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1. INTRODUCTION

In the given paper we study existence, uniqueness, continuous dependence on an initial

datum, and the Markovian property of a solution to the following Cauchy problem for
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a partial stochastic integro-differential equation of reaction-diffusion type with delay

d(u(t,a?) —l—R[ b(t,x,u(a(t),f),f)df) = (Amu(t,a?) + f(t,u(a(t),a:),a:))dt

+o(t,u(a(t),z), z)dW(t,z), 0 <t < T,z € RY, (1)
u(t,z) = ¢(t,z), —r<t<0,zeR% r>0, (1%)
d
where A, = Y 82, is d-measurable Laplace operator, 97 = 88—;, i e {1,...,d},
i=1 i

W(t,z), * € R% is Ly(R%)-valued Q-Wiener process, {f,o}:[0,7] x R x R — R
and b: [0,7] x R? x R x R? — R are some given functions to be specified later,
¢: [-r,0] x R? x Q — R is an initial datum function and «a: [0,7] — [~r,00) is a
delay function.

Differential equations with delay have first appeared as mathematical models of
real processes with evolution that depends on previous states. Number of works are
devoted to intensive study of various aspects from this theory. Let note for this reason
[8] with an extensive bibliography. A qualitative theory of stochastic differential
equations with delay in finite-dimensional spaces has been investigated intensively.
For instance, [9] is dedicated to study of questions on existence of solutions and
invariant measures, related with them; stochastic stability and various applications of
stochastic equations with delay have been studied in [10]; a systematic investigation of
various qualitative questions for a stochastic functional differential equation is given
in [2]; issues of optimal control for such a class of equations have been studied in [11].

Neutral stochastic functional differential equations have first appeared in [12].
This work is devoted to investigation of existence and stability of solutions, as well
as their controllability. Asymptotic behavior and exponential stability of solutions
to equations of this type have been considered in [15] — [17]. Concerning such equa-
tions in infinite-dimensional spaces, let remark [14], where a theorem on existence
and uniqueness of a mild solution to the Cauchy problem for a neutral stochastic dif-
ferential equation in a Hilbert space has been proved. But conditions of this theorem
are formulated in an abstract form, therefore it is difficult to check them directly for
concrete equations in specific spaces, e.g., for stochastic partial differential equations
of reaction-diffusion type. For these equations abstract mappings are generated by
real-valued functions as the Nemytsky operator. Thus our expectations to obtain the
conditions in terms of the coefficients of these equations, i.e. in terms of real-valued
functions, are natural. If such conditions are found, it will be possible to check them
easily while solving concrete applied problems.

The aim of the paper is to obtain coefficient conditions on existence and uniqueness
of a mild solution to (1) — ( 1*). This problem is a special case of the problem from

[14]. Equation (1) has an applied importance: it models behavior of various dynamical
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systems in physics and mathematical biology. For instance, it describes a well-known
Hodgkin-Huxley model in neurophysiology (where u is an electric potential on nerve
cells [18]), as well as the Dawson and Fleming models of population genetics [5] (where
u is a mass distribution of population).

Let remark that presence of an integral term in (1) turns this equation into a
nonlocal neutral stochastic equation of reaction-diffusion type. Nonlocal deterministic
equations of this type are well known in literature and have wide range of applications.
In particularly, these equations are used in modeling of phytoplankton growth in [6].
They also model distant interactions in epidemic models (see, e.g., [1]) and nonlocal
consumption of resources, as well as nonlocal Fisher-KPP equation (see [19] and
references therein).

Let note that problem (1) — ( 1*) is considered in an unbounded domain G = R9.
The principal difference of this problem from the problem in a bounded domain is that
a semigroup {S(t)}, generated by the Laplace operator in a bounded domain G with
trivial Dirichlet boundary condition, possesses the exponential contraction property,
that is

I(SWu(- N @)L, <M exp{-wt}|u(@)|L, @ (2)

with M and w positive numbers. It is well known that if G = R%, then (2) is not
valid.

This paper is organised as follows. Firstly, we introduce a few necessary results
on a solution to the Cauchy problem for a heat equation, needed in what follows.
These preliminary results are gathered in section 2. Then, in section 3, we introduce
a statement of the problem and formulate our main results. Section 4 is devoted to

their proof. In the appendix we give the proof of proposition 3.

2. PRELIMINARIES

In this section we recall few facts and introduce some notation, needed hereinafter in
order to establish our results.

Throughout the paper H = Lo(R?) will note a real Hilbert space with the inner

product (f,9)g = [ f(x)g(xz)dz and the associated norm | f|lg = [ [ f?(z)dx.
Rd Rd

Let {e,(x),n € {1,2,...}} be an orthonormal basis on H such that

sup  [lenllp me) < 1.
ne{l,2,...}

Let (Q, F,P) be a complete probability space. We now define a Q-Wiener H-valued
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process W (t) = W(t, -) as follows

Z\/_en ,t>0,zeRY, (3)

where {3, (t),n € {1,2,...}} C R are independent standard one-dimensional Brown-

ian motions on t > 0, {\,,n € {1,2,...}} is a sequence of positive numbers such that

A= > Ay < o0. Let {F;,t > 0} be a normal filtration on F. We assume that
n=1

1) W(t), t >0, is Fi-measurable;

2) the increments W (¢t + h) — W(t) are independent of F; for all h > 0 and ¢ > 0.

Note that if @: H — H is a linear continuous operator such that for any z € H
o0
QZ = Z An(Z, en)Hena
=1

then @ is a nuclear nonnegative operator such that
Qen = A\pen.

We set LY = Ly (Q%H, H) — the space of all Hilbert-Schmidt operators, acting
from Q% H into H, equipped with the inner product (0, (I))Lg =Tr[TQo*].
Hereafter we will need some results of independent interest from the theory of

heat for the following Cauchy problem

dwu(t, ) = Agu(t,x), t >0, z € RY, (4)

u(0,2) = g(z), = € R (4%)

Let denote the fundamental solution of the heat equation by

p{ }, t>0, xeR?

K(t,z) = (4771‘)2
0, t<0, xeR%

Proposition 1. [20, XIV, Theorem 2] If g in ( 4*) belongs to H, then a solution of
(4) — (4%) is given by the following formula

u(t, x) /lCtx— (&)d¢,

an besides u belongs to C*((0,00) x RY).
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Proposition 2. [20, p. 2/2 - 2/4] Operators S(t): H — H, generating a solution
of the Cauchy problem (4) — ( 4%) by the rule

u(t, z) = (S(t) //c (1,2 — €)g(€)de,

form a contraction (Cy)-semigroup of operators, i.e. the following estimate is valid

1(S®gC-N@)NF < g3, (5)
and besides the Laplacian A, is the infinitesimal generator of this semigroup.

The next result is a sort of analogue for [3, proposition A.1.1, p. 307]. But, in
contrast with this work, we do not require analyticity of the semigroup {S(¢),t > 0}

and the property of exponential decreasing
1S3 < M exp{-wt}, t >0,

with M and w positive numbers.

Let A: D(A) € H — H be the infinitesimal generator of the contraction semigroup
{S(t),t > 0} on H. Similarly to [3], for any 0 < v < 1 and p > 1 we define a linear
bounded operator R, on L,([0,T], H) by the rule

/ VY 1S(t — 8)p(s)ds, ¢ € Ly([0,T], H). (6)
0

The proof of the next proposition will be given in the appendix.

Proposition 3. If vy > %, then R, is a bounded operator, acting from L,([0,T], H)
to C([0,T], H).

Proposition 4. [13, p. 27/] For partial derivatives of K the following estimate is
true

2
102K < eyt exp { LY @

N

where ¢, s is a positive number and co <

Proposition 5. If g in ( 4%) belongs to L1(R?) N H, then a solution of (4) — ( 4%)

satisfies the following limit relations

lim w(t,z) =0, lim dwu(t,z)=0. (8)
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Proof. The proof follows from the standard convergence theorem on the passage to
the limit under an integral sign and Lebesgue’s differentiation theorem on differentia-
bility of the Lebesgue integral with respect to a parameter, with the use of estimate
(7). O

From propositions 1 and 5 we obtain the following result.

Proposition 6. [7, p. 360] If relations (8) are valid, then a solution of (4) — ( 4%)

satisfies the estimate

sup /(Amu(t,a:) = sup /HD2 (t, z)||Adx

0<t<T 0<t<T

<Oy / |D2g(x)|3dx (9)

for some Cp > 0, depending only on T, where V, = (O, - ..8md)T is the gradient-
2 ... Oy

vector, D2 = is the Hessian matriz, || - ||a is the correspond-

2
Opgey -+ Of,

ing norm of matriz.

3. FORMULATION OF THE PROBLEM

In the article we impose the following conditions
(1) a:[0,T] = [~r,o0) is a continuous function such that a(t) <t¢,0<t¢t<T.

(2) {f,0}:[0,T] x R x R* - R, b: [0,T] x R x R x R? — R are measurable with

respect to all of their variables functions, b is continuous in the first argument.

(3) The initial datum function ¢(¢, -,w): [—7,0] x Q@ — H is Fp-measurable random

variable with almost surely continuous paths and such that

E sup [l¢(t, <)l < oo, p>2.
—r<t<0

(4) There exists a constant L > 0 and a function yx: [0, 7] x R? —
— [0, 00) with
sup /X2(t,x)dx < o0 (10)

0<t<T
]Rd
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such that the following linear-growth and Lipschitz conditions are valid for f and

g

£ (&, u, 2)] < x(t, @) + Llul,

11
0<t<T,ueR, zeR? (1D
|f(t,u,x) - f(t,v,x)| < L|U—'U|,
Ogth,{u,v}CR,xERd,
2 2 2
o“(t,u,x) < L°(1 4+ u*),
(t.0.2) < L2(1+ ) )

0<t<T,u€eR, zeR?
|U(t7ua$) - U(t,v,x)| < L|U—U|,

OStST,{u,v}CR,xERd.

(5) There exists a function by : R? x R? — [0, 00), satisfying the following conditions

//bl(x,f)dﬁda: < 00, (13)
Rd Rd
2
/(/ bﬂx,{)df) dx < oo, (14)
Re  RY
such that
b(t,2,0,€)] < by(2,6), 0 <t < T, {,€} C R (15)

(6) there exists a function /: R? x R? — [0, 00) such that

|b(t,x,u,£) - b(ta €, Uaf)' < l(xaf)w’ - U|7

(16)
0<t<T,{r,& cRY {u,v} CR,
where [ satisfies the following conditions
/lz(x,g)dgdx < 0, (17)
Rd R4
1%(x,&)dédr < oo. (18)
Rd Rd

(7) For any = € R? there are derivatives d,b, D2b, and for Vb and D?2b the following

linear-growth condition with respect to the third argument is true

IVab(t, 2, u, &)| + | D2b(t, 2, u, &) ||a < Y(t,2,€) (1 + |ul),

(19)
0<t<T, {z,&} CcR% ueR,
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for D2b — the following Lipschitz condition

| D2b(t, z,u, &) — D2b(t, 2, v,&)||a < V(t,z,&)|u — v,
0<t<T,{z,&} CRY {u,v} CR,

where : [0,T] x R? x RY — [0, 00) is such that

2
s / ( / ¢<t,x,£>df> d < oo, (20)
Rd R4
. 2
s / / V3 (t,x,€)dedx < oo, (21)
]Rd ]Rd

and besides for any point zo € R? there is its neighborhood Bs(zo) and a non-

negative function ¢ such that

sup ©(t, -, x0,0) € Ll(]Rd) NH,?§>D0, (22)
0<t<T

|w(t7'x7§) - w(t7$07§)| < @(tafwx()aa”x - $0|a

(23)
0<t<T,|x—z0| <6, &R
Definition 7. A continuous random process u(t, -,w): [—r,T] x
x 0 — H is called a mild solution to (1) — ( 1*) provided
(1) it is Fy-measurable for all —r <t < T}
(2) it satisfies the following integral equation
utt, ) =50 (0001 + [ 00, (-1,
]Rd
= [ bt utal),€). ¢
]Rd
t
- A (8= [ utate). 0. ac ) s
0 Rd
t
+ [8(-9)f(s.utals), ), s
0
t
+/S(t —s)o(s,u(a(s), -), - )dW(s), 0 <t <T, (24)
0

ut, )=, ), —r<t<0,7>0.
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Remark 8. It is assumed in the definition above that all the integrals from (24) are
well defined.

Our first result is concerned with existence and uniqueness of the solution to (1)

— (1),

Theorem 9 (existence and uniqueness). Suppose assumptions (1) —(7) are satisfied.

Then, if ’
(//12(x,£)d§dx> i < 4p—1_1, (25)

Rd R4

the Cauchy problem (1) — ( 1*) has a unique for 0 <t < T mild solution u(t, -). This
solution satisfies the condition

E sup [u(t, )l < oo.
—r<i<T

From now on u(t, z, ¢) will denote the solution of (1), satisfying ( 1*). The next
result is concerned with continuous dependence of w on the corresponding initial

datum function ¢.

Theorem 10 (continuous dependence).  Under the conditions of theorem 9 there
exists C(T) > 0 such that for arbitrary admissible initial datum functions ¢ and ¢1
the following estimate holds

E sup ||U(t, : a¢) - U’(ta ' a¢1)||117-1
—r<t<T

<C(TE sup |6t <) —¢u(t, ) p> 2. (26)
—r<t<0

With regard to extension of the mild solution for (1) — ( 1*) to the whole semi-axis

t > 0, the following corollary is true.

Corollary 11. If in theorem 9 the conditions from (4) — (7) are valid for t > 0,
then the Cauchy problem (1) — ( 1*) has a unique mild solution for t > 0.

If we replace the initial range [—r, 0] from ( 1*) by [s —r, s] for arbitrary 0 < s < ¢,
it will be possible to guarantee existence and uniqueness of the mild solution to (1)
— (1*) for 0 < s < t with Fs-measurable initial datum function ¢(¢, - ), satisfying
assumption (3) for s —r < ¢t < s. From now on such a solution will be denoted by
u(t,s, -, ¢). Consequently, if we define Fy-measurable initial datum function ¢(s +
0, -,w) € H, 6 € [—r, 0], satisfying the conditions from assumption (3), then wu(s +
0,s,-,0)=o(s+0, ) and u(t,s, -, ) satisfies (24) for t > s.

Let € = C([—r,0], H) be the Banach space of all continuous functions, acting from
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[-7,0] to H, equipped with the norm

lule = sup [lu(t, g = sup / w2 (t, 2)d.
—r<t<0 —r<t<0 g
R

By wi(s, -, 0) =u(t+46,s, -,¢), —r < 0 <0, we denote a shift of the solution u such
that us(s, -,¢) =u(s+0,s, -,¢) =d(s+0, -).

Let define by €, similarly to the finite-dimensional case from [2], the family
{UL,0 < s <t} of the operators Ulp =
=u(t+0,s,-,¢). This family is said to be a family of shift-operators along so-
lutions to (1) — (1*). It follows from theorem 9 that for any s and ¢ such that
0 < s <t the operator U! corresponds to every non-random function ¢ € € €-valued
F(dW)-measurable random variable u(s, -, ¢). Here F!(dW) is the minimal o-al-
gebra such that the increments W (r) — W (s), s < 7 < t, are measurable with respect
to it. It is clear that u.(s, -, ¢) does not depend on G; — o-algebra, generated by the
increments W (s) — W (t), s > t.

From theorem 9 we evidently get the following proposition.

Proposition 12. The family {U!,0 < s < t} of shift-operators has the following
evolution property
UlU7 o = Ulp, p € €,

for every T such that 0 < s <71 <t.
Let ® be o-algebra of Borel subsets from €. If for any set A € © we define
Mt(A) = P{ut(s’ : ’50) € A} = P{Uz@ € A} = P{Sv @, t, A}’ (27)

then us(s, -, ) naturally defines a measure on ©. Function (27) is said to be a tran-
sttion function, corresponding to the random process u(s, -, ), s < t. Similarly
to the finite-dimensional case from [2], it is possible to show that this function possess

all standard properties of the transition probability. The following theorem is valid.

Theorem 13 (the Markovian property). Under the assumptions of theorem 9 the
process ui(s, -, &) (¢ satisfies assumption (3)), t > s, is the Markov process on € with
the transition function, defined by (27).

We will denote by 9;,(€) the Banach space of all real bounded Borel functions,
defined on €, endowed with sup-norm, by €,(¢) — the Banach space of all real
bounded continuous functions, defined on €. If f € B,(€), then for 0 < s <t < T
and ¢ € € we define the family of operators

Pyif(p) = Bf(Usp) = Ef (ui(s, -, 0)). (28)
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If Ps.f(-) is bounded and continuous for any f € & (€), then it will be said that
Ps + possess the Feller property. From theorem 10 we have the following corollary.

Corollary 14 (the Feller property). Under the assumptions of theorem 10 the family
Py, from (28) possess the Feller property.

4. PROOF OF THE THEOREMS AND THEIR COROLLARIES
4.1. PROOF OF THEOREM 9 AND ITS COROLLARY 11

Let consider the Banach space B, 1 of all H-valued F;-measurable random processes
z that are continuous in —r < ¢t < T for almost all fixed w € 2, endowed with the
norm |[2(?)[|s, » =

= /E sup ||z(t, -)|%, p > 2. We will consider on B, 1 a closed subset M of such
0<t<T

elements z from B, r that z(¢, - ) = ¢(¢, - ),
—r <t <0, and define on M the operator ¥, acting as follows

wult,) = [ Ko - (¢<o,e> + [ o060 <>,<)d<> ¢
Rd R4

— /b(t, z,u(a(t),§), §)ds

Rd

/ /m—sw— )(/ (s@u(a(s%o,odc)dg>ds

(S ( / Kt = 5.2 = s ula(s). . enS)ie ) 45, (5
4

:ij(t),ogth,xeRd, (29)
=0

and Yu(t,-) = ¢(t, ), —r <t < T, r > 0. Firstly let show that U takes each
uw € M to Yu € M. In order to do it, we need to estimate the norms of each of five
components in (29).

For | Io(s)l5, , = EOS<11;<)t||I0(s)||’;I, 0<t¢<T, we get, using (5),

1Zo(s)II5s,, <2~ "Ell¢(0, )1+
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L [b(0 )IdC

For the second term in (30) we obtain, applying the conditions from assumptions

(6), (5) and (3),

+ 2R (30)

H

EL 6(0, -, ¢(=7,¢), ) = b(0, -, 0,¢) +b(0, -, 0,¢)|d¢ p
a H
<E L/(I(',C)W(—ﬁ Ol +16(0, -, 0,)])d¢ ”
a H
N
< (E( R/ ( R/ l(x,<>|¢>i—r, Qlac) o)
+( R/ ( R/ (a0 o) )
< 2p1<<//l2($70d€d$) §E|\¢(—7® ol
R4 R4
2 \%
+ <}é{<}1§[b1(a€,g)dg) dx> ) < 0. (31)
For HIl(s)H%W, as above in (31), we have
111(s)[l5s, , =E “igtL b(s ,€),§)d¢ p
H

1 2 % P
<or (( / / z <x,od<dx) B sup [lu(a(s), )l

+ </ </b1(:r,§)d§)2dx>g> < o0, (32)
S

due to the conditions from assumptions (6), (5) and (1).

Now let estimate || I3 (s)||€8p ., taking into account the Cauchy-Schwartz inequality
and the Fubini theorem,

11255, ,

P
=E sup
0<s<t

/s (Aw [t =0 s gatatn) 0. ac) df) r
0 R

Rd

H
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-5 o ([ ([ (o f oo

. (/ (7.6 ulal).0). )¢ ) ac ) d7>2dx>%

QEozezfg// S
(/ b€ ual), ). )ac ) d§>2drdx>g

E(/ / (Am [

‘ ( R/ b<7,5,u(a<7),o,odg> dg) dwd7>2

(/Oizzt [re-na-g
“( / € )., O Hd>
<t””E/(o§zaf re-na-

2
« ([ utan.oac ) as ) ar.
Rd "
In order to estimate (33), we rely on proposition 6 with

uscri) = [ Kis = ra =9 [tr.6.uta(),0.0)ic) de
R4 Rd

o(r,a,w) = / b(r, 2, u((7), ), C)dC.

Rd

I'U

wm

<t

31

(34)

where u(s, 7, x) is the solution to (4) — ( 4*) with the initial datum in 7. We now

need to prove that for any 0 < 7 <t
1) g(r, -,w) € L1(RY) N H with probability one;

2) D2g(r,z,w) € H.
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1. Due to (16), (17), (15), (13) and belonging u to M, we get

E / g, 2, )\ de
]Rd

<E / / Ib(r, 2, u(@(7), ), C) — b(r2,0,) + b(r, 2,0, ()| dCde

Rd RY
<E / [t 0luta).oldcds + [ [1b(r,,0.0ldcds
Rd R4 Rd Rd
l2 (z,Q) d(dx E|u(a(r), )|z
]Rd
+ b1 (z, ¢)d(dr < . (35)
Rl /

Hence, g(7, -,w) belongs to Li(R%) for any 0 < 7 < ¢.
Next, taking into account (16), (18), (15), (14) and belonging u to M, we conclude

/Ingw|dx<E/ /|b7xu ),()|d§)2dx

RI Rd
< 2E/(/l(x,()|u(a(7'),§)|d§) dx—f—2/(/|b(7,x,0,()|d§)2dx
R R4 Rd Rd
<2(/ [P dcde) Bllutatr), )1
RY R4
n 2/(/ bl(x,g)dC)de < . (36)
Rd Rd

Consequently, condition 1) fulfills.

2. In order to prove item 2), we will use Lebesgue’s differentiation theorem on
differentiation with respect to a parameter. Let xy be an arbitrary fixed point from
R?, Bs(xzp) — its vicinity from assumption (7). This assumption implies that the
integrand from (34) is differentiable with respect to x. From (19) and (23) we have

[Vab(7, 2, u(a(7), €), ¢)| < (7,2, ) (1 + [ula(7),)])

(|o(7, , C — (7, @0, )| + (7,20, ())

(1 + Ju(a(r),Q)])

(6¢(r, C,l“o, )+ ¥(7, 20, )

(1 + [u(a(r). Q)l).- (37)

IN

IN X

X
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We claim that the expression on the right-hand of (37) is integrable. Indeed, by
virtue of belonging u to M and estimates (22), (20), (21), we obtain

E / (07, C, 20, 8) + (20, O)) (1 + [u(al(r), O))) de

Rd
< [etrc.m.s d<+/wmo, &
]Rd
+ \J/@Q(Tvgax()ad)dg—’_$/¢2(Tax0a<)dg¥
R4 R4

Efu(a(r), )| < oo

Hence, the function |V b(7,z, u(a(7),(), )| is bounded above by the integrable
function (@(T,C,xo,(S) + (T, xo,C)) X
x (1+ |u(a(7),¢)]). Hence, g(7,2,w) is differentiable with respect to z.

Now it remains to check that for any 0 < 7 < T Vg(7, -,w) belongs to H with
probability one. Indeed, taking into account estimates (19), (20), (21) and belonging
u to M, we obtain

2

E/’VI/b(T,{E,'LL(Oé(T),C),C)dC dz

Rd Rd

<E/(/wm<(l+|u< (), >|)d<;)
<2/(/m<d< dm(m//w mgd@

x Ellu(a(r), -)||% < const. (38)

Existence of D2g(7,z,w) and validity of the inequality
/HDz/bTa:u ), (), ¢)d¢

Thus, taking into account (9) and conditions 1), 2), we conclude that the right-

2
dx < const

is proved as above.

hand of (33) is estimated by the expression

2 %
dw) dr. (39)

C;zztp1/tE(/HDz/b(T,x,u(a(T),g),C)
5 N g
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Similarly to (38), taking into account that u € M and estimates (19), (20), (21),
we can easily obtain the following estimate
2 5
dx)
d

E< / HD [ ua(r).0).0¢
R4 Rd

< E( / ( [veeon+ |u<a<7>,o|>d<)2dx)

Rd R4

< 2p—1E<</ (/1/)(7,x,()d§>2dx>g

R4 R

+ ( / / W(r,x,c)dcdaz) ¥ u(a(r), ->||§,> < const. (40)

R4 R4

(NS}

Substituting (40) into (39), we have
ILs)IG,, < oo

Next let estimate HIg(s)H%p .- Taking into account (5), (11), (10) and belonging
u to M, we compute

Ms(s) I, = Eup(m/ ( / [ —ra- 5>f<7,u(a(ﬂ,f),@dsw)?dx)

R
< thOiligt <//(/IC(S — T, — 5)f(7,u(a(7),§),5)d§) 2dxd7> ’
T N0 Rd R
< th(/tU(Tau(a(T), ); )II?{dT>§
0

< tp_lE/”f(Tau(a(T)v ')7 )HZI)LIdT
0

< opmigp—t </t </ X2 (T, x)dw) ng—i—Lp/tEM(a(T), ~)||%d7'>
0

0 Re
< 00. (41)
It remains to estimate the last term, ||I4(s)||%p‘t. From [4, proposition 7.3] we
have
s P
E sup /S(s —7)o(r,u(a(r), ), - )dW(T)
0<s<t||) "
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t
< D7) [ Blo(s,u(a(s), ). lfyds (42)
0
for some D(T") > 0. We obtain the consequence of the following computations for the
Hilbert-Schmidt norm of the integrand on the right-hand of (42)

Elo(s,u(a(s), ), Il

p
2

=E (Z”U(S, U(a(s)v ')7 )Q%en( ’ )|%{>

:E( /\n/02(8,u(a(s),x),x)ei(a:)da:)

n=l &
gm%é?%!ﬁ@migwmgm@>
<2882 (14 Blutalo), I ) (13)

thus the right-hand of (42) is bounded.
Now let prove that trajectories of the process Wu from (29) are continuous.
The first term, Iy, is continuous due to proposition 1 and because the expression
(0, )+ [ b(0, -, ¢(—r,(),¢)d¢ belongs to H with probability one.
d
Now vlse claim that the second term, I, is continuous. Indeed, let 0 <ty < T be
fixed. We have

/ ( [ bt utate). .6 - b(to,QT,U(a(to),f),ﬁ))df)de

Rd Rd
2
< 2/</|b(t,x,u(oc(t),€)af) - b(tawyu(a(to),f),éﬂdg) d
Rd R4 2
+ 2/</|b(t,w,u(a(to),§)af) - b(to,x,u(a(to),§)75)|d§> d
Rd Rd
= A (t) + Ja(t). "

Let estimate each of two terms in (44) separately. Taking into account (16), the
Cauchy-Swartz inequality, (18) and belonging u to M, we obtain with probability one

nw<z [ ( [1e.9luta(0.¢) - u(atto). ) d5)2dx

Rd R4
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<o [ [P acis ) futa, ) - ulatto), Iy
— OH% ) (45)

t—to

Now let show that J(t) is tending to zero as t — ¢y with probability one. In order
to do it, we need to substantiate a capability of limit passage in this integral. Firstly,

we claim that for all z € R? the expression

ot x) = / Ib(t, 2, u(a(to) £), €) — blto, 2, u(alto). £), €)|de (46)
]Rd

is tending to zero as t — ty with probability one. Indeed, since b is continuous in
the first argument, the integrand on the right-hand of (46) is tending to zero. Then,
taking into account (16) and (15), we have

|b(t7xvu(a(t0)7£)’£)| < l(x’£)|u(a(t0)7£)| + bl(xvf) (47)

Condition (14) guarantees that [ by(z,£)dé < oo for any fixed z € R% Next,
Rd
taking into account the Cauchy-Schwartz inequality, condition (17) and belonging u

to M, we calculate

/l(x,£)|U(a(t0)7£)|df < /mef)d& Nule(to), )lla < oo

R4 R4

Therefore the right-hand of (47) is an integrable majorant function for b. It now
follows that (¢, x) I 0 for all € R? and almost all w € Q.
bo

2
Let prove that the expression 2<f (br(-,8) +1(- ,€)|u(a(t0),§)|)d§> is an inte-
R4

grable majorant for the integrand in J(¢). Indeed, using (14), (18) and taking into

account belonging u to M, we get

/ (/ <bl<@"’€>+l<x7é>|u<a<to>,5>|)dg)de

R4 R4

< 2/</b1(x,§)>2dx+2/(/l(m,§)|u(a(t0),§)|d§>2dx

Rd R4 Rd R4

<2 / ( / b1<x,§>)2dx+2( / / z2<x,5>d§das) lu(atto), )%

Rd R4 Rd Rd
< 00 (48)

with probability one.
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Consequently, Ji (t) + Ja(t) o 0 and I (t) is continuous in t.

It is obvious that I3 and I3 are continuous. Therefore it only remains to prove
that I is continuous. In order to do it, we will use the factorization method from [3,
theorem 5.2.5]. First we need to show that E||S(s — 7)o (7, u(a(T), - ), )dW(T)H%g is
bounded. Similarly to (43), we compute

E||S(s — 1)o(r,u(a(T), -), )||2Lg

=EY AllS(s = no(rulalr), ), - Jeal )7

<E Z /\n/O'Q(T, u(a(7), 2), )e? (z)dx

fa
<L2E<Z/\ (/ dx+/ *(a (T),x)da:))

fa
< AL? (1 + E||u(a(r), -)II%) = B < 0. (49)

Then, from the mentioned above theorem, we have

/ S(s — 1o (7 u(a(r), ), -)AW(r)

- / P18 (s — 1)Uy (r)dW (7).

where

(50)

According to proposition 3 and the mentioned above theorem, in order to prove
that I is continuous, it is enough to show that process (50) has p-integrable trajec-

tories. Similarly to (42), we have

p

E sup /(s — 1) 7S(s = 1)o(r,u(a(T), - ), - )dW (7)

0<s<t
0

H

t

<B( 0= (- ot utats). ). lgas)
0

ya
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t »
< B%C, (/(t - s)_27d5> ,
0

where C), is a positive number and B is defined from (49). Then we get

t t s P
B [10,0l, a5 < BEC, [ ( [ 7ar) s < o,
0 0 0

hence I, is continuous with respect to the norm of H.
Now, taking into account the proven fact of continuity and combining estimates

(30), (31), (32), (33), (39), (40), (41), (42) and (43), we conclude that the operator
U, defined by (29), transforms M into itself.

Now let prove that this operator is contractive. Let v and v be two elements from
M. From (29) we obtain

[ Tu — l’v”%w
< AP () (w) = D () ()15, + 477 [ 2(s) (u) — I (5) (0) [y, ,
AP () (u) = () ()15, , + 477 [ La(s) (w) — La(s) (), ,-

<

In view of the obtained for HIl(S)H%p , estimate, we evidently get

112(s)(w) = Ta () (0) [, < (/ / lQ(x,&)dfdx)g
Re R

X Jlu—olf, ,- (51)
Similarly to estimating I5 from (29), we obtain

1T2(s) () = Ta(s)(v) %,

< C2tP sup (//zp?(T,x,g)dgdx) o — vl . (52)
0<r<t ot
Rd R4

In a similar way to (41), (42) and (43), we have
13(s)(u) = Is(s)(0)l5,, < LPP|lu— ol (53)
174(s)(w) = Ta(s) ()15, , < D(T)AZLPE|u— o[, . (54)
Thus, from (51) — (54) we deduce
[Wu — Tolfy

< 4p1<<//l2(w75)d£dx)5 +C§tp0§ggt(//wZ(T,x,C)dCdﬂc)i

Rd R4 R4 R4
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F I+ D(T)A%Lpt> = ol , = 7Ol = vl - (55)

According to condition (25), the first term in v from (55) is less than one. There-
fore, by choosing small 0 < ¢ < T, we conclude that 0 < v(¢) < 1. It means that the
operator ¥, defined in a complete Banach space B, ;, is contractive, and therefore has
a unique fixed point — the mild solution of (1) — ( 1*) on [—r,¢]. This procedure can
be repeated finitely many steps in order to extend the solution to the entire interval
[—7, T]. This completes the proof of the theorem.

While analysing the above proof, we conclude that, under the conditions of corol-
lary 11, this proof is true on any interval [0, 7] for arbitrary 7. Hence, corollary 11
holds.

4.2. PROOF OF THEOREM 10

Let ¢ and ¢; be arbitrary admissible functions, u(¢, -, ¢) and wu(t, -, ¢1) — the solu-

tions of (1), corresponding to these functions. We get
u(t,x,¢) —u(t,z, d1)
//c = (60.9 - 0:00.9

n / (b(0,€.6(—r,),C) — B(0,E. 61 (—r. o,o)dc) e

R4

+ / (b(t, 2 u(0(£), £, 61, €) — bk, 2, u(a(t), €, 6), €)) de

Rd

—I—‘()/(AI@{IC(t—s,x—f)

X (/(b(s f,u(a(s) C ¢1)7§) - b(s,f,u(a(s),(,gﬁ),())d{) df) ds

] fricene

0 R4

X (f( ( (S)a€7¢)7§) - f(s,u(a(s),f,gbl),f))dfds

JE(freeo

% (o(s,u(a(s), & 6),€) - a(sm(a(sm¢1>,5>)en<5>d5) dBa(s)
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4
=> Ji(t),0<t<T. (56)
7=0

Let estimate E sup ||J ()%, 7 €40,...,4}, from each of terms in (56).

—r<s<

Similarly to (30), (3 ) we have for some C; > 0

E sup [|Jo(s)l%

—r<s<t

< 2P7VE|¢(0, ) — ¢1(0, )%,

Jopt ( / / ZQ(x,C)dCdx) Bllo(er, ) = dr(=r, I

<GE sup l6(s, =) = d1ls, )% (57)

—r<s<0

Using (51), we deduce

B sw [5G < ([ [P odc)

Rd Rd

<E suwp [ula(s), -, 1) — ulals), - $)[% < ( / / 12<x,c>d<dx)2
—r<s<t Wa fa

x E sup HU,(S, : a¢1) - U’(Sv : a¢)”1;{ (58)
—r<s<t

Now let estimate E  sup H Jo(s)||%;, taking into account estimate of the right-hand
—r<s<

n (33) (namely, estimates (39) and (40)). We get

E sup [lJ2(s)l

—r<s<t
% p—1
< Cit

P

t ) 2

X /E(/ (/|Dzb(T,x,u(a(T),C,%),C) — Dzb(r,x,u(a(r),(,¢),g)||dd<) da:) dr
0 Rd Rd

S C,I%wtp_l Oilng(//wQ(T,x,C)dCdx)

Rd Rd

[SIiS)

—r<7<s

5p—1 2
< CEtP 0235T<//¢ (T,wyOdde)

Rd R4

« / E sup [[ula(r), -, d1) — ula(r), -, )|%ds

[NS]
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t

x/Esw|m,,@ww<->ww (59)

—r<7<s
0

Using (41) for estimating E sup || J3(s)||%;, we can easily obtain the following
—r<s<t

E sup [[J3(s)l%

—r<s<t

—r<7t<s

t
S Lptp_l /E sup ||U(05(7-)7 : a¢1) - U((J&(T), ) a¢)|l§{ds
0
t

<ot [B swp [u(r, - 60) = ulr, - o). (60)
o STSS

Similarly, using (42) and (43), for E bup || Ju(s)||%; we have the following estimate

—T’

E sup [|Ja(s)l%

—r<s<t
t

< D(T)LPA* /E sup [[u(a(r), -, é1) —u(a(r), -, ¢)|5ds

—r<7t<s
0
¢
SD(T)L’”/\% E sup |u(r, -, ¢1) —u(T, -, 9)|/%ds. (61)
—r<7<s
J <r<

Thus, from (58) — (61) it is now clear that for some Cy > 0

E sup |u(s, -, ¢1) —u(r, -, )%

—r<s<t

<C,E sup lf1(s, ) —&(s, )’y

—r<s<0

+ <//12(x,§)dgdx> 5E§1<1£><tIIU(s, S é1) —uls, -, 0)|y
Rd R4
t

+CQ/E sup |u(r, -, ¢1) —u(r, -, @)% ds.

—r<7<s
0
In view of (25), we conclude

E sup |lu(s, -, ¢1) —u(r, -,9)|%

—r<s<t
< C3E sup ||¢1(87 ) _¢(Sv )“?I
—r<s<0
t
+cg/E sup_fulr, . 61) = ulr, -, 0)fyds. (62)

0
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where C3 = % 7, C4 = & 7. Applica-
2

2
1—(f le(x,C)dgdx) 1-— <f fl%x,()d@dx)
d Rd Rd Rd
tion of Gronwall’s inequality to (62) gives (26), thereby concluding the proof.

4.3. PROOF OF THEOREM 13

Let u(t, s, -, ¢) be the mild solution of (1) — ( 1*) in the terms of section 3, i.e. let
u(s+6,s,-,0) = ¢(s+06,-), —r < 0 <0, and u(t,s, -, ¢) satisfy (24) for t > s.
Here the function ¢(s + 6, -,w) is Fs-measurable and satisfies the conditions from
assumption (3) for any fixed s such that 0 < s < ¢ < T'. From theorem 9 we conclude
that for fixed s and t w(s, -,¢) = u(t +0,s, -,¢) as a function of § is a random
variable from €.

Let ¢ € € be non-random. Then u(t,s, -, ) is completely defined by the in-
crements W(r) — W(s), 7 > s, therefore it does not depend on o-algebra F, and
is Gs-measurable. Here G, is the minimal o-algebra, generated by the increments
W(r) — W(s), 7 > s. It is easy to see that, due to theorem 9, proposition 12 is true

for a random initial F,-measurable function ¢ such that E sup |o(t, - )|} < oo,
—r<t<T

p > 2. Hence, for any 0 < s <7 <t <T we have

ut(s’ a¢) = ut(Tv ','LLT(S, a¢)) (63)

Note that u, (s, -, ¢) is Fr-measurable function and does not depend on g-algebra G, .

Thus, w(s, -, ¢) = B(ur(s, -, d),w), where f(X,w), X € €, is a random function

that does not depend on events from o-algebra F, and is G,-measurable.

In order to prove the theorem, we need to demonstrate that for all 0 < s <7 <
<t <T and A € D the following equality is true

P{u(s, -, ¢) € A|lF:} =P{1,u-(s, -,9),t, A}, (64)

where P{, u,t, A} is defined from (27). For proof of (64) it is enough to show that

for any real bounded Borel function ¢g: € — R we have
E(g(ut(sv : a¢))|]:‘r) = Eg(ut(T’ : ’90))|<p:uT(s, Cp)- (65)
The proof of (65) is proved similarly to [4, theorem 3.8] with the help of (63),

independence of u;(7, -, ¢) from o-algebra F, and its F,-measurability. The theorem

is proved.
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EXAMPLE

Let consider a particular case of the problem (1) — ( 1*)
utt.)+ [ it (e~ n.€)dE ) = (O2ultse) + 1(tule — o))
R

+o(t,u(t—h,z),r)dW(t,z), 0 <t <T, xR, (66)

u(t,x) = o(t,z), —h<t<0,ze€R, h>0. (66%)

Equation (66) is an equation of neutral type with constant delay. It can be a
mathematical model with delay in nonlocal consumption of resources or nonlocal
stimulation of reproduction [19].

Let function b(t, z,£) have the form

b(t,z,€) = p(t, )Y (2),
where ¢ is continuous in ¢, and the following conditions fulfill:
1) there exists ¢1 such that |p(t,€)] < p1(£), 0<t<T, £ €R;

2) 1 is twice continuously differentiable and has bounded on R the first and the
second derivatives 1)/, ¢

3) {e, 1} € Li(R) N La(R), {9, 9"} C La(R).

Then the conditions from assumptions (5) — (7) are valid. If standard conditions
from assumptions (2) (examples of f and o can be easily given) and (4) fulfill, and

estimate (25) is true, then all conditions of theorem 9 are true.

APPENDIX

We now prove proposition 3. Let ¢ € L,([0,7], H) and set ¢ =
= R,p. We can write

() —p(s) = [ (t—=71)" St —7)p(r)dr
((t - (s — T)'V_l)S(t —1)p(r)dr

(s — 7)771 (S(t —7)—S(s— T))(p(T)dT

+
O\w O\w w\“
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= K + Ky + K3. (A1)

We will estimate each term in (A.1) separately.

Since the semigroup {S(t),¢ > 0} is contractive, we obtain for K3

t

HKmHs/a—ﬂ%wwﬂmmT

S

g(f@—TW%ﬂm)%(ﬂwvm%M)a

S

where % + % = 1. Since ¢ € L,([0,T], H), there exists a constant M; > 0 such that
|1l < Myt = 5)37 = Myt = 5) 75

For K in (A.1), taking into account the estimate ||.S(¢)|| < 1, in the same way as
in [3, proposition A.1.1, p. 307], we obtain validity for some My > 0 of the following
inequality

| Kl < Ma(t =) 7.

It remains to estimate the last term in (A.1). We will use the theorem on a
dominated convergence with an integrable majorant (s — 7)||o(7)||g, s <7 <t < T,
and take into account that the expression S(t —7)¢(7) is continuous in ¢ for any fixed
7. As a result, we conclude that | K3| g is tending to zero as t — s, t > s. In order
to prove that || K3l g is tending to zero as s — t, s < ¢, let write K5 in the following
way

S —T

[ ) (£22) =511 - 06— et

where 7(7) is the characteristic function of the time interval [0, s]. It is obvious that
0<7<s

forany 0 <7<t n(r) — n(r) as s — t, and £=Z is bounded as s — t. Thus, using
0<7<s 0<r<t )
the theorem on a dominated convergence, we finish the proof of proposition 3.
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