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ABSTRACT: In this paper we prove upper and lower estimates for the one-sided
Hausdorfl approximation of the Heaviside step-function h;-(t) by means of a Hyper-
Logistic family. We will explore the interesting methodological task for constructing
new activation functions using “correcting amendments” of “Hyper-Logistic- type”
(HLAF). We also define the new family of recurrence generated activation functions
based on “Hyper-Logistic correction”. We prove upper and lower estimates for the
Hausdorff approximation of the sign function by means of this new class of parametric

activation functions. Numerical examples, illustrating our results are given.
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1. INTRODUCTION

Sigmoidal functions (also known as “activation functions”) find multiple applications
to population dynamics, biostatistics, neural networks, nucleation theory, machine
learning, debugging theory, computer viruses propagation theory and others [5]-[37],
[41]-[49]. In a series of papers, we have explored the interesting task of approximating
the functions - Heaviside function h(t) and sign(t) with all-knowing functions such

as Hyperbolic tangent, Logistic, Log-Logistic, Gompertz, Gompertz-Makeham and
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others. The task is important in the treatment of questions related to the study of the
“super saturation” - the object of the research in various fields. Dynamical models
consisting of a systems of "reaction” differential equations are commonly used in
chemistry, there the differential equations are called reaction equations. In chemistry
reaction differential equations are induced by chemical reactions networks via reaction
kinetic principles, such as mass action kinetics [1], [2], [3]. Reaction networks are well-
known for a number of dynamical processes of natural phenomena, such as radioactive
exponential decay, tumor growth, epidemics, population dynamics, to name a few.
The classical Verhulst logistic model can be formulated in terms of a reaction network
involving species S, X, @ [4]:.

S+X o oQux

S+x F2 o9x4s

induces the following dynamical system for the masses/concentrations s, x of species
S, X: s = —kisx; ' = kosx, where ki, ko are positive parameters. The system
generates the classical Verhulst differential equation for the growth function: z’ =
kx(1—z/K), K > 0. The Gompertz model can be formulated by means of a reaction
networks [4]:

s o0
S+ X F o o9x4s

induces Gompertz reaction equations: s’ = —kys; y' = kasy, resp. Gompertz differ-
ential equation ¥’ = ky(c — Iny). Some reaction networks reveal new links between

Gompertz and Verhulst growth functions can be found in [4].

In the present work we propose a new sigmoidal class of growth functions, called
hyper-logistic. We prove upper and lower estimates for the one-sided Hausdorff ap-
proximation of the Heaviside step-function hs«(¢) by means of a new Hyper-Logistic
family. We will explore the interesting methodological task for constructing new acti-
vation functions using “correcting amendments” of “Hyper-Logistic-type” and prove
upper and lower estimates for the Hausdorff approximation of the sign function by
means of this new family of parametric activation functions. The proposed model can
be successfully used to approximating data from Debugging Theory and Computer
Viruses Propagation Theory.
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2. PRELIMINARIES

Definition 1. The shifted Heaviside step function is defined by
0, if ¢t <th,
he (t) = [0,1], if t=t*, (1)
1, if t>t*

Definition 2. The sign function of a real number ¢ is defined as follows:

~1, if t<0,
sgn(t)=4¢ 0, if ¢=0, (2)
1, if t>0.

Definition 3. [39], [40] The Hausdorff distance (the H-distance) p(f,g) between
two interval functions f,g on  C R, is the distance between their completed graphs
F(f) and F(g) considered as closed subsets of €2 x R. More precisely,

fy9) =max{ sup inf |[A—DB||, sup inf |[|A— B||}, 3
o) =ml swp int A=l st A=) @
wherein [|.|| is any norm in R?  e. g. the maximum norm ||(t,z)|| = max{|t|, |z|};

hence the distance between the points A = (ta,z4), B = (tg,rp) in R?is ||[A— B|| =
max(|ta —tg|,|za — zB|).

3. MAIN RESULTS
3.1. A HYPER-LOGISTIC MODEL

The Verhulst model can be considered as a prototype of models used in bioreactor
modelling.
There, especially in the case of continuous bioreactor, the nutrient supply is con-

sidered as an input function s(¢) as follows:

dy(t) _
o ky(t)s(t)
where s is additional specified.

Consider the following hyper-logistic equation:

dy(t) _ 1 . 2e~Pt
0 — k(02 (1~ 1o ) = )

y(to) = o,
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Figure 1: The functions M (¢)-(thick) and s(t)-(dashed) for k = 100; p = 10.

where £ > 0 and p > 0.
The general solution of this differential equation is of the form:

(2) = yoe K10+ % n(L4er"0) =2 l1e”) (5)

It is important to study the characteristic - “super saturation” of the model to
the horizontal asymptote.

In this Section we prove upper and lower estimates for the one-sided Hausdorff
approximation of the Heaviside step-function A« (t) by means of families (5).

Without loss of generality, we consider the following class of this family (for ¢y =

—2k 2
O;yo=¢e » "7):

M(t) = o2k (t=3 In(1+e)) (6)

The function M (¢) and the “input function” s(¢) are visualized on Fig. 1.

Let t* is the positive solution of the nonlinear equation:

1 * 1
[ pt —_— =
t pln (1—|—e )—|— 2kln2 0. (7)

Evidently, M (t*) = %
The one-sided Hausdorff distance d between the function hg-(t) and the sigmoid -
(6) satisfies the relation

Mt +d)=1—d. (8)

The following theorem gives upper and lower bounds for d
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Theorem 1. Let

-1 + lezkt*
Pt e E 9)

v =2.1p.

For the one-sided Hausdorff distance d between hy(t) and the sigmoid (6) the

following inequalities hold for v > e'%%:

1 1
d=-<d<—L=4q,. (10)
v v

Proof. Let us examine the function:

F(d) =Mt +d)—1+d. (11)

From F’(d) > 0 we conclude that function F is increasing.

Consider the function

G(d) = a + fd. (12)

From Taylor expansion we obtain G(d) — F(d) = O(d?).

Hence G(d) approximates F(d) with d — 0 as O(d?) (see Fig. 2).
In addition G'(d) > 0.

Further, for v > %% we have G(d;) < 0 and G(d,.) > 0.

This completes the proof of the theorem.

Approximations of the hs«(t) by model (6) for various k and p are visualized on
Fig. 3-Fig. 5.

3.2. THE NEW PARAMETRIC ACTIVATION FUNCTION BASED
ON “AMENDMENTS” OF “HYPER-LOGISTIC - TYPE”

Definition 4. The new parametric activation function based on “amendments” of
“Hyper-Logistic - type” - (HLAF) is defined as follows:

ek(t7% ]n(1+e_pt)) _ ek(t7% 1n(1+ept))

0 . 13
QOO( ) ek(t7% ]n(1+e_pt)) + @k(t7% 1D(1+ept)) ( )

In this Section we prove upper and lower estimates for the Hausdorff approxima-
tion of the sign function by means of the (HLAF).
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Figure 2: The functions F(d) and G(d) for k = 100; p = 10.
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Figure 3: The model (6) for & = 100; p = 10; t* = 0.334487; Hausdorff
distance d = 0.147907; d; = 0.108069; d,- = 0.240452.

The H-distance do(sgn(t), vo(t)) between the sgn function and the function g
satisfies the relation:

ek(do—% In(14e P90)) ek(dg—% In(14eP90))

ek(do—% In(1+e~7d0)) + ek(dg—% In(14erd0))

po(do) = =1—do. (14)

The nonlinear equation (14) has unique positive root dy.
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Figure 4: The model (6) for & = 1000; p = 20; t* = 0.248411; Hausdorff
distance d = 0.0963171; d; = 0.0602201; d,, = 0.169203.
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Figure 5: The model (6) for & = 1000; p = 30; t* = 0.152034; Hausdorff
distance d = 0.0736281; d; = 0.0419798; d,- = 0.1331.

The following Theorem gives upper and lower bounds for dy

Theorem 2. Let
m=-1 ag=1+5; rn=11q.



358 N. KYURKCHIEV

For the Hausdorff distance dy between the sgn function and the function o the fol-

lowing inequalities hold for ri > e'!
1 Inr
diy = — < dog < —= = d,,. (15)
1 1

Proof. We define the functions

ek(dfﬁ% In(14e P%0)) _ ek(dfﬁ% In(14e?%0))

Fo(do) = —1 + dO (16)

F(do—F In(1+e=rdo)) | k(do— In(1+erdo))

and

Goldo) = —1 + (1 + §> do. (17)

From Taylor expansion we find Fy(do) — Go(do) = O(d}).

In addition G{(dy) > 0.

We look for two reals d;, and d,, such that Go(d;,) < 0 and Go(d,,) > 0 (leading
to Go(di,) < Go(dp) < G(dy,) and thus d;, < dy < dy,).

% and d,, = IHT% we obtain for r; > el!

Go(dlo) < 0; Go(dro) > 0.

Trying d;, =

This completes the proof of the inequalities (15).

Approximation of the sgn(t) by (HLAF)-function for & = 100 and p = 10 is
visualized on Fig. 6.

From the graphic it can be seen that the “saturation” is faster.

For othrt results, see [38].

3.3. THE NEW FAMILY OF RECURRENCE GENERATED
PARAMETRIC ACTIVATION FUNCTIONS BASED ON
“HYPER-LOGISTIC CORRECTION” - (RGHLAF)

It is natural to define the following special class of recurrence generated activation

functions:

Definition 5. The new family of recurrence generated activation functions based
on “Hyper-Verhulst correction” - (RGHLAF) is defined as follows

pi(t) = ot +@i1(t)); i=1,2,...,m, (18)
where ¢g(t) is defined by (13) and m is the number of recursions.

The H-distance dp(sgn(t), ¢p(t)) between the sgn function and the function ¢,

satisfies the relation:

@P(dp) = (PO(t"_ @p*l(t)) =1- dp7 p=12.3,.. (19)
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Figure 6: Approximation of the sgn(t) by (HLAF) for £k = 100; p = 10;
Hausdorff distance: dp = 0.0391399; d;, = 0.0178253; d,,, = 0.071785.
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Figure 7: The activation functions for k = 6; p = 2: g (dashed); ¢1 (blue);

@2 (thick); @3 (red).

Approximation of the sgn(t) by family ¢; ¢ = 0,1,2,3; for k = 6 and p = 2 is
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visualized on Fig. 7.

3.4. SOME COMPARISONS BETWEEN HYPER-LOGISTIC
DIFFERENTIAL MODEL (4) AND GOMPERTZ DIFFERENTIAL
MODEL

Consider the Gompertz differential model:

dlny(t)

o = —kIny(t)

y(to) = Yo

The general solution of this differential equation is of the form:

y(t) = ewoe T (21)

—2k1p2

Without loss of generality, let tg = 0; yg =¢ » .
Let p = ak, where a > 2In2 ~ 1.38629....
Then for the general solutions (5)- (ygr(t)) and (21) - (yg(t)) we have

yHL(t) —_ th—% ln(l-}-eakt)7 (22)

From Taylor expansion we find

k(a —21n2)

yur(t) —ya(t) = 52 t+ O(t?) = ct + O(t?).

a
If ¢ >0 then a > 2In2 and yo > e~ ~ 0.367879.
Under these constraints and from Fig. 8 and Fig. 9 it can be concluded that the
Hyper-Logistic model has a better “saturation”.
Remark. Following these methodological comparisons, the reader can made the
appropriate conclusions in comparing the Hyper-logistic model and the seemingly
more sophisticated model of Gompertz and Makeham:

GM(t) =1 — e M5 =1,

4. SOME APPLICATIONS

The proposed model can be successfully used to approximating data from Popula-
tion Dynamic, Biostatistics, Debugging Theory and Computer Viruses Propagation
Theory.
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Figure 8: Comparisons between ygr, (t) (thick) and yg(t) (dashed) for a =
1.5, k = 20, p = 30.
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Figure 9: Comparisons between ygr, () (thick) and yg(t) (dashed) for a = 2,
k =30, p = 60.
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Figure 10: CDF of Bitcoin received (in ransoms) per address in Ccr, [50].

4.1. APPROXIMATING CDF OF THE NUMBER OF BITCOIN
RECEIVED PER ADDRESS

We consider the following data (see, [50]:
data-CDF _of _Bitcoin_received_(inransoms)_per_address_in_-Ccr,
:={{1,0.0857}, {2,0.1238},{3,0.6571}, {4,0.6854}, {5, 0.8381},
{6,0.8476},{7,0.8810}, {8,0.9095}, {9,0.9143}, {10, 0.9333},
{12,0.9429}, {14,0.9571}, {18,0.9667}, {20,0.9762}, {23, 0.9810},
{27,0.9857}, {40,0.9905}, {46,0.9952}, {59, 0.9981} }.

Fig. 10 show cdf of the number of Bitcoin received per address respectively [50].
After that using the model M*(t) = k(=5 n(14¢7)) for p=10.5, k = 1.84419 we
obtain the fitted model (see, Fig. 11).

4.2. APPLICATION OF THE NEW CUMULATIVE SIGMOID FOR
ANALYSIS OF THE “CANCER DATA” [?7]-[?]

We will illustrate the advances of the new Hyper-Logistic model for approximation

and modelling of “cancer data” (for some details see, [51]-[52]).

days 4 7 10 12 14 17 19 21
R(t) | 0.415 | 0.794 | 1.001 | 1.102 | 1.192 | 1.22 | 1.241 | 1.3
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Figure 11: The fitted model M*(¢) (6).
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Figure 12: The model M;(t) based on the “cancer data”.

Table 1: The “cancer data” [51]-[52]

Consider the model
M(t) = wek(t=7 Im(1+e7))

The model M;(t) = based on the data from Table 1 for the estimated parameters:
w = 1.3; p=0.2567; k = 0.904311

is plotted on Fig. 12.
From the conducted experiments (see, also Fig. 12 and Fig. 13) it can be concluded

that the examined model can be successfully used in the field of Population dynamics.
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Figure 13: Numerical solution of the inhibition initial value problem and

initial data-points (see Antonov, Nenov and Tsvetkov [52]).

5. CONCLUSION

A Hyper-Logistic population model is introduced. We prove upper and lower esti-
mates for the Hausdorfl approximation of the Heaviside function by means of this
new class of functions. A family of parametric activation functions (HLAF) based
on “correcting amendments” of “Hyper-Logistic - type” is also introduced finding
application in neural network theory and practice.

Theoretical and numerical results on the approximation in Hausdorff sense of the
sgn function by means of functions belonging to the family are reported in the paper.

We propose a software module within the programming environment CAS Math-
ematica for the analysis of the considered family of (RGHLAF) functions.

The module offers the following possibilities:
e calculation of the H-distance between the hy- and the function M (¢);

e generation of the activation functions under user defined values of the parame-

ters k, p and number of recursions m;

e calculation of the H-distance between the sgn function and the activation func-

tions p;();

e software tools for animation and visualization.
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In conclusion, we will note that the newly constructed recurrently general families

of sigmoidal and activation functions can be used with success in creating a new higher

order recurrent neural networks.

e.g.

Strict practical stability was studied for various types of differential equations (see,

[53])-

6. ACKNOWLEDGMENTS

This paper is supported by the National Scientific Program ” Information and Commu-

nication Technologies for a Single Digital Market in Science, Education and Security
(ICTinSES)”, financed by the Ministry of Education and Science.

[1]

REFERENCES

G. Lente, Deterministic kinetics in chemistry and systems biology, In: Briefs
in Molecular Science, Cham Heidelberg New York Dordrecht London: Springer,
(2015).

J. D. Murray, Mathematical Biology: 1. An Introduction, 3rd ed., New York
Berlin Heidelberg, Springer-Verlag, (2002).

V. Chellaboina, S. P. Bhat, W. M. Haddat, D. S. Bernstein, Modeling and anal-
ysis of mass-action kinetics, IEEE Contr. Syst. Mag., 29 (2009), 60-78.

S. Markov, Reaction Networks Reveal New Links Between Gompertz and Ver-
hulst Growth Functions, Biomath, 8, No. 1 (2019). (to appear)

N. Kyurkchiev, S. Markov, On the Hausdorff distance between the Heaviside
step function and Verhulst logistic function, J. Math. Chem., 54, No. 1 (2016),
109-119.

N. Kyurkchiev, S. Markov, Sigmoid functions: Some Approzimation and Mod-
elling Aspects, LAP LAMBERT Academic Publishing, Saarbrucken (2015), ISBN
978-3-659-76045-7.

N. Kyurkchiev, A. Tliev, S. Markov, Some techniques for recurrence generating
of activation functions, LAP LAMBERT Academic Publishing (2017), ISBN:
978-3-330-33143-3.

R. Anguelov, N. Kyurkchiev, S. Markov, Some properties of the Blumberg’s
hyper-log-logistic curve, Biomath, 7 No. 1 (2018), 8 pp.

N. Kyurkchiev, A. Tliev, On the Hausdorff distance between the Heaviside func-
tion and some transmuted activation functions, Mathematical Modelling in En-
gineering Applications, 2, No. 1 (2016), 1-5.



366

[10]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

N. KYURKCHIEV

A. Tliev, N. Kyurkchiev, S. Markov, On the Approximation of the step function by
some sigmoid functions, Mathematics and Computers in Simulation, 133 (2017),
223-234.

A. Tliev, N. Kyurkchiev, S. Markov, Approximation of the cut function by Stan-
nard and Richards sigmoid functions, IJPAM, 109 No. 1 (2016), 119-128.

S. Markov, A. Iliev, A. Rahnev, N. Kyurkchiev, A note on the Log-logistic and
transmuted Log-logistic models. Some applications, Dynamic Systems and Ap-
plications, 27 No. 3 (2018), 593-607.

S. Markov, N. Kyurkchiev, A. Tliev, A. Rahnev, On the approximation of the cut
functions by hyper-log-logistic function, Neural, Parallel and Scientific Compu-
tations, 26 No. 2 (2018), 169-182.

N. Kyurkchiev, A new class of activation function based on the correcting amend-
ments, Int. J. for Sci., Res. and Developments, 6, No. 2 (2018), 565-568.

A. Tliev, N. Kyurkchiev, S. Markov, A Note on the New Activation Function of
Gompertz Type, Biomath Communications, 4, No. 2 (2017).

N. Kyurkchiev, S. Markov, Hausdorff approximation of the sign function by a
class of parametric activation functions, Biomath Communications, 3, No. 2
(2016).

A. Tliev, N. Kyurkchiev, S. Markov, A Family of Recurrence Generated Paramet-
ric Activation Functions with Applications to Neural Networks, International
Journal on Research Innovations in Engineering Science and Technology, 2, No.
1 (2017), 60-68.

N. Kyurkchiev, A. Tliev, S. Markov, Families of Recurrence Generated Three
and Four Parametric Activation Functions, International Journal for Scientific
Research & Development, 5, No. 1 (2017), 746-750.

V. Kyurkchiev, A. Iliev, N. Kyurkchiev, On Some Families of Recurrence Gen-
erated Activation Functions, International Journal of Scientific Engineering and
Applied Science, 3, No. 3 (2017), 243-248.

N. Kyurkchiev, A Note on the Volmer’s Activation (VA) Function, C. R. Acad.
Bulg. Sci., 70, No. 6 (2017), 769-776.

V. Kyurkchiev, N. Kyurkchiev, A Family of Recurrence Generated Functions
Based on ”Half-Hyperbolic Tangent Activation Function”, Biomedical Statistics
and Informatics, 2, No. 3 (2017), 87-94.

N. Kyurkchiev, A. Tliev, A new class of 2-parametric deterministic activation
functions, Int. J. of Advanced Research in Computer and Communication Engi-
neering, 7, No. 3 (2018), 481-483.



HYPER-LOGISTIC MODEL 367

[23]

[28]

[29]

[31]

[32]

[33]

N. Kyurkchiev, A new class activation functions with application in the theory
of impulse technics, Journal of Mathematical Sciences and Modelling, 1, No. 1
(2018), 15-20.

N. Kyurkchiev, A note on the new geometric representation for the parameters in
the fibril elongation process. C. R. Acad. Bulg. Sci., 69, No. 8 (2016), 963-972.

N. Kyurkchiev, On the numerical solution of the general “ligand-gated neurore-
ceptors model” via CAS Mathematica, Pliska Stud. Math. Bulgar., 26 (2016),
133-142.

N. Kyurkchiev, S. Markov, On the numerical solution of the general kinetic " K-
angle” reaction system, Journal of Mathematical Chemistry, 54, No. 3 (2016),
792-805.

N. Guliyev, V. Ismailov, A single hidden layer feedforward network with only
one neuron in the hidden layer san approximate any univariate function, Neural
Computation, 28 (2016), 1289-1304.

D. Costarelli, R. Spigler, Approximation results for neural network operators
activated by sigmoidal functions, Neural Networks, 44 (2013), 101-106.

D. Costarelli, G. Vinti, Pointwise and uniform approximation by multivariate
neural network operators of the max-product type, Neural Networks, 81 (2016),
81-90.

D. Costarelli, R. Spigler, Solving numerically nonlinear systems of balance laws
by multivariate sigmoidal functions approximation, Computational and Applied
Mathematics, 37, No. 1 (2018), 99-133.

D. Costarelli, G. Vinti, Convergence for a family of neural network operators in
Orlicz spaces, Mathematische Nachrichten, 290, No. 2-3 (2017), 226-235.

D. Costarelli, R. Spigler, Constructive Approximation by Superposition of Sig-
moidal Functions, Anal. Theory Appl., 29 (2013), 169-196.

Beong In Yun, A Neural Network Approximation Based on a Parametric Sig-
moidal Function, Mathematics, 7 (2019), 262

N. Kyurkchiev, A. Iliev, Eztension of Gompertz-type Equation in Modern Sci-
ence: 240 Anniversary of the birth of B. Gompertz, LAP LAMBERT Academic
Publishing (2018), ISBN: 978-613-9-90569-0.

S. Markov, N. Kyurkchiev, A. Iliev, A. Rahnev, On the approximation of the
generalized cut functions of degree p + 1 by smooth hyper-log-logistic function,
Dynamic Systems and Applications, 27 No. 4 (2018), 715-728.

A. Malinova, O. Rahneva, A. Golev, V. Kyurkchiev, Investigations on the Odd-
Burr-ITI-Weibull cumulative sigmoid. Some applications, Neural, Parallel, and
Scientific Computations, 27, No. 1 (2019), 35-44.



368

[37]

N. KYURKCHIEV

O. Rahneva, H. Kiskinov, I. Dimitrov, V. Matanski, Application of a Weibull
Cumulative Distribution Function Based on m Existing Ones to Population Dy-
namics, International Electronic Journal of Pure and Applied Mathematics, 12,
No. 1 (2018), 111-121.

S. Markov, Bl. Sendov, On the numerical evaluation of a class of polynomials
of best approximation, Ann. Univ. Sofia, Fac. Math., 61 (1966/67), 17-27. (in

Bulgarian)
F. Hausdorff, Set Theory, 2nd ed., Chelsea Publ., New York (1962).
B. Sendov, Hausdorff Approximations, Kluwer, Boston (1990).

N. Kyurkchiev, A. Tliev, A. Rahnev, T. Terzieva, A new analysis of Code Red and
Witty worms behavior, Communications in Applied Analysis, 23, No. 2 (2019),
267-285.

N. Kyurkchiev, A. Tliev, A. Rahnev, T. Terzieva, Some New Approaches for
Modelling Large-Scale Worm Spreading on the Internet. II, Neural, Parallel,
and Scientific Computations, 27, No 1 (2019), 23-34.

N. Kyurkchiev, A. Tliev, A. Rahnev, T. Terzieva, A New Analysis of Cryptolocker
Ransomware and Welchia Worm Propagation Behavior. Some Applications. III,
Communications in Applied Analysis, 23, No. 2 (2019), 359-382.

N. Kyurkchiev, A. Iliev, A. Rahnev, A new class of activation functions based on
the correcting amendments of Gompertz-Makeham type, Dynamic Systems and
Applications, 28, No. 2 (2019), 243-257.

R. Anguelov, M. Borisov, A. Iliev, N. Kyurkchiev, S. Markov, On the chemical
meaning of some growth models possessing Gompertzian-type property, Math.
Meth. Appl. Sci., (2017), 1-12, https://doi.org/10.1002/mma.4539

N. Pavlov, A. Tliev, A. Rahnev, N. Kyurkchiev, Some software reliability models:
Approximation and modeling aspects, LAP LAMBERT Academic Publishing,
(2018), ISBN: 978-613-9-82805-0.

N. Pavlov, A. Tliev, A. Rahnev, N. Kyurkchiev, Nonstandard Models in Debugging
Theory (Part 2), LAP LAMBERT Academic Publishing, (2018), ISBN: 978-613-
9-87794-2.

N. Kyurkchiev, A. Tliev, A. Rahnev, Some Families of Sigmoid Functions: Appli-
cations to Growth Theory, LAP LAMBERT Academic Publishing, (2019), ISBN:
978-613-9-45608-6.

A. Tliev, N. Kyurkchiev, A. Rahnev, T. Terzieva, Nontrivial models in the theory
of computer viruses propagation, LAP LAMBERT Academic Publishing, (2019).
(to appear)



HYPER-LOGISTIC MODEL 369

[50] M. Conti, A. Gangwal, S. Ruj, On the economic significance of ransomware cam-
paigns: A Bitcoin transactions perspective, Computers & Security, 79 (2018),
162-189.

[61] M. Vinci, S. Gowan, F. Boxall, L. Patterson, M. Zimmermann, W. Court, C.
Lomas, M. Mendila, D. Hardisson, S. Eccles, Advances in establishment and
analysis of three-dimensional tumor spheroid-based functional assays for target
validation and drug evaluation, BMC' Biology, 10 (2012).

[52] A. Antonov, S. Nenov, T. Tsvetkov, Impulsive controllability of tumor growth,
Dynamic Systems and Appl., 28, No. 1 (2019), 93-109.

[63] R. Agarwal, S. Hristova, D. O’Regan, Non-Instantaneous Impulses in Differential
Equations, Springer, (2017), ISBN: 978-3-319-66383-8.



370



