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ABSTRACT: In this paper, we study differential equations arising from the gen-
erating functions of degenerate tangent polynomials. We give explicit identities for
the degenerate tangent polynomials. Finally, we observe an interesting phenomenon
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1. INTRODUCTION

Recently, many mathematicians have studied in the area of the degenerate Euler
numbers and polynomials, degenerate Bernoulli numbers and polynomials, degenerate
Genocchi numbers and polynomials, and degenerate tangent numbers and polynomi-
als(see [1, 2, 3,4, 5,6, 7, 8,9, 12, 13]). In [1], L. Carlitz introduced the degenerate
Bernoulli polynomials. Recently, the degenerate tangent numbers and polynomials
were introduced by Ryoo(see [6]). The degenerate tangent polynomials 7y, (z, \) are
defined by the generating function:
) i

(14 Xt)*/* = Zn(x,x)m. (1.1)

2
(1+ X)X +1 —
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In [9], degenerate tangent numbers of higher order, T, (z, \) are defined by means

of the following generating function

o0

k n
) (14207 = S T® a, )\);—!. (1.2)

2
2/
<(1+)\t) /41 —

Let x =21 4+ 22+ - -+ 2xn. Then for 1 < N <n, we have

Z < ’ )7;1(%17)\)7]2(;32,)\)---’ﬁN(xN,)\)27;(N)(x,)\),
11712a~~~7lN

litla++in=n
l1,l2,..,In2>0

where (l1 12_7__ lN) are the multinomial coefficients defined by

" S
ll,lg,...,lN o 11'12'11\/"

We recall that the classical Stirling numbers of the first kind Sy (n, k) and Sz(n, k)
are defined by the relations(see [13])

(x)n:ZS(nkx and z" ZSgnk
k=0

respectively. Here (2),, = z(z—1) - (x—n+1) denotes the falling factorial polynomial

of order n. We also have

Z SQ(n,m)tn_T; = & and Z Sl n m)tn M. (1.3)

m! n! m/!
n=m

The generalized falling factorial (x|\),, with increment A is defined by

n—1

@Nn =[] (== M) (1.4)

k=0
for positive integer n, with the convention (z|\)g = 1. We also need the binomial
theorem: for a variable z,

(o]

(14 )"/ = Z(xM)ng. (1.5)

n=0

The generalized rising factorial < x|\ > s defined by

<z >gN>:ﬁ(x— (N —k)\) (1.6)
k=0

for positive integer n, with the convention < z|A >(N) 1.
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Many mathematicians have studied in the area of the linear and nonlinear differ-
ential equations arising from the generating functions of special numbers and poly-
nomials in order to give explicit identities for special polynomials(see [3, 7, 10]). In
this paper, we study differential equations arising from the generating functions of
the degenerate tangent polynomials. We give explicit identities for the degenerate
tangent polynomials. Finally, we observe an interesting phenomenon of ”scattering”

of the zeros of degenerate tangent polynomials of higher order.

2. DIFFERENTIAL EQUATIONS ASSOCIATED WITH
DEGENERATE TANGENT POLYNOMIALS

In this section, we study differential equations arising from the generating functions

of degenerate tangent polynomials. Let

H=H({t\)=—">—— n 2.1
(t:3) (1+)\t2/’\+1 ZT 21)
Then, by (2.1), we have
d d 2
HY = ZH(t, ) _
dt (t,4) = dt ((1+/\t)2/’\+1)
1 —4 2 :
= 2.2
1+/\t((1+>\t)2/’\+1+((1+>\t)2/’\+1> ) 22)
_ H?-2H
1+ Xt
Let
2 - "
F=F — ——r z/X — n —. 2.
(o)) = Ty AT ;T@wm (2:3)
Then, by (2.3), we have
d
FO = —_F
&Pt )
d 2
= — [ ——————— 1+ )" 2.4
dt((1+>\t)2/’\+1( +A0) ) (24)
1
H —2)) F.
S Tan AT =2)
By (2.4), we have
FO = HA 4+ X)YF + (2 - 2)(1+ M) F. (2.5)
Taking the derivative with respect to ¢ in (2.5), we obtain
F® = 2121 4 M) 72F + (2 — 6 — \)(1 + \t) 2 26)

+((z=2)(x—2- X)) (1+ )2
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Continuing this process, we can guess that

N
FO =N "a;(N,z, VH (1 +At) " VF, (N =0,1,2,...), (2.7)
=0

: d\’
where F() = (%) F(t,x,\). Differentiating (2.7) with respect to ¢, we have

dEFI)

FN+D)
dt

N
=3 ai(N,z, \)iH' " HO (1 + xt)™NF

1=

[}

N
+ 3 ai(N,z, VH (=NA)(1+ xt) "V 1F
1=0
N .
+ > ai(N, 2, NH (1 + M)V FO
1=0
N
= ai(N,z,\)i (H*' = 2H") (1+ xt) N 'F
=0 (2.8)
N
+ > ai(N, 2, VH (-NA) (1 + )" N 'F
1=0
N
+3 " ai(N, 2, \) (HH + (z = 2)HY) (1+ At) NP
=0
N+1

=3 ai (N2, NiH (1 +xt) "N F

i=1

N
+Y ai(N,z, N (@ —2 -2 - NNH' (1+ M) N7'F
1=0

On the other hand, by replacing N by N + 1 in (2.7), we get

N+1
FOVHD = N™ 0,(N + 1,2, VH (1 + A\t) "N LF, (2.9)
1=0
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By (2.8) and (2.9), we have

N+1 )
> aiN+1,2)H (1+ ) V'F
1=0
N+1 ‘
= ai (N2, NiH (1+xt) "N ' F
=1
N
+ ) ai(N, 2, \)(z =2 =2 — NAH' (1+ M) V'F.
=0

Comparing the coefficients on both sides of (2.10), we obtain
ag(N +1,2,\) = (x — 2 = NA)ao(N, z, \),
an+1(N +1,2,A) = (N + Dany(N,z, ),

and
ai(N+1,2,\) = (x —2—2i — NXN)a;(N,z,\)

+ia;—1(N,z, A).
In addition, by (2.5), we have
F =ao(0,2,\)F,
which gives
ap(0,2,A) = 1.
It is not difficult to show that
FO = ag(1,2,\) (1 + M) F +ay (1,2, VH(1 + M) "' F
=H1+M)'F+(z-2)1+X)'F
Thus, by (2.15), we also find
ap(l,z,\) =2 -2, ai1(l,z,A) =1.
From (2.11), we note that
ag(N +1,2,\) = (x — 2 = NN)ag(N,z, \)
=(@—=2=NXN(z—-2—(N-=1Nao(N —1,2,))
= =T — 2|)\ >§\]f\21: (Z‘ — 2|/\)N+1;

and
CLN-I—l(ZV_'_ 173:7)‘) = (N+ 1)CLN(N,Z‘,A)
— (N +1)Nan_1(N —1,z,)\)
— = (V)L
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(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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For i =1,2,3 in (2.12), we find that

N
ar(N+1,2,0) =Y <z—4x >N ag(V — k,z, ),
k=0
N—-1
a(N+1,2.0) =S <z—6A>" ay(N —k,a,\), (2.19)
k=0
N—-2
as(N +1,2,\) = <x—8A >,(€N) as(N — k,x, \).
k=0

Continuing this process, we can deduce that, for 1 <7 < N,
N—i+1
a;(N+1,2,\) = Z <x—2—2z|/\>,C ai—1(N — k,x,\).

k=0

Note that, here the matrix a;(j, z, \)o<i j<n+1 1S given by

1 (z=2N)1 (=2N)2 (x—=2[N)s -+ (z—=2|A\)Nt1
0 1 . .

0 0 1

0 0 0 1

0 0 0 0 1

Now, we give explicit expressions for a;(N +1,z, A). By (2.17), (2.18), and (2.19), we

have

N
ar(N+1,z,\) = Z x — 4|\ >,(€]1V) ao(N — ki, x,\)
k1=0
N
=Y <e—ap >Nz 2SR,
k1=0
as (N—|—1 x, \)
_22 <z —6A >0 ar(N = ko, )
k)2 0
—1 N—ko—1
Z Yo <a—6a><a—an > Vg —oa SR

ko=0 k1=0
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and
a3(N + 1axa A)

N—2
=33 <z 8> ar(N — ks, x,\)
k}3:0
N—2 N—ks—2 N—kz—ka—2
=32 > S <a-sh>Mcar gy
k3=0 ko=0 k1=0
x <z —4ASITRTRT g gy S (Y Rem ke m )
Continuing this process, we have

N—i+1 N—k;—i+1 N—kj_1—-—ko—i+1
G(N+1,0) =i Y > - > <z —2-2iA>N
ki=0  ki—1=0 k1=0
x <aw—2-2i-1)A>N R (2.20)
B
N—ki—ki_1—ko—ki—1
X <%-— 2|)\ >§V_ki—k’i—11—"'—§2—k11—zl+l .

Therefore, by (2.20), we obtain the following theorem.

Theorem 1. For N =0,1,2,..., the functional equation

N
FON =3 "a;(N,z, VH' (1 + xt) N F
=0

has a solution

F=F(tz\ = (14 At)™/,

2
(1+ X)X +1
where
ao(N,z, A) = (z — 2[A\) N,
aN(viv)‘) :N'a

N—i N—k;—i N—kiq1——ko—i
ai(N,A) =il Yy > 3 ca—2-2p >
ki=0 k;—1=0 k1=0
) (N—k;—2)
X <w—=2=20—-1)A>, "
X < x— 4\ SRRk )

(N—k‘,;—ki_l—“'ktg—k‘l—i—l)
X <@ =2 >N

Here is a plot of the surface for this solution. In Figure 1, we choose A = 1/10 ,
—3<x<3,and 0.1 <t<5H.
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Figure 1: The surface for the solution F'(¢,x, \)

In Figure 1(left), we plot of the surface for this solution. In Figure 1(right), we
shows a higher-resolution density plot of the solution.

From (1.1), we note that

AN = th
FN) = (E) F(t,z,\) = ZW&N(%A)E- (2.21)

k=0

From Theorem 1, (1.3), and (2.21), we can derive the following equation:

[es} tk N B
> Tran(, N = FN =3 "a;(N, 2, )1+ M)V F
k=0 1=0

(1+ M)2/A +1

- b, Nt N
;(;ai(N,x,A)Z<l>(—A)l< N1 )m;j (2,\) o

=0

N 9 i+1 i
> ai(N,z, )1+ )Y (—) (14 At)® (2.22)
i=0

By comparing the coefficients on both sides of (2.22), we obtain the following theorem.

Theorem 2. For k =0,1,...,and N =0,1,2,..., we have

N k
Toen(2,0) = >3 ai(N,z,\) (’;) (=) (N ];r : 1) DT (2, ), (2.23)
1=0

i =0
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where

aog(N,z,\) = (z — 2|\ N,
an(N,z,\) = NI,

N—i N—k;—1 N—kij_q1——ko—1
(N, =ity Y 3 <z —2-2A>NY
k)i:O k¢71:0 k}1:0

x<w—2-20-1)A>NHP

X < x—4[A SRRk

(N—k;—kij—1—ko—k1—i—1)
X <w—2A>N et

Let us take £ = 0 in (2.23). Then, we have the following corollary.
Corollary 3. For N =0,1,2,..., we have

N
Tz, A) =Y ai(N, 2, VT ) (0.

=0

3. ZEROS OF THE DEGENERATE TANGENT POLYNOMIALS OF
HIGHER ORDER

This section aims to demonstrate the benefit of using numerical investigation to sup-
port theoretical prediction and to discover new interesting pattern of the zeros of
the higher order degenerate tangent polynomials of the higher order ﬁl(k) (z,\). By
using computer, the higher order degenerate tangent polynomials ﬁl(k) (z,\) can be
determined explicitly. A few of them are

T @ ) =1, T (@) = —k+a,
T (@, ) = —k + Mk + k2 — Az — 2k + 22,
T (2, \) = 3Mk — 2%k + 3k% — 3MK® — K° + 2022 — 3kx + 67k + 3k%
— 322 — 3ka? + 2?,
T (2, A) = 2k — 1102k + 603k + 3k% — 18K + 11A2k? — 6k% + 6Mk® + k*
— 6X%z + 18M\kx — 220 %k + 12Kz — 18)\k%x — 4k%x + 11X\%2?
— 6ka® 4 18\kx? 4 6k 2% — 6 2 — 4ka® + 2.
We investigate the beautiful zeros of the 7;(16) (z,\) by using a computer. We plot
the zeros of the degenerate tangent polynomials 7,0 (x,A) for n =10, A = 1/10,k =

2,4,6,8, and « € C(Figure 1). In Figure 2(top-left), we choose n = 10,k = 2 and
A = 1/10. In Figure 2(top-right), we choose n = 10,k = 4 and A = 1/10. In Figure
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Figure 3: Stacks of zeros of T, (x,A) for 1 <n <20

2(bottom-left), we choose n = 10,k = 6 and A = 1/10. In Figure 2(bottom-right), we
choose n =10,k = 8 and A = 1/10. Stacks of zeros of T, (z,A) for 1 <n <20 from a
3-D structure are presented(Figure 3). In Figure 3(left), we choose 1 < n < 20,k = 2,
and A = 1/10 . In Figure 3(right), we choose 1 < n < 20,k = 8, and A = 2.
Our numerical results for approximate solutions of real zeros of 7;L(k) (z,\) = 0 are
displayed(Tables 1, 2).
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k=2,A=1/10 kE=8X=1/10
degree n || real zeros complex zeros | real zeros complex zeros
0 0

[t
—_

1

OO0 ||| U =] W (N

olw|~|lo|o|k]w|o
olu|la|lw|lo|luv|x|w|
Al |lo|lo|lolo|o
olo|lo|lo|lo|olo|o|lo

—

o
—
s}

Table 1: Numbers of real and complex zeros of 7,*) (z, \)
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Figure 4: Real zeros of 7;(13) (x) fork=2and 1 <n <20

Plot of real zeros of T," (x,A) for 1 < n < 20 structure are presented(Figure 4).
In Figure 3(left), we choose 1 < n < 20,k = 2, and A = 1/10. In Figure 3(right),
we choose 1 <n <20,k =38, and A = 2. We observe a remarkably regular structure
of the complex roots of the partially degenerate tangent polynomials 7;L(k) (x,\). We
hope to verify a remarkably regular structure of the complex roots of the degenerate
tangent polynomials T (z, \)(Table 1). Next, we calculated an approximate solution
satisfying 7;@ (x,\) =0,z € C. The results are given in Table 2 and Table 3.

Finally, we shall consider the more general problems. How many zeros does
T, (,A) have? We are not able to decide if T, (x,A) = 0 has n distinct solutions.
We would like to know the number of complex zeros CT?E;C)(%A) of TP (x,A), Im(x) #

0. Since n is the degree of the polynomial ﬁl(k) (z, \), the number of real zeros RT“-,)(m N

lying on the real plane Im(x) = 0 is then RT(k)(m.A) =n — C7, (z,7), Where CT(;C)(m N
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degreenH T
1 2.0000
2 0.6349, 3.465
3 —0.3515, 2.100, 4.552
4 —1.0897, 0.913, 3.39, 5.39
5 —1.610, —0.1517, 2.200, 4.55, 6.01
6 —1.803, —1.259, 1.087, 3.41, 5.8, 6.3
7 0.03291, 2.30, 4.6

Table 2: Approximate solutions of T (x,A\) =0,k=2,A=1/10,z ¢ R

degreenH x
1 8.0000
2 5.2211, 10.879
3 3.2000, 8.1000, 13.000
4 1.5769, 5.9548, 10.345, 14.723
5 0.21838, 4.1573, 8.2000, 12.243, 16.182
6 —0.94053, 2.5916, 6.3516, 10.148, 13.908, 17.441
7 —1.9351, 1.1953, 4.7076, &.3000, 11.892, 15.405, 18.535

Table 3: Approximate solutions of T (2,A\) =0,k=8A=1/10,2 € C

denotes complex zeros. See Table 1 for tabulated values of R (@) and C

7 Tn(k)(m A"
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