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1. INTRODUCTION

In this study we investigate the new method developed by Davie [3] which uses cou-
pling and gives order one for the strong convergence for stochastic differential equa-
tions (SDEs). We should indicate that in Davie paper, he assumed that the non-
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degenercacy for the diffusion terms but in our work we investigate the order of the
Combined method which is for the SDEs which are degenerate at some points. We
will show how we could control the degenerate problem and then give computational
results. There are many numerical methods for solving SDEs. P.E.Kloeden and
E.Platen [4] described a method based on the stochastic Taylor series expansion but
the major difficulty with this approach is that the double stochastic integrals cannot
be so easily expressed in terms of simpler stochastic integrals when the Wiener process
is multi-dimensional. In the multi-dimensional case the Fourier series expansion of
Wiener process used to represent the double integrals by [4], [9] and [8] but it needs
to generate many random variables at each time therefore it takes a lot of time to

compute and also it is hard to extend to higher order.

We will see in this study a modified interpretation for the normal random variables
generated in the Taylor expansion. This method will give order one convergence un-
der a non-degeneracy condition for the diffusion term. In standard methods such as
Milstein we generate the approximations for the Taylor expansion terms separately.
In the coupling method we will generate the approximation for the Taylor expansion
as a combination of random variables. The modification is by replacing the iterated
integrals by different random variables but with a good approximation in distribu-
tion. Then we will obtain a random vector from the linear term which is a good

approximation in distribution to the original Taylor expansion.

There have been many studies using coupling for the numerical solution of Stochas-
tic differential equations. Kanagawa [10] investigated the rate of convergence in terms
of two probability metrics between approximate solutions with i.i.d random variables.
Rachev and Ruschendorff [6] developed Kanagawa’s method by using the Komlds,
Major and Tusnddy theorem in [5]. Fournier in [11] used the quadratic Vaserstein
distance for the approximation of the Euler scheme and the results of Rio [12] which
gives a very precise rate of convergence for the central limit theorem in Vaserstein dis-
tance. Also Rio in [19] continues his research in [12] for the Vaserstein bound to give
precise bound estimates. Under uniform ellipticity, Alfonsi, Jourdain and Kohatsu-
Higa [1] and [2] studied the Vaserstein bound for Euler method and they proved an
O(h(%_“)) for one-dimensional diffusion process where h is the step-size and then they
generalized the result to SDEs of any dimension with O(hy/log(+)) bound when the
coefficients are time-homogeneous. Cruzeiro, Malliavin and Thalmaier [13] get an
order one method and under the non-degeneracy they construct a modified Milstein
scheme which obtains an order one for the strong approximation. Charlbonneau,
Svyrydov and Tupper [14] investigated the Vaserstein bound [7] by using the weak
convergence and Strassen- Dudley theorem. Convergence of an approximation to a
strong solution on a given probability space was established by Gydngy and Krylov

in [15] using coupling. Davie in [20] applied the Vaserstein bound to solutions of
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vector SDEs and used the Komlds, Major and Tusnddy theorem to get order one
approximation under a non-degeneracy assumption. In this paper we investigate the
order of the Combined method which is for the SDEs which are degenerate at some
points. We will show how we could control the degenerate problem and then give
computational results.

1.1. STOCHASTIC DIFFERENTIAL EQUATIONS (SDES)
1.1.1. DEFINITION

let {W(¢t)}+>0 be a d-dimensional standard Brownian motion on a probability space
(Q, F,P) equipped with a filtration F = (F;);>0, a = a(t,z) be a d-dimensional
vector function(called drift coefficient) and b = b(¢,z) a d x d-matrix function(called
diffusion coefficient).

Stochastic processes X = X(t), where t € [0, T], can be described by stochastic
differential equations

dX (t) = a(t, X (£))dt + b(t, X (£))dW (¢). (1.1)

Let the initial condition X (0) = x be an Fy-measurable random vector in R%. An

Fi-adapted stochastic process X = (X(¢))¢>0 is called a solution of equation (1.1) if

X(t):X(O)—i—/O a(s,X(s))aLs‘—|—/0 b(s, X (s))dW (s), (1.2)

is satisfied.

The conditions that the integral processes

/ a(s, X (5))ds, / b(s, X ())dW (s),
0 0

are well-defined are required for(1.2) to hold and for the functions a(s, X(s)) and
b(s, X (s)) we have the following conditions that

.
E/o b= (s, X (s))ds < o0,

and almost surely for all ¢ > 0, fof la(s, X (s))]ds < .

One of the most important properties for the stochastic integral is that

¢ 1/t I 1 t
/0 W(s)dW (s) = 5/0 d(W2(s))—§/0 ds = §W2(t)—§,

for details of stochastic integral see [4].
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1.2. EXISTENCE AND UNIQUENESS THEOREMS

The following theorem, which will be stated without proof, gives sufficient conditions

for existence and uniqueness of a solution of a stochastic differential equation.

(i) measurability let a :[0,00) x R? — R? and b:[0, 00) x R — R4*? are jointly
Borel measurable in [tg, T] x R9.

(ii) Lipschitz condition: There is a constant A > 0 such that |a(¢,z) — a(t,y)| <
Alz —y|, and |b(t,z) — b(t,y)| < Alz —yl, for all ¢ € [to, T] and z,y € R.

(ili) Growth condition: There is a constant K > 0 such that |a(t, z)|* < K2(1 +
|2|%), and |b(t, z)|> < K2(1 + |2|*), for all ¢ € [to, T] and =,y € R.

Theorem 1.1. Under these conditions (i-iii) the stochastic differential equation

(1.1)

has a unique solution X (t) € [to, T] with
SUpPy <¢<T E(X(t)") < .

Proof. see Kloeden and Platen [4], Theorem 4.5.3. O
1.3. STRONG AND WEAK CONVERGENCE FOR SDES
1.3.1. STRONG ORDER OF CONVERGENCE

Suppose that a probability space (2, F,P) is given. In this probability space € is the
set of continuous functions with the supremum metric on the interval [0, T], F is the
o-algebra of Borel sets and P is the Wiener measure. We consider an approximate
solution x, of (1.1) which uses a subdivision of the interval [0, 7] into a finite number
N of subintervals which we assume to be of length h = % Also we assume the
approximate solutions xj, is a random variable on 2. Now we say that the discrete
time approximation xp with the step-size h converges strongly of order ~+ at time

T = Nh to the solution X (t) if
Elzp, — X(T)|P < ChP, h e (0,1)

where the strong convergence will be in L? space and X (T') is the solution to the
stochastic differential equation. C'is a positive constant and C' independent of h.

Our method will give a strong approximation in the sense of this definition. We
should mention here without more details that there are several applications of strong
approximation and some examples have been mentioned in Section 13 of [4]. Some

of these applications will work with our coupling methods and some will not. For
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example providing that the metric b;;(x) is invertible then the application to the
Duffing -Van der Pol Oscillator which is the simulation of individual trajectories will
work. One such application is to the simulation of the stochastic flow defined by an
SDE, this method will fail because we try to simulate several starting points in the
same time. The filtering application will not work because actually the observation

process is given.
1.4. NUMERICAL METHOD FOR APPROXIMATING THE SDES

There are many numerical methods for solving stochastic differential equation, here
we will mention two important schemes.The first one is the Euler-Maruyama scheme
which will give strong order % and the second one is the Milstein scheme which has
an order one for the strong convergence. Suppose we have the stochastic differential

equation.

d
dXi(t) = a;(t, X (0)dt + 3 b(t, X ())dWi (1),  X,(0) = X (1.3)
k=1

where i =1,...,d on an interval [0,7], for a d-dimensional vector X (¢), with a d-
dimensional Brownian path W (t). In order to approximate the solution, we assume
[0,T] is divided into N equal intervals of length h = T'/N.

1.4.1. EULER-MARUYAMA SCHEME

The simplest numerical method for approximating the solution of stochastic differ-
ential equations is the stochastic Euler scheme (also called Euler Maruyama scheme)
which utilizes only the first two terms of the Taylor expansion and it attains the
1

strong convergence vy = 5.

Firstly, consider the Euler-Maruyama approximation scheme.

d
e =2+ ai(h, 2+ 3 b (jh, D)AWL, (1.4)
k=1

where AW,gj) = Wi((j + 1)h) — Wi(jh) and our numerical approximation to X (jh)
will be denoted x(7).

1.4.2. THE MILSTEIN SCHEME

We shall now introduce the Milstein scheme which gives an order one strong Tay-

lor scheme. We could obtain the Milstein scheme by adding the quadratic terms
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Zi 11 Pkt (jh, 2V ))A,(i), to Euler scheme which gives the following scheme

d d
o™ =2+ ai(h, 2+ b (e D)AWD + N pia(h, 29 AP, (1.5)
k=1 k=1

where AWY) = Wi ((j + 1)h) — Wi (jh),
AQ) = [TV W (1)~ Wi (Gh)}dWa(2), and para(t,2) = S22, by (t, ) 22 (¢, ).
The implementation of the Euler scheme is easy to do as only needs to generate

the normal distribution for the standard Brownian motion AW,gj ) but it is not easy
to generate the integral A,(le) for the Milstein scheme when we have two or more

dimensional SDEs. We need to mention some facts about the two-level approximation.
1.5. TWO-LEVEL APPROXIMATION

We need to generate the increments AW,gj ) when we approximate the solution to (1.1)
by using Euler or other schemes which we will explain later in this section, therefore
Levy’s construction of the Brownian motion will be used to simulate a sequence of
approximations converge to the solution. That is

AW]gr,j) _ AW[ET+1,2]‘) 4 AW}gr+1,2j+1)7 (1.6)
where r € N and AW, = Wy ((j + 1)h") — Wy, (jh™)) with o) = Z.

We will call the two-level approximation in (1.6) the trivial coupling. We could
generate the normal distribution in (1.6) for the increments for a given level r by firstly
generating the increments in the LHS AW,gT’j ) and then conditionally generating the
increments in the RHS. We do the same process for each level r + 2, r + 3 and so on.
After that we will get the Brownian path W (t).

1.5.1. EMPIRICAL ESTIMATION OF THE ERROR OF A
NUMERICAL METHOD

Because usually we do not know the solutions of the stochastic differential equation
explicitly therefore we could not directly estimate the mean error E|X (T") — x| which
is the absolute value of the difference between the approximation solution x; and the
solution X (T") of an SDE (1.1). Assume the approximate solution z;, converges to the
solution X (7) as we decrease the step-size and go to zero. Then we can estimate the
order of convergence for a particular scheme by repeating R different independent sim-
ulations of sample paths. We will use the following estimator {e = }%E(|x(r) — 2 |)}
for different approximation solutions () and #,y for different range value of h. So

for any numerical method if we have a bound for the error E|zj, — /2| < C1h” then
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Elzp e — 2p4] < C1(2)7 and then Elzy, 4 — zp,/8] < Ci(4%)" and so on. Therefore

we will get a geometric series then we will obtain

(o)
h\~y CihY
E\X(T) - < Cil=) = . 1.7
X(@) =l <) Cg) =75 (L.7)
So from (1.7) we could estimate the convergence and the constant.
If the commutativity condition for
piki(t, z) = pur(t, ), (1.8)

holds for all x € R4, ¢ € [0,T] and all i, k, [ then the Milstein scheme (1.5) reduce to

d d
e =2+ ai(ih, 29+ b, 2DV AWD + 3 paa(ih, 2B, (1.9)
k=1 k=1
which only depends on the generation of the Brownian motion AW,Sj ). Scheme (1.9)
will give an order one if d = 1, but if d > 1 will have order % As it is described in
Davie’s paper we could do a modification to scheme (1.9)which will give an order one

under a non-degeneracy condition.
1.6. A MODIFICATION TO (1.9) WHICH GIVES ORDER ONE

As it is described in Davie’s paper [3] the interpretation of generating of the normal
distribution will be changed in scheme (1.9) which leads to convergence of order one
under a non-degeneracy condition.

In the implementation of the Milstein scheme we start by generating the random
variables AW,gj ) and A,(Cjé) separately and then we add these random variables to get
the RHS of scheme (1.9). The idea here that we will try to generate the following

Y =3 bl a)AWD + 3" pia(jh, D) A
directly. If we have a scheme
o™ = 29 £ a;i(h, 2+ 3 b (b, 29X+ 3 para (R, aD) (X X~ hdya),
(1.10)
where the increment X ,gj ) are independent N (0, h) random variables then it is the same

as scheme (1.9) with AW,gj ) replaced by X ,gj ) and we do not assume AW,ij )= X ,gj ).
Now we need

Zi = Z bir (jh, D)X + Zpikz(jhyw(j))(Xzij)Xz(j) — hép),

to be a good approximation to Y;, in other words how we could find a joint distribu-
tion of random vectors (AWé] ),A,(le)) and (X ,gj )) so they have the required marginal
distribution, with bound E(Y; — Z;)? = O(h?).
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We will explain in the following section how we can use a coupling to find the
required marginal distribution which will give good bound for the random distribution
Y; and Z;. After that we will get an order one approximation between the two
approximate solutions of the SDEs, x(jh) and z) i.e. E(z(jh) — z9)) = O(h?).

In the following section we have from Davie [3] paper an order one convergence
using (1.9) with the assumption that b, (z) is invertible. The proof will be in the two-
dimensional case using the coupling method and two different level of approximating
solutions of scheme (1.9).

Now we will state some lemmas and theorem which we will used in the later

sections.

Definition 1.1. (definition of the Coupling) Let (X1,F1, Q1) and (X2,F3, Q2) de-
note two probability spaces. A coupling of the probability measures Q1 and Qs is a

probability measure P on X; X X5 whose marginals are Q1 and Q5.

Definition 1.2. (definition of Vaserstein metrics) The p* Vaserstein distance be-

tween two probability measures Q1 and Q2 on R? is defined as the following
W,(Q1,Q2) = inf(E|X — Y|P)!/P (1.11)

Here the infimum is taken over all joint distributions of R%value random variables
X, Y, where X has distribution )1 and Y has distribution Q5.

The books of Rachev and Ruschendoff [6] and Villani [21], [22] have more infor-
mation about coupling and Vaserstein distance.

Definition 1.3. Let X be a positive definite real ¢ x ¢ matrix and let f be the
density function on R? of the N(0, %) normal distribution. Let P denote the set of
polynomials in d variables with real coefficients and let the projection operator P on
P be defined by (Pp)(z) = p(z) — p where p = [5, p(z)f(z)dz. Then Pp = 0. We
have the following

Lemma 1.1. Let p € P. Then we can find a vector polynomial ¢ € P? such that
V.(f¢) = fPp.

Proof. See Lemma 1 in [3] O

Lemma 1.2. Let n < N and R be positive integers, and for j = 1,--- /N let
pj,7; € P, all having degree< R, and such that p; = r; for j < n. Let n > 0 with
nR <n and let K > 0. Then we can find C > 0 such that, if € > 0 and we write
o = pfxpdzr and vog = rfxpdr where p = 1+ ZjV:1 pj,r =1+ Zj\]:l e'r; and
B ={z € R?: |z| < e "}, and if u and v are probability measures on RY with
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Jra (U + |2*)d|p — pol(z) < Ke 2 and [o, (1 + |2[)d|lv — w|(x) < Ke* 2, then
W (u,v) < Centl,

Proof. See Lemma 2 in [3] O

From the definition shown in [4], we call an equation a a Stratonovich stochastic

differential equation, writing it in following form
dX (t) = A(t, X (t))dt + b(t, X (t)) o dW (1), (1.12)

or in the equivalent integral equation form

X(t) = X(0) —l—/o A(s, X (s))ds +/0 b(s, X (s)) o dW (s) (1.13)

It turns out that the solutions of the Stratonovich SDE (1.12)-(1.13) also satisfy an
Ito SDE with the same diffusion coefficient b(s, X (s)), but with the modified drift

coefficient

where b; is the j*" column of the matrix b(s, x).

Definition 1.4. The Lie bracket [U, V] of two vector fields U and V on R" is the
vector field defined by

[U,V] =DV (z)U(z) — DU(x)V (z)

where we mean by the DU(z) the derivative matrix which given by (DU (x));; =

Definition 1.5. If we have a stochastic differential equation
dX(t) = A(X(t))dt + b(X(t)) o dW (1), (1.14)
and let Ay are the collection of vector fields which define by
Ay = {b; :i > 0}, A1 = A U{[U,b;]: U € A, & j >0}
where by = A and define the vector spaces by
Ai(z) = span{V(x) : V € Ay}

then we say that (1.14) satisfies the parabolic Hormander condition if | J~, Ax(x) =
R? for every z € R?
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Now we need to mention the Hérmander Theorem [17] which we will use in chapter
4.

Theorem 1.2. (Hérmander Theorem) Suppose we have a stochastic differential
equation
dX(t) = A(X(t))dt + b(X(t)) o dW (1) (1.15)

and assume that all vector fields A and b;’s have bounded derivatives of all orders.
If (1.15) satisfies the parabolic Hormander condition, then for positive t the solution
X (t) for (1.15) has an infinitely differentiable density with respect to the Lebesgue

measure.

Proof. see Theorem 1.3 in [18] O

2. TWO-LEVEL APPROXIMATION USING THE EXACT
COUPLING OF SCHEME (1.10)

As it described in Davie’s paper [3] in section (8) that a modified version of (1.10)
which gives order 1 under a nondegeneracy condition on the b (z) . Here we will use
this new scheme but with the explicit version. We get the explicit versions for the
coefficients from the Runge-Kutta scheme coefficients(11.1.7) in Kloeden and Platen’s
book [4] i.e.

\/E )

where (TLL =+ \/ﬁ) for I =1,2,--- and B;x; we will be used an approximation

Biri(z) =

to pikr- In the following section we assume that b (z) is twice differentiable with
respect to x and b;,(x) and its first and second derivatives are bounded by constants.
Moreover we assume the boundedness of the inverse of the b (x). Also we need the
following lemma which will give the bound between the explicit version S (x) and

the derivatives term p;p ().

Lemma 2.1. Suppose we have the Runge-Kutta scheme coefficients(11.1.7) in Kloe-
den and Platen’s book [1], i.e.

bir(Th) — bix(x)
\/E 9

with by () twice differentiable with respect to x and Y!, =z + b'\Vh for 1 =1,2,--- .

Moreover the b, (x) and its second derivative are bounded by constant. Then the differ-

Biri(x) =
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ence approzimation between Sk (x) and the deriwatives term pig(x) will be O(h).i.e.

v 2/p
(‘5ikl (x) = piri(z)| ) < Cyh, (2.1)
where C), is a constant.

Proof. We need to use the deterministic Taylor expansion to find b;;(Y!,) where the
supporting value is Y! = x + b'vhforl=1,2,---, and for 0 < 0 < 1

bus
bk (L) = by (& +\an k(z

In

d
L] Pbip(z +O0bNR)
- e U b"Vh)?2. (2.2)

mnl

bis (XL —bis(z)
h

Then we replace (2.2) in which gives us

b Obi(x
Biri(x) = 83:1 I
d ik (T Vh mipn
+ % lmn=1 i ba;lgfi M (bmbny/h)?  bik(2)
Vh Vh
= Pikl (.23) + O(hl/Q)
Thus ( l) (2)
bik T — bik X } 1/2
LA VLA QR < O, hY/2,
Pt panl@)] < 1
So

2/p
(|ﬁmz (z) — Pz‘kl(x)|p) < Cph. O

3. EXACT COUPLING IN TWO-DIMENSIONAL CASE

First we consider scheme (1.10) with explicit version and for the simplicity we will let

bir(x) depend only on x and also the drift term equal zero, so

eI =29 13 b (@)X + Y B (@) (XD XD — héw). (3.1)

Now for the step-size h(") = QZT we will have 2"d independent random variables X ,gr’j ).

Then at two consecutive levels, in other words from level r to level r + 1, r € N we
need to find a coupling between X,gm) which is N (0, h(")) and (X,S’H’QJ), XIET'H’Q]H))
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so they are independent of each other and they are N(0, h(”“)) If we have that igr’j)

~(r,5+1)

is a solution of 3.1 at the level r then for a fix time j we compare at level r

with & ~(r+1 2+2) i1 the level r + 1, we have

d d
~(r,j ~(r,j ~(r.j r,] 1 ~(r,j T,J T, T
xE G _ xE %)) + Zbik(x( ,j))Xlg 2J) + 3 Z ﬁikl(x( ,j))(Xlg J) (r,9) _ )5kl)
k=1 k=1
(3.2)

and define y as the following

d d
. ) . 1 ) . .
~(r+1,2 ~(r+1, T, ~(r+1, T, T, r
y =T 1N (2 120) X D4 3 > Bi (BT (X Dx ") — By,

k=1 k=1
(3.3)
also we have
d
§3§T+1’2j+1) _ i§r+1,2j) + Z bik('i(T+172j))X]$;T+1,2j)
k=1
d
1 ~(r i T j r j r
+ 3 Z Bira (2 +1,2J))(X]g +1»2J)Xl( +1,25) _ p( 5). (3.4)
k=1
£§r+1,2j+2) ~(r+1 25+1) + Z b, k 'r+1 2j+1))X(r+1 ,2j+1)
k=1
d
1 ) , . , ) ;
+ 3 Z &kz(ff(”l’Q’*l))(X,g +172J+1)Xl( +1.25+1) _ p( 5).  (3.5)

k=1
We should mention that when we write X = O(M) for the random variable X we
mean the L? bound for it i.e. (E|X[P)Y/? < CM. Now, from lemma 2.1 we have
bik(i(r+1,2j+1)) _ bik(ﬁ(rﬂ,zj)) +pikl(:E(r+1,2j))(X]gr+l,2j)) + O(h)
_ bik(j(r-i—l,Qj)) ‘|’6ikl(j(r+172j))(X]gr+l’2j)) + O(h),

and B (22D = By (27 H12)) + O(h).
Using these relations in (3.5) and combining it with (3.4) we get.

d
ji(r+1,2j+2) — i;i(rJrl,Qj) + Zbik(fi(r+1,2j))(XlgT+1,2]) +X}gr+1,23+1))
k=1

+ Z /szl (r+1,25) )X(rJrl 2]+1)X(r+1 27)
l,k=1

d
1 1 T i T j T i r41,27
+ 5 Z Bikl(‘%(r+1,2j))(X]£ +1721)Xl( +1,25) _|_X]£ +172]+1)Xl( +1,2j+1)
l,k=1
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— hO8) + A, (3.6)

where A = O((h("))3/2).
Now, let (c;;) be the matrix inverse of (bik(i(r"’l’Qj))) so that Zj cijbik(a?(r“gj)) =
dik- Then from equation (3.3) and (3.6) if we need the local error y — ;E,(:H’QHQ) =

O((h(")3/2), we require the coupling to satisfy
Xi(r,]) _ Xi(r+1,2j) +Xi(r+1,2]+1) + Z Tikl(XIETJrLQjJrl)Xl(TJrLZj)
k=1

_ Xl(r+1,2j+1)Xlgr+L2j)) + O((h(r))3/2), (3.7)

where 71 = % Zj CijBiki-

Now we will reformulate (3.7) by a scaling. We fix r write ¢ = (h("))1/2, Xi(r’j) =
eVi,Xi(TH’Qj) = ¢Y; and Xfr+1’2j+1) = ¢Z;. Then Vi,---,Vy are independent and
N(0,1), while (Y3,---,Yy, Z1,--+, Z4) are independent and N(0,1/2). Now we need
to find a coupling between a vector (V;) and (Y;, Z;) so that

d
Vi=Yit+Zit+e Yy mulZYi— ZiYe) + O(e). (3.8)
k=1
We need to write U; = Y; 4+ Z; and U = Y; — Z; that gives U; and U;* are independent
and N(0,1). We have U;Uy, — U;U, = 2(Y,Z), — Z1Y},) so that from equation (3.8) we

obtain
d

Vi=Ui+e > m(UUs— Uili) + O(e%). (3.9)
k,l=1
Therefore, we require a coupling between (Vi,---,Vy) and (Uy,--- ,Uq, Uf,--- ,UJ),
here all the random variables are N(0,1), and also (Vi,---,Vy) are mutually inde-
pendent, (Uy,---,Uq, Uf,--- ,Uj) are also mutually independent, and (3.9) holds.
Now when d = 2 from equation (3.9) we have V; = U; +ea;(U3U; — Ui Us) +O(€?)

(Tit2—Ti21)
2

i (7—212 77—221)

= (me—ma) 444 gy = 2220 Then we can write

where a; = ,ie ap

<a1 ) = Ry <g> Where Ry is a rotation matrix. ie. Ry = (al/a _a2/a) and

as az/a ai/a
o= (@ +
Writing V = RyV', U = RgU’, and U* = RyU our required condition becomes

V! = U + ea(UxU] — U U3) + O(€?), V4 =Uj+ O(e?). (3.10)

Lemma 3.1. Suppose U and a are independent random variables, where U is N (0, 1)
and « takes the values £1 each with probability %, and let b and c be fized real numbers
with |b] < 1. We define Y = U + a(bU +¢) and V = ®~1(F(Y)) where F(y) is the

c.d.f. of V. i.e.
Fly) =P <y)
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=PV <ya=1)+PQY<ya=-1)

)2}

Here ® is the c.d.f. of standard normal distribution; then V is N(0,1). Otherwise we
generate V independently to be N(0,1). Then

E(V =Y < Kb+ P)P, (3.11)
where K is a constant independent of b and c.

Proof. First, if we have an even integer p then it is obvious that

E(V —Y)P < 210*1E(VP +JP) = 2p71E(Vp) + 2p71E(yp)
=27~ Hp — 1) 4+ 227LE(U 4 a(bU + ¢))P

p92(p—1) p92(p—1)
< 2P~ (p — )N 422D (p — DI 4 bT(p -+ CT

=K+ C(bP + cP). (3.12)

Where the constant K; and C are depending on p and if either [b| or |¢| is greater
than % and we choose K big enough then the following is true

K14+ C@P + cP) < K(b* + c*)P.

So it suffices to prove the lemma for [b| < 1, |c| < 1. Using the expression for F, we
find that for |y| < W we have
F) - 2() =[5 (@) + o) — agy)]. (3.13)
2 1+0b 1-9b
By using the Taylor expansion for ®({77) and P (LE2) we have
y—c¢ c Loy y—-c¢ 2 y—c
) ) - y—e
U5y = 8() + o) (s )+ 5@ W)t + Oy
—c—yb 1o, Y—Cio Y-
=0 ) _oyl —~—
) + W) () + 5327 W) y1+b+y)
y—c 3
— .14
ro=s -y, (3.14)
and
ytec y+c 1oy y+c 2
o = — i _
(T=5) = W) + o) (T—5 —9) + 32" W= — )
yte 3
+O0({— ¥
C+yb 1 " y+c y—|—c 2
= o — 2y
)+ 0) () 1 20 () (L0 2P )
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(3.15)

where for the reminder terms we use the same restrictions that |y| < W, b <1

and |c| < £
Now,
—c—yb b
B) () + ) (T = Bly) (—c + cb = b — yb+ yb?)
+ ¢(y)(c + b+ cb® + yb + yb?)
= ¢(y)(2cb + 2yb?), (3.16)
and

() (LEE)2 — 9y C 4 2y

1—-b 1-b
_ o )(y2 +2cy + ¢ — 2y%(1 — b) — 2yc(1 — b) + y*(1 — b)2)
! (1—b)
—(yp(y))(c + 2bc? + 3b*c? + 2byc + 4b*yc + y?b?). (3.17)

() (=) — 2y " 12

1+b 1+b
_ g )(y2 —2cy + ¢ —2y%(1 4+ b) + 2yc(1 +b) + y2(1 —|—b)2)
oW (1+b)2
—(yo(y))(c? — 2bc* + 3b2% + 2byc — 4b%yc + 32b?). (3.18)
So
1 —c 1 +c
52 W) (T v+ 52 W) (T ) = (o () (3 2byety’D). (3.19)

Then from (3.13) we obtain

70 - 2] = |51 +¢<‘if2>>—@<y>\
’%( (y)(2ch + 2yb?) + %é”(y)(?i — )’
+%c1>”(y)(31/f2 y)? +0(mf— )3+0(31’—f2—y)3) —<I>(y)’
— $(y)|(cb+ yb?) (;y62+—yb2c2+by20+ %y3b2))‘
O(1+b y)3 +O(y+g y)3. (3.20)

Thus
|F(y) — ®(y)| < K1(b* + )1+ 3> + [y*)o(y). (3.21)
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Now we will use the fact that if we have x which is a real number and 0 < a <

min(1, |z|~1), Then for |z| < a we have

Bla+2) =

and from this we deduce that
Oz +a) > D(x) + e 2 ad(x),
and similarly for ®(x — a) therefore from (3.21) we obtain that
[y — L FW)] < Kol + )1+ 52 + ly°)), (3.22)

where ¢ = @’ is the N(0,1) density function, and then the lemma follows since
E(V —Y)P = BE(Y — ® ' (F())))? and the contribution from |Y| > (b* + ¢?)~1/* is
negligible if % + ¢? is small as we now show.

We have from (3.12) that E(Y™) < K and M is a big constant M > 4p then from
Markov’s inequality

1

2 2\(1/4)M
®2+c%OMM4)§1{@ + )M

Py > )= POM >

1
(b2 + c2)(1/4)
From this and the bound in (3.12) and using the Cauchy-Schwartz inequality we
obtain that

E[(V = Y)Plyus o pery-1/mn] < (E(V = V)2P)YYD(E(Lyus gy r7am ) 2) 12
(b2+c2) (b2+c2)
= (K1 + C(bP + ))(K (b* + ¢2)1/OM), (3.23)

O

We return to (3.10), and recall that we require to generate the six random variables
V!, V4, U}, Ui, Uy, U so that each is N(0, 1) and that V;, V4, are independent and that
U, Uy, Uy, U, are also mutually independent. We also require these two sets of random
variables are coupled so that (3.10) holds. We start by generating independent N (0, 1)
variables U, U}, @, R and o taking the value £1 with probability 3 each. Then
set V§ = U}, Uy = aQ and Uy = aR. We also define Y = U} + a(bU] + ¢) and
Vi =& 1(F(V)) where F(y) = 3 {@(%) + @(?{fg)} is the cumulative distribution
function of Y ( here ® is the c.d.f of N(0,1), where b = eaR and ¢ = —eaQUY. This
gives Y = U} + ea(UsU, — U U3). Also conditional on Q, R,U} we see that V] is
N(0,1), so V{ is independent of V3 and all six variables have N(0,1) distribution.
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4. COMBINED METHOD

In Davie [3] paper, he assumed that the matrix (bik (x)) is invertible for all z, but in
this paper we will show how we could control the matrix which is non-invertible for
some z using the (Combined method). In the little box below, we explain how the

combined method will work.

EXPLANATION OF THE COMBINED METHOD

At the j*" step we need to calculate the value of @ which is a function of z(™7)
and also we need to calculate Ky and K5 in (5.30) which are also functions of
("7 then in the same stage we have two choices of approximate solutions. The
first one is the approximate solution using scheme (1.10) with the exact coupling
which will give local error E|z("1) — 2122 < K,a2h?

or the second approximate solution that using scheme (1.10) with the trivial
coupling which will give local error E|z(™1) — z("+1.2)|2 < K k2. So from the
value of a and using the following condition that if Kya?h® > Kh? then we

choose the solution which has scheme (1.10) with the trivial coupling and if not

we use the other solution which has scheme (1.10) with the exact coupling.

We remark that for the implementation of exact coupling with a non-invertible
matrix could not apply to scheme (1.10) directly because we have the matrix (b, ()
which is singular or has determinant near to zero which will effect the convergence

order. In the other words that means we will not get the inverse matrix c;; in the

bik (T, T5) —bji
Vh

control this problem by using the condition which has mentioned in the previous box.

following term ;¢ = %Z ; Cij { at some points. Therefore we could

We now indicate how will the local error for the combined method behave and what
the local error will be achieved. We will show this theoretically and then numerically
with examples of implementation for a specific non-invertible stochastic differential
equation.

Now we want to show the derivation of the local error for the combined method.

5. DERIVATION AND IMPLEMENTATION OF THE LOCAL
ERROR OF THE COMBINED METHOD

In the combined method we will use the local error for the scheme (1.10) with the
exact coupling and the local error for scheme (1.10) with the trivial coupling (1.5).
Therefore before we start the derivation of the local error for the combined method

we want to find the local error for the exact coupling and the trivial coupling.
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5.1. EVALUATION OF THE LOCAL ERROR FOR THE SCHEME
(1.10) WITH EXACT COUPLING
(r1) _ (T+1’2)|2 from the

error which we obtain from E(V;] —Y)? < 10a*e*. It is possible to deduce that from

We need to find the explicit value for the local error for E|z;
equation (3.10). Firstly, from equation (3.10) we have

V] = Ul + ea(UyU] — U U}) + Ra’e® (5.1)

Where R is a random variable and E(R?) = %;Y)z ~ 10.

Then after we multiply by the term b and rotation matrix Ry, we obtain
a 9 a?
bRyV' = bRyU’ + ebRy <O> (UsUy — U{Us) + Re“bRyg < 0 )
Then, this will give us
(V) = (bU); + eb; ( )(U;U1 — UFUs) + Reé2ab; (Zl)
az 2

= (bV); = (bU); + € Z pir () (UF Uy — UFUL) + Rae®(pirz — pia1)
k,l=1

2
€ Z bir (2O = € Z bir () (Vi + Zi)) + €2 Z pirt (N[ Zp Yy — Zi V3]

k=1

+ Rae®(pir2 — pio1)

2
Zbi ( (0))X(T ,0) Zb k {E(O )(X(T+1 ,0) +X(r+1 1)))
k=1

2
% Z pina (0))[ Peaat I)X(r+1 0) X(r+1 1)X(r+1 0)]

+ Ra(piz — piz1)h*/? (5.2)

After we have obtained the coupling in (5.2) we could use it in the approximate

solution x( Dy (3.10) and find the reminder term. So the coupling will be

X(T,O) _ Xi(rJrl,O) + Xi(rJrl,l) + (7_“2 _ Ti?l)(Xl(rJrl,l)Xz(rJrl,O) _ X2(r+1,1)X1(r+1,0))

K3

+ Raa;e® = Xi(rﬂ’o) + Xi(rﬂ’l) + Ua; + Raa;e® (5.3)

Where U = (Xl(rﬂ’l)XQ(Hl’o) — XQ(TH’l)Xl(TH’O)), so from the approximate solution

2 2
~(r T 1 [ [ r
Frh = xEO) + kz_lb““(x(o))Xzi 0) | 5 kzl_:l pim(w(o))(X,g ,O)Xl( O ps) (5.4)
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we will have

2
il(.r’l) = xl(.o) + Z bik(x(o))(Xlng’O) + X,gT—H’l) +Uayr) + Ra(piz — piz1)h*/?
k=1

2
1 r r r r r
5 2 P ) (X XY 1 0a) (7Y 1 XY fUar) —h 0]
k=1
(5.5)

From this equation and after we find the multiplication we will have the following
bound

2 2
E( Z pikl([(XlngrLO) +X’gr+1,1))Ual] + [(Xl(TJrl,O) —|—Xl(r+1’1))UakD)
k=1

2 2
( Z Pikl + lek X(TH’O) + X,ETH’I))alU)
k=1

- E (2pi11(X{T“’°) + XN U + (pig + o) (X0 4 x 0Dy 6,0
2
+ (pio1 + Pi12)(X2(T+1’0) + XQ(TH’D)CHU + 2P¢22(X2(T+1’0) + Xg(Hl’l))azU)

= 32p2,a2h> 4 8(pita + pio1)2aih® + 8(pio1 + pir2) ath® + 32pio0aih’®
+ 32pi11(pin2 + pio1)arash® + 32pina(pin2 + pio1)arash®

2 2 2
=32 Z prpash’ +8 Z (Pikm + pimr)*a2,h® 4 32 Z pikk (Pikm + pimk)amarh®
k=1 k#m k#m
> 2
= Z [V32pikrar + (V8(pikm + pimk)am)] h® (5.6)

k#m

Thus from equation (5.3) and (5.4) we will have

2
‘%gr,l) = xz(O) + Z bik(ir(o))(XlgT—i_Lo) + Xlgr+171) + U(Lk) + R(L(pilg — pigl)h3/2
k=1

l\D|’—‘

2
Z pia( (0) r+1 O)X(r+1 0 X(r+1 O)X(r+1 N X(r+1 I)X(r+1 0)

2
+X]gr+1,1)Xl(r+1,1) B h(r)ékl Z ikt +pzlk X(r+1,0) +X,gr+1’1))alU

2 2

— 1
0 r+1,0 r41,1 r+1,1) v (r+1,0
xf ) 1;71: bik(w(o’)(X,i )+ X,g ) 5 57 (0) X( )X( )

2
™ N s 1 ™ N T
- Xz( +1’1)X1£ +170)] + Ra(pirz — piz1)h*/? + 9 Z pirt () [X,i +1’0)Xl( +1,0)
k=1
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X(r-{—l,O)X(T—i-l,l) + X]gr—i-l,l)Xl(r-i—l,O) + X]S:r-i—l,l)Xl(r—i-l,l) - h(r)(skl}

2
Z piki + Pitk) XIETH’O) + X,grﬂ’l))azU

2 2
=2+ 3 b )XY X 4 3T pua(a )T XY
k=1 k=1
+ Ra(pim — pio1 )R/
4= Z szl (T+1 O)X(T’-i'l ,0) + X(T’+1 1)X(T+1 1) h(r)(skl}
kl 1
2
+ Z (pir + pae) (X0 + XY qU (5.7)
k=1

And we have

2
i;i(r+1,2) _ xl(()) + Zbik(x(o))(XlgT-i-l,O) + X]gr-l—l,l))
k=1

2
+ Z ikl (x(o))XlirJrl,l)Xl(rJrl,O)
I,k=1

2
]- T N T N T N T T T
+ 5 § pim(x(o))(X,g +1,0)Xl( +1,0) +X,§ +1,1)Xl( L )5kl) + O((h( ))3/2)

1k=1
(5.8)
Finally we compare il(.r’l) with fi(TH’Q) to obtain the local error. i.e.
2
(j(r,l) ~ (r-l—l 2) ( Z (0) r+1,0) + X}ngrl,l))
k=
2
Z 2 X(TH 1)X(T+1 1+ Ra(pira — piz1 )0/
2
1 T s s T
+5 2 PO XX L XY a0y
=1

2
+ 37 (it + pae) (X0 X0 “)alU)
k=1

_ <Z‘1(0) + Zbik(x(O))(Xlngrl,O) +X’£r+1,1))
k=1

+ Z pira (@) X TN x [rH10)
l,k=1
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2
1 . . . ) )
+ 3 Z pm(x“))(x,i H’O)Xz( +1,0) +X}g +1,1)Xl( +11) )5M)
1,k=1

o)

2
= Ra(pirz — pio1)h*? + Z piki + Pitk) X;Y“’O) + Xlngrl’l))alU

(5.9)
So

Blz{"" — 212 = E|Ra(pina — pio1)h®/?

2
+ Z pvkl+p7lk X,£T+1’0)+X,£T+1’1))azU|2
k=1

2
< {10a*(pir2 — pi21)® + Z [V32pirkar + (V8(pikm + pimi am)] jh
k#m
2
F {(Ra(pm — pi21) h3/2 Z Pikl + lek X(TH iy X(TH D)“ U)

= {10a*(pir2 — piz1)® + Z [V32piar + (VB(pikm + pimi)am)]“}h  (5.10)
k#m

In the last step we have that the expectation of the crossing term equals zero, i.e.

2
(Ra(pzu — pi21)h / Z Pikl + pvlk X(TJrl 04 X(TJrl D)azU) =0 (5.11)
k=1

Because from equation (5.1) we have that the random variable R equal to

V] — Ul — ea(U,U] — U, UY)
- a?e?
V] — Ul — ea(U,U] — U, U})

= o (5.12)

R

and

2
Z Piki + Pitk) X(TH’O) + X,Y“’”)azU
k,l=1

2
Z pzkl X(r+1,0) —|—X,£T+1’1))Ual} + [(Xl(TJrl,O) +Xl(r+1,1))Uak])
=1

k,
2pi11U1a1 + (pin2 + pi21)Utaz + (pi21 + pin2)Usar + 2piaa(Us)as]eU
= ([2pi1ra1 + (pir2 + piz1)a2)U] + [(piz1 + pirz)ar + 2pizza2]Us)eU
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= (L1U{ + LaUj)eU
= (L1U] + LoUs)e(UxU] — U1U3) (5.13)

where L1 = 2p;j11a1 + (pin2 + pio1)az and Lo = (pio1 + pi12)ar + 2piosas.
Replacing (5.12) and (5.13) in (5.11) we will obtain the following

Vi = Uj — ea(UsU] — U, Us - -
B[((=— ﬁil )i — i W) (LaU] + Lal3) (0o} — O1U3)]

= E[%(Pm — pio)h(V{ = Ul — ea(UU] — U1U3)) (L U U2U] — LU UL U

+ LoUsUsU; — LoUsULUS)|

= E[%(PHQ - Pizl)h(LlU{ffo{Vl’ — L UUL\USV] + LoUSULULV] — LyULU ULV,
+ L\ULULULU! — LyULUL\ULUL + LoyUsUsULUL — LyUsUUSUL + LU UL UL U UL

— L ULUL\USULU, 4 LoUsUs U Us U, — LU Uy URUSU,L + L ULU,ULUL U

— LU U3UL U, + LoUsUsU U2 UY — LUy Ur UsULUS) | (5.14)

Now we need to find the expectation of each term separately. As we mention before
in section 3, we start by generating independent N (0, 1) variables Uy, U}, Q, R and
o taking the value £1 with probability 3 each. Then set Vi = U}, Uy = a@ and
Us = aR. Also as we defined Y = U} + a(bU] + ¢) and V{ = ®~(F())) where F(y)
is the c.d.f. of Y ( here @ is the c.d.f of N(0,1), where b = eaR and ¢ = —eaQUS,.
This gives Y = U + ea(UsU} — U US). So we can change the sign of the random
variables U7, U}, Q, R by multiplying by -1 of any subset of them without altering the
distribution. So if we only change the sign of the random variables U, and @, then
b and ¢ will not change and also ) will not change, so V{ will not change. Therefore

all the following terms will equal zero i.e.

E(=ULU,UV]) = E(USUULV]) =0 (5.15)

E(-=U,U,U3V]) = E(UsTL ULV =0 (5.16)

On the other hand, if we change the sign of U7, and U}, then we will get —c and —Y
and hence we will have the c.d.f. of —) which we call F(y), so

F(y)=P(-Y <vy)
=Py >-y)
=1-F(-y)

so we will have
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therefore the following terms will equal zero i.e.

E(~UU,UV]) = E(U,UUV) =0 (5.17)

E(—U,U\UV]) = E(ULUULV!) =0 (5.18)

For the rest of the expectations the result will be zero because all the random

variables are mutually independent, so

2 - - N -
E[a(pilg - plgl)h(LlU{UQU{U{ - L1U{U1UéU{ + LQUéUQU{U{ - LQUéUlUéU{
+ L U U5UUU, — LU ULUSOLU, + LyUsUsU Us Uy — LoUsUUsUs U
+ LUOU U0 U — LU U USULUY + LoUsUs UL UL US — LaUsUr USULUS) | = 0
(5.19)

Finally, we have shown from (5.17) to (5.19) that the expectation of all terms in the

crossing term equal zero and then the result of equation (5.11) will be zero i.e.

2
E|(Ra(piz — piz1)h /2 Z piki + Pitk) X(TH’O) + X,ETH’U)OLZU) =0
k=1

5.2. EVALUATION OF THE LOCAL ERROR OF SCHEME (1.10)
WITH TRIVIAL COUPLING

i+1) .~ (r41,25+2
(ri+D) with x,(;+ 2t ), we have

First of all, we compare

d
~(r,1) ~(7,0) (r, rO 1 2 : ~(r 7,0 7,0 r
" =3, +Zb““ ”) )+§ h zflp”“(x( NETOX —n6y) (5.20)

and suppose we have another approximate solution, i.e.

~(r+1,25) (r+1,25)\ v (7:9) (r+1,27) (r.g) x(rg) _ XQ)
y=1; +Zbk )Xy +22pkzx )X X Okt)

k=1 k=1
(5.21)
And also
.fjgr—i_l’l) i(r—i—l 0) + Z bix (r+1 0) X(r-{—l ,0)
1
5 D pu(@ETOXTHOXTY R0 sy (5.22)
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d
5557“-%1,2) _ 5557“-}-1,1) + Z bik (‘%(rJrl,l))Xlgr-l—l,l)
k=1

d
1 ~(r r+1, r+1, T
+5 2 pm @)X XY — p D) (5.23)
k=1
Now, by, (& (r+1, 1)) = bi(Z (r+1, o)) + pir (Z (r+1, 0))(Xlgr+1,0)) + 0(h)
and pi (20FEY) = gy (L) + O(R1/2)
Using these relations in (5.23) and combining it with (5.22) we get

d
5,r+12) g (r10) 4 Zbik(;ﬁi(rﬂ’o))(Xlng,o) + X (L)
k=1
d

+ Z ikl ({E(TJrl’O))X]gr-i—Ll)Xl(T—i_l’O)
k=1

d
1 ~ T T T A T T
5 2 pa@ O THOXTTE X EXTERD < h 08+ O(()*)
I,k=1
(5.24)

Then the coupling will satisfy
d
xgr‘ 1 ’I‘+1 2 Z p ’I‘+1 1 X(T+1 0) X(T+1 1)X(T+1 0))+O((h(r))3/2) (525)
k=1
Now we will reformulate (5.25) by a scaling. We fix r write e = (h(")1/2, Xi(rﬂ’o) =
€Y; and Xi(T'H’l) =¢Z;. Then (Y1, -+ ,Yy, Z1, -+, Z,) are independent and N (0, 1/2).
So that

d
gt gt — ¢ Z pikl(ZkYi — Z1Yx) + O(€) (5.26)
k=1
and
E(Z\Ys — ZoY1)? = B(Z1Ys)? — 2E(Z,Y2)E(ZoY1) + E(ZoY1)2 =1+1=2 (5.27)

therefore the local error for the trivial coupling will be

d
7,1 r+1,2 r+1,1 r+1,0 r+1,1 r+1,0)\ (2
E|%(' . )_xl( + )|2 :E| Z Pikl(ng + )Xz( + )—Xz( + )Xlg + ))|
k=1

= 2(pi1s + pia)B* + O(h?) (5.28)

Then we follow the same procedure to get the local error for the j** step.
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So we need to compare the local error for scheme (1.10) with exact and trivial
coupling in the same starting points. As we have mentioned before that the local
error will work for the j* step as the initial step and hence we have obtained that

the local error for scheme (1.10) with exact coupling
Ely — x(r+172j+2)|2
2 2 ,
< {10a4* Z(ﬂm — pi21)® + Z (V32pirkar + (V8(pikm + pimk)am)]” }h?
i=1 i=1,k#m

and for the trivial coupling is

2
Ely — zrth 22 < 22(0?12 + P )12

i=1
So as we have mentioned in the previous box that from the value of a? = (a? +a3)
which defines as a function of a; = 3 3¢ () pigr (7)) and if K; = 2 21221 (P2o+
p%1) and Koah? = {1002 327 (pi2 — pin1)® + Zf:w#m (V32pirkar + (V8(pikm +
Pim)@m) ] 2}h3 which gives

2
B 1062327 (pi2 — pia1)® + Z?:Lk#m (V32pikar + (V8(pikm + Pimk)am)]

2 = P .
Then we use the following condition that if Ksa?h? > K h? which gives a? > %,
then we choose the solution which has scheme (1.10) with the trivial coupling and if
not we use the other solution which has scheme (1.10) with the exact coupling, . So

the local error of the combined method will be the minimum of their local errors. i.e.
E(ly — 2" T2 12 7)) < min [Kh?, Ksa®h?) (5.29)
and then

Ely — 212422 < E(min [K1h?, K2a2h3]) (5.30)

We will describe two methods of finding the expectation in (5.30) using the fol-

lowing non-invertible SDE to illustrate the results.

dX, (t) = XQ(t)dWl (t) + (Xl (t) + t)dWQ (t),
dX(t) = e X2 WaW (1) + (X1(8) — Xa(t))dWa(t), (5.31)
for 0 <t <1, with X;(0) =2 and X5(0)=0

When the determinant is near from zero for the inverse matrix b;;(z) then that

means we will obtain a big value for a? and at the same time we will get the big
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value for the exact coupling error i.e. (Ka?h3). For a particular example from the

previous SDE we have the value of the inverse matrix will be

1
ylr —y) —e v (z+1)

(x — yg) —(z+1)
ey y

Cij =

which means when (y(z —y) — eV (z+ t))2 becomes close to the zero then a? will
be too large. So in the following discussion we will try to control this problem and
see the behavior of the combined method.

For the first method we will try to find the the following expectation directly
E[min(K1h? K2a*h?)] and then see what the convergence result for the behavior of
its integral. To evaluate this we will use the Hormander Theorem (Theorem 1.2) and
then we could deduce the expected error for the integration for the function a. For
the second method we will find the estimate of the error in (5.30) by doing a number
of simulations for the previous SDE with different step sizes.

For the first method we will assume that the Hormander conditions hold and
then let f is a density function of 2(™7) and by applying the Hérmander theorem we
assume that |f(z,y)| bounded by a constant K(y) and for fixed y we also have the
following bound

/ Fa,y)de < K(y)

The constant K (y) depends on y and it decreases rapidly when y become very big.
So

E[min(K1h?, Kya*h?)] = Lh? //min(l7 (a3 4 a2)h) f(z,y)dzdy
< Lh? (K(y) /min(L (a2 + a%)h)da:) (5.32)

Here L is a constant and because the term K>a?h?® depends on a? = (a? + a3) which

define as a function of a; = 3 2 Cij (™)) pigy (2(™9)). So we will have

C

(yxr —y? — e V' — e V)2

2 2
ai + a3 =

1
(yz—y2—e—v2z—e—v71)?2

other terms by constant C. Thus from (5.32) we obtain

where the term comes from the inverse matrix ¢;; and we bound

(yxr —y? — e V’x — eVt

_oun? (K(y) /min(l, [y — )z fbyQ — e—yzt)]Q):ing)
5.

E[min(K,h?, Kya®h®)] = C1h? (K(y) / min(1, i )Q)dw)




STOCHASTIC DIFFERENTIAL EQUATIONS 137

Now let (y — ™)z —y? — ¢™¥'t) = u then
= du = (y — e*yQ)dx, which gives = (U:jiﬂ) = dx.

Then the integral in (5.33) will become

ly —e

=L1h2ﬂ du+ h idu
2 2
ly—e " |\ Jo VE U

— o KW (x/ﬁ + \/E>

E[min(K;h?, K2a?h?)] < clh2&)yz| (2 min(1, %)dU>
E 0 U
Vh

ly — =¥
K
_pnem KW (5.34)
ly —e V7|

We have another bound when we fix y which will be as the following
/ min(1, (af + a3)h) f (z,y)dz < / flz,y)de < K(y) (5.35)

If we define gy as the point where y — eV = 0, then for the expectation we will have

the following

E[min(Kh?, Kya®h?)] gLQhQ/ min(K(y),T;L;y?)dy
— 00 — Y0
. [vo—Vh L[
:L2h2<h2/ Klw) dy+h§/ Kw) g,
N e ] vo+vh 1Y = ol
yo+vh
+/ K(y)dy>
yo—Vh
< h2L[Vh|log(Vh)| + Vh|log(Vh)| + 2V] (5.36)

So we could see from the last step in (5.36) that the dominant term will be of order
h%/?1og(h). Therefore the order of the local error for the combined method will be

Emin(K, k%, Koa*h®)) = O(|h5/2 (log(h)|) (5.37)

Then we will obtain the global error for the combined method

hi=2\/|log(h)| = h*/*\/log(h)| (5.38)

The second method we need to show numerically by using the previous SDEs
(5.31) that the expectation at the final time of the function min [K1h?, K2a®h?]
with different step-size will give the local error with order h®/2 log(h). That is we
compute the previous function over the number of simulation and sum the results

together to get the average estimate. After that, we compare and plotting the log of
E(min [thQ, K2a2h3]> against the log of the different step sizes.
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Now for the Matlab implementation we want to run the code with different step
sizes over a large number of paths R = 2000 and we could see in the table below the

outcome of
= E(min [thQ,K2a2h3]> (5.39)

for the certain number of steps.

step-size | u

0.005 0.00000246
0.0025 0.00000043
0.00125 | 0.000000073
0.00062 | 0.0000000113
0.00031 | 0.0000000023
0.00015 | 0.0000000003

Table 1: Estimating the error of u against the step size

Figure 1 shows the plotting of the log(u) against the log of the step sizes.

Tha plotting of log(h) against the log(w) which show the local error for the combined method

-1z T T T T T T T
y=pl'x+p2 _
14 Coefficients: _igpas N
pl=2.5626 =
|| p2-oes11s B
16 e
E
E\ 1B " T
20k + 4
— —— - log{u) against the logih)
-22= £ slope =
_24 | 1 | 1 1 l 1

-9 -B5 -8B -15 -65 -6 -55 -5

—f
log(h)

Figure 1: The plotting of the local error for the combined method

The table (1) and the plotting in Figure (1) show the implementation of p =
E ( min [Kl h?, K2a2h3]> for the previous SDEs with different number of steps ( 200,

400, 800, 1600, 3200 and 6400). Running the Matlab code for 2000 simulations gives
a value for its estimator pu equal to 0.00000246 with the step-size 0.005 i.e.

p= E<min [K1h?, K2a2h3]) = 0.00000246

and 0.00000043 with step-size 0.0025 and so on. This means when we decrease the
step size (h) every time, we calculate the error ;1 and examine the convergence order
of it where the output results are in the table (1). Also the Figure (1) is a plot of the
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log of the estimator u i.e. log(u) against the log of step-size (h) i.e. log(h) which has
a slope of 2.5626 which is consistent with the local error for the combined method
will be O(h? log(h)).

Therefore from these computational results we could see that we have obtained
good agreement between the theoretical bound for the local error in (5.37) with the
implementation results.

In the following section we will show that the order of convergence for the combined
method will be h3/ 4\/m by doing a number of simulation for a particular SDE
which is singular. Also in this section we will show the combined method for the exact

coupling with trivial coupling and the approximate coupling with trivial coupling.

6. THE IMPLEMENTATION OF EXACT COUPLING WITH THE
TRIVIAL COUPLING (COMBINED METHOD) IN
TWO-DIMENSIONAL CASE WITH NON-INVERTIBLITY OF
Brk(X)

Firstly, we have the 2-dimensional SDE, which is not invertible at some points.

dX, (t) = XQ(t)dWl (t) + (Xl (t) + t)dWQ (t),
dX(t) = e 2D aW (1) + (X1(8) — Xa(t))dWa(t), (6.1)
for 0 <t <1, with X;(0) =2 and X5(0)=0

where W1 (t) and Ws(t) are independent standard Brownian motion.

To apply a numerical method to this SDE we need to simulate solutions (for the
same Brownian path) simultaneously using two different step sizes (h and h/2).

To construct this experiment, we will decrease the step size (h) every time when we
calculate the error and examine the convergence order of the exact coupling method.
We will repeat this with different step size using (for example, R = 2000) indepen-
dent simulations. So the order of convergence for the combined method should be
/4 ToglR].

Now we will run the Matlab code with different step sizes over a large number of
paths R as described in the table below and see the result of the error €, where each
simulation is for the same Brownian path and ¢ = & Efil |a:§:) - argj/)2| will be our
estimator.

In the following table we will show the result of the error by running the Matlab
code for the SDEs with different step sizes over a large number of path R.

The table (2) and the plotting in Figure (2) show the implementation of the
combined method for the exact coupling of the previous SDEs with different number
of steps (100, 200, 400, 800, 1600 and 3200). Running the Matlab code for 2000
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step-size | €

0.01 0.0672
0.005 0.0387
0.0025 0.0213
0.00125 | 0.0124
0.00062 | 0.0069
0.00031 | 0.0039

Table 2: combined method for the exact coupling

The plotting of the combined method for the exact coupling
T T T T T

25 :

K
AL |y=pTx+p2 B
3.5 |- | Coefficients: ]
p1=0.81935 -
S 4L | p2-10780 e i
) = '
245 A &
5 # B
— ¥ — Log(h) against the log(ermor)
5.5 * slope |
% | 1 | 1 | | |
-85 -8 -1.5 -1 8.5 -6 -5.5 -5 -45

log(h)

Figure 2: The plotting of the combined method for the exact coupling

simulations gives a value for its estimator € equal to 0.0672 with the step-size 0.01 i.e.

1 2000 @) @
€= 5500 ; |, — ), = 0.0672

and 0.0387 with step-size 0.005 and so on. This means when we increase the number
of steps which each time gives a smaller step-size then the estimate error e will give
O(h#\/log(h)) as it appears in the results in table (2). Also the Figure (2) is a plot of
the log of the estimator € i.e. log(¢) against the log of step-size (h) i.e. log(h) which
has a slope of 0.81935 which is consistent with a strong convergence of O(h7 log(h))
for the stochastic differential equation (6.1).

Therefore from these computational results we could see that we have obtained
good agreement between the theoretical bound in (5.38) with the implementation

results.
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