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1. INTRODUCTION

To obtain a deep understanding about the fractional calculus and respectively the
fractional differential equations in details see the monographs of Kilbas et al. [12],
Kiryakova [13], Podlubny [26], Feckan et al. [9] and Abbas et al. [1]. For distributed
order fractional differential equations see [11], for an application-oriented exposition
Diethelm [7] and for fractional evolution equations in Banach spaces Bajlecova [4].
The impulsive differential and functional differential equations with fractional deriva-
tives and some applications are considered in the monograph of Stamova and Stamov
[28]. Also it is worth noting some new interesting results for fractional differential
equations and systems obtained in [2], [20],[29], [35], [38] and [39].

The first detailed study of linear differential equations and system with distributed

delay (fundamental theory, variation of constants formula, stability, etc.) was done



492 A. ZAHARIEV, H. KISKINOV, AND E. ANGELOVA

by A.D. Myshkis in his fundamental monograph [22]. It may be noted that fractional
systems of retarded and neutral type with distributed delays are studied (basically
existence and stability) in [14], [21], [31]-[34] for single order fractional derivatives
and in [5] for Caputo-type distributed order fractional derivatives. Note that a lot of
results are obtained from many authors, using the definition of Caputo type derivative
applicable only in the particular case when the functions are absolutely continuous.
In this work, we use the definition of Caputo-type derivative without the assumption

that the functions are absolutely continuous.

It is well known that the problem of establishing a formula for the general solution
for linear fractional differential equations and/or systems with delay, as well as its
integral representation (variation of constants formula) need theorem for existing of
fundamental matrix, i.e. theorem for existence and uniqueness of the solutions of
initial problem (IP) in the case of discontinuous initial functions (see for example
[6], [10], [37]). It must be noted that this problem is more complicated in compare
with the integer order differential equations with delay. We point out that this is
conditioned that a distinguishing feature of the fractional differential equations with
delay is that the evolution of the processes described by such equations depends on
the past history inspired from two sources, first of them is the impact conditioned of
the delays and the other one the impact conditioned from the availability of Volterra
type integral in the definitions of the fractional derivatives, i.e. the memory of the
fractional derivative. It must be noted that the first of them (conditioned by the

delays) is independent from the derivative type (integer or fractional).

In the present work, we consider a nonautonomous linear fractional system with
distributed delay and derivatives in Caputo sense of incommensurate type. For this
system, we study the important problem for existence and uniqueness of the solutions

of initial problem (IP) in the case of bounded Lebesgue measurable initial conditions.

As far as we know, there are only a few results concerning IP for fractional dif-
ferential equations with delay and discontinuous initial function. In [15] is studied
an IP with bounded Lebesgue measurable initial conditions for autonomous linear
system with distributed delay in the case when all differentiations orders are equal.
In [6] are obtained results for existence and uniqueness for nonautonomous fractional
system with distributed delay and piecewise continuous initial functions with finite
many jumps. The results in [6] are generalized in [37] for neutral systems. It must
be noted, that the technique of the proofs in the present paper (inspired from [15])
is different in compare with the technique used in [6]. Since in our obtained results
the fractional differentiation orders are of incommensurate type then our result ex-
tends the corresponding one in [15] even in the autonomous case too. The proposed
conditions coincide with the conditions which guaranty the same result in the case of

integer order linear differential equations with distributed delay.
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The results obtained in this article would be a good basis for building models of
different processes from the real world. Good examples of new studies with application
in modeling are [3], [16]-[19],[23]-[25],]27], [30].

The paper is organized as follows. In Section 2, we recall some needed definitions
of Riemann-Liouville and Caputo fractional derivatives, as well as the needed part
of their properties. In this section also we present a slightly modified version of the
Weissinger generalization of the Banach’s fixed point theorem ([36], Fixpunktsatz,
p. 195) which will be used by the proof of the main results and is presented the
problem statement too. In Section 3 as main result are obtained sufficient conditions
for the existence and the uniqueness of the solutions of the Cauchy problem for linear
incommensurate fractional differential system with distributed delays in the cases of
Caputo derivatives and with Lebesgue measurable, bounded initial function.

2. PRELIMINARIES AND PROBLEM STATEMENT

For convenience and to avoid possible misunderstandings, below we recall only the
definitions of Riemann-Liouville and Caputo fractional derivatives and some needed
their properties. For details and other properties we refer to [12, 13, 26].

Let a € (0,1) be an arbitrary number and denote by L{°¢(R,R) the linear space
of all locally Lebesgue integrable functions f : R — R. Then for each ¢t > a,a € R
and f € LY¢(R,R) the left-sided fractional integral operator and the corresponding
left side Riemann-Liouville and Caputo fractional derivatives of order o are defined
by

(D2 F)(t) = ﬁ / (t — 521 f(s)ds,

a

D () = 5 (D 50)

D f(t) = reDgi[f(s) = f(a)l(t) = reDeyf(t) — %

respectively. We will use also the following relations (see [12]):
(i) (Day O =f(1) 5
(i) cDg D f(t) = f(1) 5

(iii) D, eDgy f(t) = f(t) — f(a).

(t—a)®

We will need a slightly modified version of the Weissinger generalization of the
Banach’s fixed point theorem (see [36], Fixpunktsatz, p. 195).
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Theorem 1. Let S be a complete metric space with metric dg and let the following
conditions hold:

[ee]
1. There exists a sequence v > 0,q € N with Y v, < 00.
g=1
2. The operator T : Q — Q satisfies for each ¢ € N and for arbitrary x,y € Q the

inequality
dQ (quv Tqy) S ’quQ (J?, y)

Then T has a unique fived point x* € Q and for every x € Q0 we have that

lim T9% = z*.

q—r o0
Remark 1. This modification of the Weissinger generalization of the Banach’s fixed
point theorem is not new, it is used in [8] in the case when () is a Banach space. But
it is simply to be seen that the original Weissinger proof is correct in the presented

in Theorem 1 case too, with some elementary modifications.

Consider the nonautonomous linear nonhomogeneous fractional system of incom-

mensurate type with distributed delay in the following form

m 0
X =% /[deUi(t,o)]X(HoHF(t), (1)
i=0_7

and the corresponding homogeneous one

m 0
Z/dero (t+0), (2)
1=0 “o;

where o = (a1, ..., an),ar € (0,1),k € (n) ={1,2,...,n},0; € (0,0],0 >0,
F:J,—»R"X:J, >R U : J, x R = R"™" J, =[a,00),a € R, J, = [a— 0,0),
X(t) = (@1(t), ..., 2 ()T, F(t) = (f1(8), -, fu()T, UL, 0) = {ui; (£, 0)}7 21
i € (m)o = (m)U{0},m € N,D3, X(t) = (DgLa:i(t),...,Derw,(t))" and Dgx
denotes the left side Caputo fractional derivative ¢ Dg% .

We will use also the following notations: Ry = (0, oo) Ry =[0,00). Let Y : J, x
R — R™ ™ Y(t,0) = {yi;(t,0)},=; and [Y(t,0)] = Z lyk; (¢, 0)]. With BV[—0,0]

k,j=1
we will denote the linear space of matrix valued functions Y'(¢, 0) with bounded vari-

ation in @ on [—0,0] for every t € J, and Var_,qY (t,") = Z Vari_q0yk;(t,-).

k,j=1
For W(t) = (wi(t), ..., w,(t))T : Ju = R, 8= (B1,---,Bn), Bk € [-1,1],k € (n) w
will use the notation I5(W(t)) = diag((w1(2))?1, ..., (wa(t))P).
With € we denote the Banach space of initial vector functions ® = (¢1, ..., ¢,)T

[a — 0,a] = R™, a € R, which are bounded and Lebesgue measurable on the interval
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[a — o, a] with norm
n

19| = sup [®(@) =) sup |¢n(t)| < oo

t€la—o,al L—1 t€la—o.a]

Consider the following initial conditions for the system (1) ((2)) :
X(t) = @(@t) (zx(t) = ¢x(t),k € (n)),t € [a —0,a], L € & (3)

We say that for the kernels U* : .J, x R — R™*" the conditions (S) are fulfilled if
for each i € (m)o the following conditions hold:

(S1) The function (t,0) — Ui(t,6) is measurable in (t,0) € J, x R and normalized
so that U'(t,0) = 0 for § > 0 and U'(t,0) = U'(t, —o;) for 6 < —o;,t € J,.

(S2) For each t € J, the kernel U'(t, ) is continuous from the left in 6 on (—o;,0)
and U'(t,-) € BV[~0;,0].

(S3) The Lebesgue decomposition of the kernel U*(t, 6) for t € J, and 0 € [—0;,0]

has the form:

U'(t,0) = R(t,0) + / B(t,s)ds + Y(t,0),

where N(t,0) = {a}‘cj () H (0 + 0:(t))}5 j—1, the functions
Al(t) = {a};j )}k j=1 € Lio¢(J,,R™) are locally bounded on J,,
T(t,0) = {gk;(t,0)} j=1 € C(Ja xR, R™™), 0(t) € C(Ja,Ry) for i € (m), oo(t) =0
for every t € J,, H(t) is the Heaviside function and the function
B(t,0) = {by;(t,0)}} ;-1 € Lle(J, x R,R™*™) is locally bounded on J, x R.

(S4) There exists a locally bounded function z, € L{°¢(J,, Ry ) such that
Vari_,, qU(t, ) < z,(t) for each t € J,.

(S5) For each t € J, the following relation holds:
; |U(t,0) — U'(t*,0)|d0 — 0, when t — t*.

—0o;

(S6) The sets Si = {t € J,|t — 0i(t) € Sa} for every i € (m) do not have limit
points, where with Sg is denoted the set of all jump points of the initial function ® .

Definition 1. The vector function X (t) = (x1(t),...,2,(t))T is a solution of the
IP (1), (3) in [a,a+b],b> 0(J,) if X € C([a,a+b],R")(X € C(J,,R™)) satisfies the
system (1) for all t € (a,a+b](t € (a,00)) and the initial condition (3) for ¢t € [a—o, a].

Consider the following auxiliary system
t

X(t) = B(a) + 11 (D(a)) / Lo 1 (t— 5)F(s)ds
. @
+11(T(a)) | In-1(t—s) [deU(s,0)] X (s + 6)ds
[ rate=93. [

a

(=)
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or in more detailed form for k € (n)

t

a

0
L )k 1 (S x;(s (s
+F(ak)/ _OZ/ i (s + 0)dguj;(s,0))]ds

2 Jj=1

T (t) = dr(a) +

with the initial condition (3), where I_1(I'(a)) = diag(T = (a1),..., T~ an)).

Definition 2. The vector function X (t) = (x1(t),...,2,(t))T is a solution of the
IP (4), (3) in [a,a+b],b> 0(J,) if X € C([a,a+b],R")(X € C(J,,R™)) satisfies the
system (4) for all t € (a, a+b](t € (a,0)) and the initial condition (3) for ¢t € [a—o, a].

Lemma 1. Let the following conditions hold:

1. Conditions (S) hold.

2. The function F € L'*¢(J,,R™) is locally bounded.

Then for each initial function ® € €& every solution X(t) of IP (1), (3) is a
solution of the IP (4), (3) and vice versa.

The proof is analogical of the proof of Lemma 3.3 in [6] and will be omitted.

3. MAIN RESULTS

In this section we will obtain sufficient conditions for existence and uniqueness of the
solutions of IP (1), (3). In virtue of Lemma 1 it is enough to study the IP (4), (3).

Let for every initial function ®(¢) = (¢1(f),...,dn(t)) € € define the sets
Qf ={G:la—0,a+1] = R" | Gljga+1) € C(la,a+1],R"); G(t) = ®(t),t € [a—0,a]}

and introduce in them a metric function d¥ : QFf x Q¥ — R, for each G,G € QF as
follows:

n

dY(G,G)=>" sup |g(t) — gk(1)].
=1 t€la,a+1]

Obviously the set QF equipped with d is a complete metric space in respect to the
introduced metric function.

Introduce for each G = (g1, ...,9,)T € QF the operator
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(RG)(t) = (R1g1(t), ..., Rngn(t))T for k € (n) with

Rigr(t) = ¢r(a)

0
. —8)" T 1 3 s uh (s s
* F(ak)[a/ (t 7:0 ;[ 9;(s + 0)dguj; (s, 0))d o

for t € (a,a+ 1] and with Rygx(t) = ¢r(t) for t € [a — o, a].

Theorem 2. Let the following conditions be fulfilled:
1. Conditions (S) hold.
2. The function F € L°(J,,R™) is locally bounded.

Then for every initial function ® € €& the IP (4), (3) has a unique solution in
[a,a+ 1].

Proof. Let ® € ¢! be an arbitrary initial function. Then since ® is bounded and

Lebesgue measurable, then from conditions (S) it follows that for every ¢ € [a, a+1] the
0
functions t — [ g, (t+9)d9u}‘€’j (t,0) are bounded and at least Lebesgue integrable for

each k,j € (n),i € (m)o. Then (6) implies that the functions Rygx(t) are continuous
for each t € (a,a + 1] and t£m+%kgk(t) = ¢r(a) for k € (n). Thus Regr(t) €
C(la,a + 1],R") for k € (n) and hence ROQP C OF, i.e. the operator R maps QF into
QF.

We remind that T'(z),z € Ry has a local minimum at z,;, =~ 1.46163, where

it attains the value I'(zp,in) &~ 0.885603. Introduce the notations «a,, = km%n> g,
e(n
ay = ]in?ug ak, qo = [2a;,'] + 1 and for every q € (go) denote with a, that number
e(n

among the numbers a1, ..., a,, for which I'(1 + gqoyy) = kré1<i7r71> (1 + qau).

Let G,G € QF be arbitrary. Then from (6) for every t € [a,a + 1] and k € (n) we
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have the estimation

1Regr(t) — Rige(t)|

0
1 IR i
= T(an) /(t—s)a’“ [Z(ZI/(gj(sw)—gj(s+9))d9ukj(s,0)|)]ds

s i=0 j=1 7
(t _ (L)ak m n )
< 2 sup  Varge-g0t);(s,0) sup |g;(t) —g;(t)])
F(l + ak) ; ; s€la,a+1] Sl 0. t€la,a+1] ! ! (7)
(t—a)™ §
< (sup g;(t) = g;()] sup  Varge|—q0)u;(s,9))
F(l + Oék) jzl t€la,a+1] ! ! ; ljzl s€la,a+1] €= 0l%.

(t —a)* ~
< mUld?(Ga G)

where Uy = E Z sup  Varge— Uoul (s,0).
=0 [,j=1 s€[a,a+1]

Let assume that for k& € (n) and every ¢ € [a,a + 1] the estimate

(t —a)? U] 4

Ron(t) = Rian(0)| < F oS (G,6) (®)

holds for some ¢ € N . Note that inequality (7) implies that (8) holds for ¢ = 1 and
every t € [a,a+ 1],k € (n). Using the notations RIG(t) = Y (t) = (y1(t), ..., yn(t))T
and RIG(t) =Y (t) = (51(¢), ..., Un(t))T we have that

988 g (1) — BRI g (1)] = IRRTgu () — RRTGa ()] = [Ryne(t) — Rg(t)]. (9)

According the induction hypothesis (8) we have

IR gi(t) — R g ()] = |Ryw(t) — Ry (t)]

¢ 0
1 g
= T(an) a/(t_ 8™ [g(;|_[(yj(8+9) 7i(s + 0))dgui (s,6)))]
U, o o
= Tan) a/(t s) j:1ne[sxf+s]|(yj(n) (m))|ds

- U, UY ®
= I(ap)l(1+qag) *

Substitute s —a = z(t — a) in the right side of (10) and using the relation between
the gamma and beta functions we obtain
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193 i () — AT G (6)] = |Ryn(t) — Ry ()]

1
q+1 +1
< Ul (t — )Ozk(q ) / ozk 1zqakdz
0

T(ap)T(1 4 qag)

(11)
T(a)D(1 + qag)(Uy (t — a)*r)a+t B
< Taor (T qa0 0+ @ + Dagy @ (@6
((t —a)rU;)e+! _
S NPT LACHE)

and hence by mathematical induction we have proved that (8) holds for each g € N,
k € (n) and every t € [a,a + 1].
For q € (qo) from (8) it follows that

q
nU{

P q q /o < D ~
dy (R1G,RIG) < T+ g0y +qaq)d1 (G, Q).
For all ¢ > qo from (8) it follows that
_ nUd _
AT (RIG,M1G) < ————dT (G, G).
1( ’ )_F(l—i—qam) 1( ’ )
nU{ nU{
Let for g € {qo) denote vy, = F(qu%) and for every ¢ > qo denote v, = Titean)"

Consider the one parameter Mittag-Leffler function

24

Epp1=)Y» =———, z€R;.
m,1 ZF(1+O[mq) z +

q=1

S q
It is simply to be seen that the series m is convergent because it is the
= ‘m

considered Mittag-Leffler function evaluated at z = U;. Then we have

oo

nU{ Uy
Z% Z 1+ozq)+n 2 T+ amg) ~ 0

q=qo+1

and from Theorem 1 it follows that the IP (4), (3) has a unique solution in [a, a+1]. O

Theorem 3. Let the following conditions be fulfilled:
1. Conditions (S) hold.
2. The function F € L¢(J,,R™) is locally bounded.
Then for every initial function ® € € the IP (4), (3) has a unique solution in J,.

Proof. Let ®° € € be an arbitrary initial function, | = 1 and denote by X !(¢, ®°) the

unique solution of the IP (4), (3) in the interval [a, a+ 1] , existing according Theorem
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2. Then we can define the function ®'(t) = (¢1(t),...,6.)T : [a — 0,a + 1] — R™ as
follows: ®!|,_yq = ®° € €, 4011 = X'(t,®Y), where X'(t, ®°) is the unique
solution of the IP (4), (3) in the interval [a, a+1] with the initial condition X! (¢, ®%) =
®O(t) for t € [a — 0, a]. By induction if the solution X'(t,®'~1) exists, we can define
for this I € N the function ®!(t) = (¢} (t),...,¢L)T : [a—o,a+1] — R™ (which will be
used as initial function in the next step) with <I>l|[a_a7a+(l_1)] =i, <I>l|[a+(l_1)7a+l] =
XU(t, ®'71), where X!(t, ®'~1) is the unique solution of the IP (4), (3) in the interval
[a+(1—1), a+1] with the initial condition X! (¢, ®'~1) = ®!=1(¢) for t € [a—0, a+(I—1)].

For the proof of the statement we will use the mathematical induction. Let ®° € ¢*
be an arbitrary initial function.

Assume that for some [ € N the statement holds, i.e. there exists X!(¢,®'~1) as
the unique solution of the IP (4), (3) in the interval [a+ (I — 1), a+ ] under the initial
condition X!(¢,®'~1) = ®!~1(¢) for t € [a—0, a+(I—1)]. Note that according Theorem
2 our assumption is true for [ = 1. Moreover our assumption allows us to define the
next initial function ®'(t) with ®'|[4_y or1-1)) = P71 O (0r(1=1),a4g = X' (¢, @'71).

Define the sets

l+1 - {G [a‘ —0,a+ (l + 1)] — R" | G|[a+l,a+(l+1)] € C([(L + lva+ (l + 1)]’Rn)7
G(t) = ®(t),t € [a—o,a+ 1]}

with a metric function d?il : Q;Iil X Q?il — Ry for each G, G € Q;Iil as follows:

n

AP (GG =" sup glt) — Gk(®)].
h—1 t€latla+(1+1)]

Obviously the set Ql ° 1 equipped with dz "1 is a complete metric space in respect to
the introduced metric function.

Define the operator (RG)(t) = (R1g1(1), ..., Rngn(t))” for G = (g1,...., 9n)" €
Qﬁ_l and k € (n) with

Rigi(t) = ¢l (a)

. t m n O
+ [/t_sak y Z/gjswdeuk(se))]
[(e) J =0 j=17" ’ (12)

+ [ =9 is)as)
for t € (a+1,a + (1 +1)] and with Rygy(t) ( )fort €la—o,a+1].

Taking into account that }Hn) Ry, gr(t) = ¢L(a+1) as in the proof of Theorem 2
t—(at1)+

we can conclude that Ry,gx (1) € C([a,a + (I + 1)],R") for k € (n) and hence 5%9?11 .
Q;Iil, i.e. the operator R maps Q?il into Q;Iil,
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For arbitrary G, G € Ql+1 from (12) for every t € [a +l,a+ (I +1)] and k € (n)

the same way as in Theorem 2 we have the estimation

Rrgi(t) — Rige(t)]

0
1 LI )
I'(ag) /(t —§)* [Z(Z |/ (9;(s +0) — gj(s + 0))dguy; (s, 0))]ds (13)

IN

where U4 = Z Z sup Varge|—o,0)t; (s 0).
i=0 rj=1 s€la,at+(l+1)]

As in Theorem 2 we assume that for k € (n) and every ¢t € [a +1,a + (I + 1)] the
inequality

(= (a+ D))" Up1)"

|9~%ka (t) — D}Icgk )] < (1 + qay)

dr, (G, G) (14)

holds for some ¢ € N. Note that the inequality (13) implies that (14) holds for every
t€fa+l,a+(14+1)],k € (n) and ¢ = 1. Then using the same notations as in Theorem
2 we have that

[RE gu(t) — R gu(0)] = [RRTgu (1) — RRTGe ()] = [Ryn(t) - Ry(t)].  (15)
In the next calculations, using the induction hypothesis (14) we obtain

R gu(t) = R g (1)] = [Rya(t) — Rgu(t)]

m n

1 / a 1 _ i
= - | [ (s +6) — 5;(s + 6))dgui; (s, 0))]ds
F(Oék)a/ ; Jz; [ yi -Y o},
U1 / _ gyt - “u R . (16)
: F(Ozk)azl =) JZ::lnE[aJrlI,)aJrs] |(yi () = 55(n))Id
U U, f
I( )ZJFr(lg—qa ) 44(G.6) /(t_ s)* 7 (s — (a+1))1*ds
a+l

Substitute s — (a4 1) = z(t — (a + 1)) in the right side of (16) and using the relation
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between the gamma and beta functions we obtain

[R5 i () — RT g (8)] = |Ryi(t) — Rau(t)]

1

UL (t — (q + 1)) (a+D) _

e D a8,(6,0) [ - 2y ssonas
0

F( k)P(l + q()ék)

(Olk)r(l + qak)Ulq+11(t - (a + l))ak(q+1) l )
(a1 + qa;:)F(l + (g + 1)ag) dy,(G,G)

(
Ut — (q + 1))oxlet) | _
I+1 E ((q‘:— 1)))%) dt, (G, G)

and hence by mathematical induction we have proved that (14) holds for each ¢ € N,
ke (n)andeveryt € [a+1l,a+ (I1+1)].
For q € {(qo) from (14) it follows that

q
ol q A < nUlJrl Bl _
dl—i—l(m va G) = P(]. _’_qaq)dl-l—l(Gv G)

For all ¢ > qo from (14) it follows that

(RIG,RIG) < 7n 1 (G,G)

H'l L(1+ qap,) l+1 '
Let for ¢ € {qo) denote vy, = LS and for every g > qo denote v, = Wi
q T'(1+qoq) Yy 4 do Yq T(14+qgam) "

Consider the one parameter Mittag-Leffler function

q

= z
Eq,1= Z F(T’

z € R+.
= )

o Lo U . .
It is simply to be seen that the series ﬁ is convergent because it is the
= ™

considered Mittag-Leffler function evaluated at z = Uj41. Then we have
nUf - Ul

D= Tt X Faia g <™

= = I'(1+ ayq) i (14 amq)
and from Theorem 1 it follows that the IP (4), (3) has a unique solution in [a +1,a+
1+1].

Thus by mathematical induction (in respect to [) we have proved that the IP (4),

(3) has a unique solution in J,. O

Corollary 1. Let the following conditions be fulfilled:
1. Conditions (S) hold.
2. The function F € L¢(J,,R™) is locally bounded.
Then for every initial function ® € €& the IP (1), (3) has a unique solution in J,.



LINEAR FRACTIONAL SYSTEM 503

Proof. The statement follows immediately from Theorem 3 and Lemma 1. O
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