)g(t) is a piecewise continuous function on [0, c0) and
has an exponential order at infinity.

Proof. 1. It is easy to see that af(t)+bg(t) is a piecewise continuous function. Now,
let C = C1+ Cy, k = max{ky, ka2}, and M = |a|M; + |b|Ms. Then for t > C, we have

laf(t) +bg(t)] < lall F(B)] + [bllg(t)] < |alMre® + |b|Mae®=* < Met.
This shows that af(t) + bg(t) has an exponential order at infinity. Moreover, we have
Galaf(®) +bg(t)) =u® [ e*/"lag(t) + bo(t))
0

=u® / [e_t/“af(t) + e_t/“bg(t) dt
0
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:auo‘/ e_t/“f(t)dt—i—bu“/ e tug(t)dt

0 0
= aGa{f(t} +bGa{g(t)}-
2. It is clear that h(t) = f(t)g(t) is a piecewise continuous function. Now, let

C=C14+Cy, M =M{Ms,, and a = a1 + as. Then for ¢t > C, we have
R = 1f®)llg®)| < My Myel®Ha2)t — preot,

Hence h(t) has an exponential order at infinity and G,{h(t)} exists for u < 1/a. O
3.2. CHANGE OF SCALE PROPERTY

Theorem 9. If f(t) is a piecewise continuous function on [0, c0) and has an expo-
nential order at infinity with |f(t)] < Me** for t > C, where C is a constant, then for
any positive constant a, we have

Galf(at)} = —y Flauw), (9)
where F(u) = Go{f(t)}.

Proof. By Definition 1, we have
o)
Galf(@t)} =u [ e/ f(at)ds
0
Letting 7 = at, we obtain

Galf(at)) = 1 {u [ et s

1

This completes the proof. [l
3.3. TRANSFORMS OF INTEGRALS

Theorem 10. If f(t) is a piecewise continuous integrable function on [0, c0) and has
an exponential order at infinity with |f(t)] < Me** for ¢ > C, where C'is a constant,
then the following hold:

1G{/f dT}—uF ““/f

2. Gq {/a /aT f(w)dwdr} = u?F(u) + ua”/a f(w)dw +
vt [ sy
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t Tn T2
3. G, {/ / / f(Tl)dTl-'-dTnldTn} =u"F(u)
“ {(Ij “ 0 Tn—1 T2
a+n/f7'1d7-1_|_ a+2// / ledTl
ATn—odTy—1 +u®t / / / f(m)dry - drp_1dTy,

where F'(u) = Go{f(t)}

Proof. Let h(t / f(r)dr. Then h'(t) = f(t). By Lemma 4, we have

G {1 ()} = =G {h(1)} — wh(0),

Gt} = 16 { [ 1wyt~ [ s

Moreover, we obtain

{/f dT}—uF (u) + “+1/ f(r)dr.

Let h(r / f(w)dw. Then it follows that

:Ga{/hrdr}

— uGo{h(t )}+ua+1/ h(r

o { [ s dw}+ua+1/ [ e ar

= [uatson = [ pwiae] +ut [ [ v
=2 Gu g0+ [ swaw+ut [ [ s

Similarly, we obtain

t Tn T
G, {/ / / f(Tl)dTl'-'dTn_ldTn} =u"F(u)
a a O a 0 . .
vt [ pin 4t [T [T pman
a 0 . Tz(l a a
A7y —odTy—1 + uott / / e / f(Tl)dTl cdTn1dTy,

This completes the proof. [l
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Remark 11. By Theorem 10, if a = 0, then

G {/Ot /0 - /0 Flr)dr - -dTnldTn} — u"F(u). (10)

In other words, equation (10) reduces to Theorem 5.

t
Example 12. We wish to find the G,-transform of / e" cos udu.
0

Loosty = TA/u—1) /t _ ~
From G, {e' cost} = Gju—17+1 and ; f(w)du = uF(u), we obtain

G {/Ote“cosudu} :u'(f;fl_/—l{);_&

Cwt (1ju—1)
S (ju—-1)24+1°

3.4. U-SHIFTING PROPERTY
Theorem 13. If f(t) is a piecewise continuous function on [0,00) and has an

exponential order at infinity with |f(t)] < Me* for t > C, where C is a constant,

then for any real number a, we have

u

1—au

Go {e™f(t)} :F( )(1 — au)®, (11)

where F(u) = Go{f(t)}.

Proof. By Definition 1, we have
Go {e™f(t)} = u® / et f()dt
0
= (1 - au)® ( 4 > / et/ (u/(1=aw) £(4) g

1—au 0

This completes the proof. O
3.5. TRANSFORMS OF MULTIPLICATION BY POWER OF T

Theorem 14. If f(t) is a piecewise continuous function on [0,00) and has an
exponential order at infinity with |f(t)] < Me* for t > C, where C is a constant,
then the following hold:

2 dF (u)

1. Go{tf)} =u o auF(u);
2. Go{t*f(t)} = u* in(Qu) —2(a — 1)u? dFdz(Lu) + (@ — 1)au? F(u);
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e NI
_ n—l) (a—(n—1)(a—n=2) - (a—Du"t 4 ()

+a—(n-1)(a—(n—2)) - au"F(u),
where F(u) = Go{f(t)}.

Proof. By Definition 1, we have

dF(u)

—t = u“_Q/ e_t/“tf(t)dt—i—ozu“_l/ e U F(t)dt
du 0 0

= G {tf ()} + o Gal{f (1)}
Thus, we obtain
Goltf(t)} = u? dl;i“) — auF(u).

Replacing f(t) with ¢f(t) in the above equation, we obtain

catrfv) = T g iy,
Then it follows that
Galt2f (1)} = utd CZ(Q”) — 2 — )i dFdi“) + (o — DuF(w).

Similarly, we obtain

Gatt ) = T — (V) (o 1) ot )

du™ 1 dun—1
U L —(n— P Nt Re L )
(,")) (@t (n =) (a - nurn 2
+a=Mn-1)(a=(n=-2)) - au"F(u).
This completes the proof. O
Corollary 15. If f(t) = ag + a1t + ast? + - = Z ant™ is a piecewise continuous
n=0

function on [0,00) and has an exponential order at infinity with |f(t)| < Me** for

t > C, where C' is a constant, then

Go{f()} = nlaju~tmr, (12)

n=0

Proof. From Tabel 1, we have G, {t"} = nlu®t"*1. Using Lebesgues dominated

convergence theorem, we obtain

Gals0} = [ T et g (nar

o
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00 00
=u” / e t/u Z apt"dt
o n=0

(uo‘ / et/“ant”dt)
0 (o]

M

n

= Z nla,u®t
n=0
This completes the proof. [l
Example 16. We wish to find the G-transform of ¢ cos(2¢). By Theorem 14 and
a+1
the fact that G {cos(2t)} = ﬁw, we have

G {tcos(2t)}—u2i L—H —au L—H
“ 0 du \ 1+ 4u? 1+ 4u?

ut2(1 — 4u?)
SERTRE

3.6. TRANSFORM OF PERIODIC FUNCTION

Theorem 17. If f(¢) is a T-periodic piecewise continuous fucntion on [0, co) and has
an exponential order at infinity with |f(¢)] < Me*" for t > C, where C is a constant,
then

T
Galf(0} = —mru® [ e p(0) (13)

Proof. By Definition 1, we have

Galf O} =" [ Tt g (nar

0

T 2T
el —t/u @ —t/u
=u /0 et () dt + u / e MU F(t)dt

T

3T
—|—ua/ e VU fYdt -
2T

Consider all terms apart from the first one. For n > 2, let t = 7+ (n—1)T. Then

we have dt = dr and new lower and upper limit become 0 and T, respectively. Hence,

T T
Galf) =t [ e upode+ut [ e DI (o4 Ty

0

T
+ uo‘/ e~ TR/ 4 OT)dr 4 - - - .
0

Since f(t) is a periodic function, that is, f (7 + (n — 1)T) = f(7) for all n > 2, we
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have
T T
Go{ft)} = ua/ e f(t)dt + u"‘e’T/“/ e~/ f(r)dr
0 0
T
+ u®e= /v / e T/ (T)dT + . ..
0
T
= {1 +e T/ e 2T/u . } ua/ e f(7)dT
0
1 T
= mu /0 e f(T)dT
This completes the proof. O

Example 18. We wish to find the G,-transform of the full-wave rectification of
sint.

From Example 3, we know that
uoz+2(1 +6—7r/u)

Go{sint-[H(t) — H(t —n)]} = T
By (13), the Go-transform of the periodic function (with 7= =) is given by

ua+2(1 +677r/u)
(1+u2)(1—em/u)

Go{sint} =

TKH(T)

3.7. TRANSFORMS OF §V)(T) AND %4

3.7.1. TRANSFORM OF §™)(T)

Theorem 19. Let §(t) be the Dirac delta function and 6 (¢) be the n-th derivative
of §(t). Then we have
Go {6 (1)} = u®™™. (14)

Proof. Note that the derivatives §'(¢), 8" (¢), ... are zero everywhere except at ¢ = 0.
Recall that

/ T R8st = h0).

— 00

The derivatives have analogous properties, namely,
/ h(t)S (1)dt = —h(0),

and in general

/ TR (1)t = (—1)"h™ (0).

— 00
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Of course, the function A(t) will have to be appropriately differentiable. Now the
G o-transform of this n-th derivative of the Dirac delta function is required. It can be
easily deduced that

Gald™ @)} =u® [ 6™ (t)et/1dt = ue / 50 (t)e=t/udt = o,
0~ —00

This completes the proof. O

Note that by Theorem 19, if n = 0 we have Go{d(t)} = u® reduces to Theorem 6
for a = 0.

TK H(T)

3.7.2. TRANSFORM OF 7%

Theorem 20. Let H(t) be the Heaviside function. Then we have

Ga {tkH(t)} = yothtL (15)

k!

Proof. From Lemma 2 and Theorem 14, we have

d a+1
Go {tH(t)} = u? “ — auutt =y t?
°H
Consider G, {t 2'(t) } We have
t2H (t) ut d?uot? sdu®™ ala—1)
a e —1 a+1
G{m} R i T B
= o3,
Similarly, we obtain
G {tkH(t)} Lo+
“ k! ’
This completes the proof. O

3.8. ODES WITH VARIABLE COEFFICIENTS

Theorem 21. If f(t), f'(t),..., f™ D(t) are continuous and f(™)(t) is a piecewise
continuous function on [0, 00) and has an exponential order at infinity with | £ (¢)| <
MePt for t > C, where C is a constant, then the following hold:

[

u

L Guftf'(t)} = u2% {# - uaf(O)] - - uaf(O)] ;
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2. Go{t*f'(1)} = L {# - u“f(O)] —2(a—1)u®

du?
= |- uaﬂoﬂ + (o Do [@

- u“f(O)] ;

du™

w2 141G, {f(n) ( m

dum— 1

3. Gaftm fO) (1)) = wm LGSO} (m> ‘T
)

[a—(m—2)] - (a—1)u m+1 dGa (™ ()} {f (1)}
o= (m—2)] - au" Ga FM D)},
where F(u) = Go{f(t)} and Go{f™(t)} is obtained from Lemma 4.

+la—(m-1)]

Proof. From Theorem 14, we have

Gatts )y = w2 aurw)
Replacing f(¢) in (16) with f'(¢), we have
Galtf ) =X G0,

By Lemma 4, we obtain
[F (W) o F(u)

Galts O} =g |7 = u )] - au | 2 e ).
Moreover, replacing f(¢) in (16) with ¢f’(t) yields

Galt? /) = w2 PCe L) i go o).

By (17), we obtain
G A2 f' (1)} = u* i [M — uaf(O)} —2(a — 1)u?

du? | wu
du u

Flu)

— uaf(O)} + aa—1)u? { - uo‘f(O)] .

Similarly, we obtain
m A" G {1 (1)} () (¢ m
Calt™ 1) (1)) = A (-

u2m LA G M (0 < >

dum— 1

m—+1 dG {f(n (t

o= (m=2)] -+ (a = Du L

[ = (m = 2)]--- au™ G { f ()}
This completes the proof.

+la=(m—-1)]

(16)
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Example 22. We wish to solve the differential equation
3y (t) + 6ty (t) + 6ty(t) = 20¢° (18)
with the conditions y(0) = 3/(0) =0 and ¢ > 0.

First, we apply the Laplace transform, the Sumudu transform, and the Elzaki

transform, respectively. This leads to

120
st

sYF"(s) +653F"(s) + 125F(s) =
where F'(s) is the Laplace transform of y (see [21]). Moreover, we have
utY" (u) + 9u3Y" (u) + 42uY (u) = 1200,
where Y (u) is the Sumudu transform of y (see [2]). Finally, we have
u*T" (u) + 3uT" (u) = 120u°,

where T'(u) is the Elzaki transform of y (see [7]).

Observe that the Laplace transform, the Sumudu transform, and the Elzaki trans-
form cannot be used to solve (18).
Now, if we apply the Ga-transform to (18) and use the initial conditions and

Theorem 21, then we have

uﬁdd—; {Flf;‘)] —|—3u5dd—; {Flf;‘)] +6{u4dd—u22 {FEL“)] —2u3% [#}
+ 2u? [Fi”)} } +6 [df;iu) - 2uF(u)} = 120u°,

or F"'(u) = 120u?. It is obvious that the solution of the last equation is F(u) =
2u® 4 c1u® + cou + c3. Using the inverse Go-transform, we find the general solution in

the form

y(t) =2 + c16(t) + 26’ (t) + 36" (t). (19)

By applying Lemma 7, it is easy to verify that (19) satisfies (18). Furthermore,
by using the initial conditons, we find that ¢; = ¢o = ¢3 = 0, and so the particular

solution is y(t) = t2.
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3.9. INITIAL AND FINAL VALUE THEOREMS
3.9.1. INITTIAL VALUE THEOREM

Theorem 23. If a function f(¢) and its first derivative are G-transformable, f(t)

has the G,-transform F(u), and hn%) —— F(u) exists, then
u—0 U

+1

lim f(£) = F(01) = lim —

t—0+ u—0 yotl

F(u). (20)
Proof. From Lemma 4, we have

o [Tt d ) e
u /0+ et dtf(t)dt—uF(u) u®f(07).

Dividing the above equation by u® and taking the lim as u — 0 on both sides, we

obtain L

1 o +

0= lim o F(u) — lim £(07).
Then we have
+y
FO07) = lim o F(u).

Thus 1

Jim f(t) = lim 2 F(u).
This completes the proof. O

The benefit of this theorem is that one does not need to take the inverse of F'(u)
in order to find the initial condition in the time domain. This is particularly useful
in circuits and systems.

Example 24. Consider the function f(t) = e~ with the G,-transform F(u) =

uoz+1
. From Theorem 23, we have
1+ au
li F(u)=1 L _
WSy gert s = e T e T
and

3.9.2. FINAL VALUE THEOREM

Theorem 25. If a function f(¢) and its first derivative are G-transformable, f(t)

has the G,-transform F(u), and lim F(u) exists, then
U—r 00

uaJrl

lim f(t) = f(c0) = lim

t—00 u—oo o+l

F(u). (21)
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Proof. From Lemma 4, we have

@ > —t/ui _l e
" /0+ e/ (0t = LR () —uF(0°).

Dividing the above equation by u® and taking the limit as © — oo on both sides,

we obtain

F(u) — lim f(0T).

o+1 U— 00

Then we have

lim f(co) — lim £(07) = lim

F(u) — lim f(07).

U—00 U—00 u—oo o+l U—00
Thus .
floo) = lim f(t) = lim —— F(u).
This completes the proof. [l

Again, the benefit of this theorem is that one does not need to take the inverse of
F(u) in order to find the final value of f(¢) in the time domain. This is particularly
useful in circuits and systems.

Example 26. Consider the function f(t) = e~ with the G,-transform F(u) =

uaJrl
. From Theorem 25, we have
14 au
I Flu) = lim —— =
uLH;o u 1 w uLH;O]_—f—CLU -
and

3.10. TRANSFORM OF THE BESSEL FUNCTION OF ORDER ZERO

Theorem 27. Let Jy(at) be the Bessel function of order zero. Then we have
CuaJrl
VI+a2u?

Proof. Let F(u) = Go{Jo(t)}. Since the Bessel function of order zero satisfies the
equation

Ga{Jo(at)} = (22)

tJY () + J(t) + tJo(t) = 0,

we start with the formula for the G,-transform of the derivative of f(¢). It follows
that
d [F F
u? — Flu) _ u® o (0) — uO‘J(')(O)} —au [ﬂ — w1, (0)—

du | u? u?
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1 dF
u®J5(0)| + = F(u) — u®Jo(0) + u2ﬂ —auF(u) =0.
u du
After some simplification, we obtain
2
(1 + u?)F'(u) — (M) F(u)=0
u
and so
F() = Go{h(8)} = 2
u) = Gq =—.
0 V14 u?
From Theorem 9, we have G, {f(at)} = —7F (au), we obtain
a
F(u) = Go{J curt
u) = Gq at) } = ——.

Example 28. We wish to solve the diffferential equation
ty"(t) +y/'(t) +4ty(t) = 0

with conditions y(0) = 3, 3/(0) =0, and ¢ > 0.
Using the G -transform and applying Theorem 21, we have

du u? u?

u2i [M - uo‘fly(()) — u,ay/(O)] —au [M — uo‘*ly(O)

—uy’(0) } + 763(!{3(75)} —u®y(0) + 4 {uQ 7dGa§g(t)} — auGo{y(t)}

=0.

Using the initial conditions, we obtain

1+ a + dou?

G {y(t)} — “u(ltAud)

Ga{y(t)} = 0.

This is a linear differential equation with unknown function G, whose solution is

of the form
CuaJrl

V1442

Using the inverse G -transform and Theorem 27, we obtain the solution

Galy(t)} =

uaJrl

y(t) = G {7m

} = cJo(21).
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We can now determine the constant ¢. By Theorem 23, we have y(0) = ¢Jy(0),
and so ¢ = 3.

Therefore, we obtain the particular solution

y(t) = 3Jo(21).

CONCLUSIONS

The properties of the G-transform that yield a computational tool for solving dif-
ferential equations have been proposed. There are also some examples to illustrate
the effectiveness of its applicability. The G-transform is a comprehensive transform,
and it has been well applied to a number of situations of engineering problems by

choosing appropriate value of «, as illustrated in Example 22.
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