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ABSTRACT: To solve a class of semilinear elliptic inequality systems involving the
specific Holling’s type III functional response with predator harvesting rates, which
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general suitable eigenvalue problems for the semilinear elliptic inequality system with
the specific Holling’s type III functional response.
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1. INTRODUCTION

Since the increasing applications of mathematics in biology is inevitable as biology
becomes more quantitative [1-5], the study of realistic mathematical models in ecol-
ogy, especially the research of the interactions between species and their environment,
has become a very popular and interesting topics for mathematicians as well as biol-
ogists, and has long been and will continue to be one of the dominant themes in both
ecology and mathematical ecology because of its universal existence and importance
[6-10]. Recently, there are many different kinds of predator-prey models with different
functional responses or (and) harvesting in the literature to be refined so as to better
reflect the specific characteristics of the different populations or economical require-
ment. For more details, we refer the reader to [6, 11-14] and the references therein.
Further, we give the following semilinear elliptic predator-prey coupled inequality sys-
tem of Holling-III type with predator harvesting rates: Find (u,v) € Rt x R* such
that

~ Au(z) > ru() (1 _ “($)> u?(x)v(x)

K ) b+u(z)
) ) () ) for a.e.x € Q, (1)
Av(z) > v(x) | —d+ bt ai(a) 5
u(z) =v(x) =0 on 09,

where a.e. means almost every, A is the Laplace operator, ) is a bounded open set
in R™ (n > 2) with meas(2) > 0 and smooth boundary 0, v and v respectively de-
note prey and predator densities, r, K, a, b, d,y are positive constants which stand for
prey intrinsic growth rate, carrying capacity (the upper limit of population growth),
conversion rate, half capturing saturation, the death rate of the predator, the har-
vesting rate of the predator, respectively. The predator-prey model (1) assumes that
the prey grows logistically with intrinsic growth rate r» and carrying capacity K in

the absence of predation. The predator consumes the prey according to the Holling

type-1II functional response e and contributes to its growth with rate

2 2"

Constant « in (1) describes tlltle effect of harvesting on the predators. Tliljg %ype
of harvesting have been proposed as constant-yield harvesting (see [13]), which is
described by a constant independent of the size of the population under harvest.
Recently, when the constant harvesting v is present, Wang et al. [14] provided a
bifurcation analysis by choosing the death rate and the harvesting rate of the predator
as the bifurcation parameters and proved that system (1) with n = 1 can undergo
the Bogdanov-Takens bifurcation. Applying the forward Euler scheme to system (1)
with n = 1, He and Li [12] obtained and investigate the corresponding discrete-time
predator-prey system of Holling-IIT type. Further, if v = 0, K = 1 and v(z) = 0 for
x € ), then the predator-prey system (1) becomes to the Laplacian elliptic inequality
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with logistic rates arising in mathematical biology as follows:

— Au(x) > ru(z) (1 —u(x for a.e. x € Q,
{ () > ru(z) (1 — u()) € @

u(z) =0 on 09,

where u(z) denotes the population density of one species at location x, the term
u(x) (1 —u(zx)) represents the logistic growth rate. In view of studying the Laplace
elliptic equations connected with (2), one can refer to [15, 16] and references therein.

As pointed out in [17], the study of nonlinear partial differential inequalities is
based on a special choice of test functions associated with the considered nonlinear
problems. In recent years, the issue of the nonexistence of a nonzero positive solution
or, in other words, the necessary conditions for the existence of a nonzero positive so-
lution has received considerable attention, and significant progress has been achieved
for the solutions of nonlinear partial differential equations and inequalities. See, for
example, [18-28] and the references therein.

In 2011, under superlinear and sublinear assumptions to continuous functions and
some growth conditions, Zhang and Chang [28] applied fixed point index theory to
prove the existence of at least one component-wise positive solution for the following

semilinear elliptic system:

= ¥2 a:,u,v) (3)
u=v=0 on 01,

u =1 (x,u,v) w O
v ( ’

where 2 C R™ (n > 3) is a smooth bounded domain. The key ingredient of the proof
consists in working with a cone K7 x Ko, which is the Cartesian product of two cones
belonging to C'(£2). This allows the authors to overcome the difficulty, resulting from
the different features of the nonlinearities, of working in the usual cone. We note that
if the nonlinear function ¢; (i = 1,2) is especially chosen, then one can see that (3)

includes the following semilinear elliptic system in bounded domains 2:

—Au+u=1(x,v)

in Q,
—Av+tov= ¢($,U) (4)
u=v=20 on 09,

which was considered by Yang [27]. The existence of solutions for (4) is usually investi-
gated by finding critical points of a related functional. Typical features of the problem
are that firstly, the related functional is strongly indefinite. Secondly, the growths of ¢
in u and 9 in v at infinity may not be ‘symmetric’, and lastly, Sobolev embeddings in
general are not compact, then the Palais-Smale condition may not be satisfied. Fur-
ther, by using the fixed point index theory in cones, the sub-supersolutions method,

Leray-Schauder degree theory and a priori estimates technique, Chang and Zhang [18]
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studied the global existence of positive solutions for the following multi-parameter

system of second-order elliptic equations:

—Au = )\fl(x,u)gl(x,v
—Av = Mfg(x,v)gg(if,u)
u=v=0, on 0,

in (5)

with respect to parameters A, € Rt = [0, 400), fi,d; € C(Q xR, ]Rg)(i =1,2),
Q) is the same as in (3) and Ry = (0, 4+00). In particular, (5) can be considered as a

nonlinear eigenvalue problem on the system of second-order elliptic equations.

Moreover, as all we know that the nonexistence theorems constitute an important
part of the theory of partial differential equations, which was initiated by the well-
known Liouville theorem for harmonic functions [17]. And an open question proposed

by Lions in [25] is whether the following system of Laplace equations

{ Azi(x) = fi(z(z)) forae zeQ,
zi(x) =0 on 09,

where f; € C(R" x --- x RT R*), i =1,2,--- ,m, z(x) = (21(2), -+~ , z(z)) and
N—— —

Q is a bounded opennset in R"(n > 2) with smooth boundary 0f2, has a nonzero
positive solution under sublinear or superlinear conditions which involve the principal
eigenvalues of the corresponding linear systems (see [25, question (c) in Section 4.2]).
For some general equation systems and related works, one can see [18, 21, 28] and the

references therein.

On the other hand, by using the coincidence degree theory due to Mawhin [29],
Zhu [30] introduced and studied the variational inequality system involving the linear
operators of finding (u,v) € K x K such that

<AU,J3—U>Z <g(v),a:—u>, VxEX, (6)
(Bu,y —u) = (h(v),y —u), Vye€K,

where K is a nonempty closed convex subset of reflexive Banach space X with its dual
X* and A,B: X — X* and ¢g,h : K — X™* are nonlinear operators. Further, the
author proved some existence results of positive solutions for the inequality system
(6) and gave an example as an application of the results. In 2006, Ding et al. [31]
introduced and studied a new system of generalized nonlinear co-complementarity
problems with set-valued mappings and constructed an iterative algorithm for ap-
proximating the solutions of the system of generalized co-complementarity problems.

Laptev [23] considered and studied the absence of locally bounded global non-negative
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solutions for the following semilinear elliptic inequality system

— Ay > 1

in cone K C RY,
— Av > uP

ulox = vlox =0,

where p,q > 1 are constants.

Recently, by employing the ideas of Granas’ topological transversality, which was
little applied to study variational inequalities of nonlinear mappings, Lan [20] de-
veloped a new theory for the following variational inequality for demicontinuous S-

contractive mapping in a Hilbert space H:
(u—Au,u—v) <0, Yve K CH,

which is a special case of (6). As applications of such a new theory, the author
studied the existence of positive weak solutions for the following semilinear second-

order elliptic inequality

{ —Au(z) 2 ¢(z,u(z)) forae xef, (7)
07

u(z) = on 09,

where nonlinear Carathéodory function ¢ : Q x RT — R satisfies suitable lower bound
conditions involving the critical Sobolev exponent. Furthermore, some illustrations
were given and some new results on the existence of nonzero positive solutions and
eigenvalues for variational inequalities with respect to (7) are explored in a new cone
K smaller than P = {u € Hj : u(z) > 0 for a.e. Q}. We note that the new theory
and the existence in [20] have been little discussed for such elliptic inequalities in the
literature, and the elliptic inequality (7) and equations arise in the study of Newtonian
fluids and population models of one species in mathematical biology. However, as all
we know, the interactions among Newtonian fluids and the competition among species
are objective, and so the existence of nonzero positive weak solutions for semilinear
elliptic inequality system is worth investigating.

Motivated and inspired by the above works, in this paper, for solving the semilinear
elliptic inequality system (1), we shall consider the following semilinear second order

elliptic coupled inequality system:

—Au(z) 2 f(z,u(x), ol forae. €0
~Ao(@) > gl v(x), u(z)) — 5 ’ ®)
u(z) =v(x) =0 on 09,

where f,g: Q x RT x Rt — R are two nonlinear functions, v is a harvesting constant,
) is a bounded open set in R™ (n > 2) with meas(€2) > 0 and smooth boundary 0fQ.
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u?v 2

Remark 1. (i) If f(-,u,v) =ru (1 — %) i a and g(-,v,u) = v(—d—i— %)
for each u,v € R*, then (8) reduces to the system (1).

(ii) Furthermore, for appropriate and suitable choices of u, v, f,¢g and ~, one can
see that a number of known second order nonlinear elliptic equations and systems,
nonlinear elliptic inequalities and systems can be unified into the special cases of
the problem (8), which provide us a general and unified framework for studying a
wide range of interesting and important problems arising in engineering and applied
mathematics such as fluid mechanics, fluid dynamics, quantum mechanics, elasticity,
chemical reactor theory, magneto hydrodynamics and reaction diffusion process, etc..

For more details, see [1-5, 15-17, 22, 2/, 32, 33] and the references therein.

This work is organized as follows: By using the ideas of Granas’ topological
transversality and generalizing the definition of essential operators related to vari-
ational inequalities due to Lan [20] from a single operator to coupled operators, we
develop a new theory of variational inequality systems of S-contractive type with
demicontinuous operators in Hilbert spaces in section 2. In section 3, based on the
preliminaries and results presented in section 2, a class of semilinear second order
elliptic coupled inequality systems of S-contractive type with demicontinuous opera-
tors and constant harvesting rates is introduced and studied, and existence of nonzero
positive weak solutions under more general suitable upper conditions and eigenvalue
problems for the semilinear elliptic inequality system is proved. Further, we obtain
the existence theorem for a class of systems of semilinear elliptic inequalities involv-
ing the specific Holling’s type III functional response with predator harvesting rates
arising the interactions between two species in mathematical biology. Moreover, some

concluding remarks are given in section 4.

2. PRELIMINARIES

Throughout this paper, let H be a Hilbert space endowed with norm || - || and inner
product (-, -), respectively. Let K; and K2 be two closed convex subsets of H, and
D; and D5 be bounded open sets in H such that D}( =D,NK; # { for i =1,2. For
i =1,2, we denote by D% and dD%; the closure and the boundary of D% relative to
K;, respectively. For some properties among these sets, we refer to [34]. We recall
that a closed convex set K is said to be a wedge if A\x € K for A\>0and z € K. If a
wedge K also satisfies K N (—K) = {0}, then K is called a cone. If a wedge satisfies
KnN(-K)# {0} and K # —K, then K is said to be a proper wedge. We note that

a proper wedge is a wedge which is neither a cone nor a subspace of H.

In the sequel, we first give the following result on the equivalence between a
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variational inequality system of A and B

(x — Ay,x — 2) <0, Vze Ky,
(y — Bz,y —w) <0, VYwée€ K,

and a system of complementary problem for A and B

{(x—Ay,x}zO and (z— Ay,z) >0, Vze Ky, (10)

(y— Bz,y) =0 and (y— Bzr,w) >0, Ywée K.

Lemma 2. Let K; C H be a wedge for i = 1,2 and A : Dy C H — H and
B : Dy C H — H be two nonlinear operators. Then the following assertions are
equivalent:

(i) (z,y) € D1 x D2 is a solution of the variational inequality system (9).

(i) (z,y) € D1 x Dy is a solution of the system of complementary problem (10).

(ii) (z — Ay, z) = (y — Bx,w) = 0 for all z x w € K1 X Ko, that is, © — Ay is
orthogonal to K1 and y — Bz is orthogonal to Ko, when Ky and Ko are subspaces of
H.

Proof. It is easy to see that problem (9) is equivalent to the following system of

co-complementary problem: find x € D and y € D5 such that

{x — Ay € (K1 —{«})",
y— Bz e (K2 —{y})",

which is rewritten as

x_AyEKikv <Z‘—Ay,]}>=07
y—BreK;, (y—Bz,y) =0,

where K7 is the polar cone of K , i.e.
Ki={ueM: (u,v) >0, Yve K}
This implies that (i) holds. For more detail, see, for example, [24, 31]. g

Let the symbols — and — indicate strong and weak convergence, respectively.
Next, we give some concepts and properties on demicontinuous S-contractive opera-

tors in H.

Definition 3. A nonlinear operator T': D C H — H is said to be

(i) compact if,

(a) T is continuous and 7'(Q) is precompact for every bounded set Q C D,



632 H.-Y. LAN, AND J.J. NIETO

(b) or T is completely continuous on D, that is, {y,} C D with y,, =~y € D
implies Ty, — Ty;

(ii) pseudo-monotone if, x,, — =* together with

limsup(T'z,, z, — ") <0

n—oo

implies that

(Ta*, 2" — o) <liminf(Tx,,x, —x) <0, Ve D,

n—00

(iii) k-dissipative if, there exists a constant k& < 1 such that
(T = Ty,z —y) <kllz —y|?, Va,y e K;
(iv) demicontinuous if,
{zn,} C D and x,, — x € D € H together imply Tz, — T;
(v) of ST-type if,

{yn} C D with y,, = y € H and limsup(y, — T¥Yn,yn —y) < 0
together imply y, — v;

(vi) S-contractive if I — T is of ST-type.

Remark 4. (i) In Definition 3, D need not to be convex. This enables us to develop
our theory for operators whose domains are arbitrary subsets of H.

(i1) The class of S-contractive operators is a convex set (see [35]) and contains
compact operators, k-dissipative operators with constant k € [0,1) and the sum of
the two type operators as special cases [34] and is a special class of the so-called
PM-operators studied by Lan and Webb [35] and references therein.

Lemma 5. Let K;(i = 1,2) be a bounded closed convex set in H. Suppose that
A: Ky CH — Hand B: K1 C H — H are two demicontinuous S-contractive
operators. Then (9) has a solution in Ky X Ks.

Proof. Since A and B are two demicontinuous S-contractive operators, I — A and
I— B are demicontinuous pseudo-monotone operators (see [35, Proposition 2.4]). Note
that, in a Hilbert space, a net can be replaced by a sequence. Hence, the example
(III) in [31] can be applied to A and B when S(x,y) = x — Ay and T'(z,y) =y — Bx
for all x,y € H. Therefore, the result holds. O

If K;(i = 1,2) is unbounded in Lemma 5, then the following result can be a

generalization of Lemma 5.
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Theorem 6. Let K;(i = 1,2) be an unbounded closed convex set in H. Assume
that A: Ko CH — H and B : K1 C H — H are two demicontinuous S-contractive
operators, and there exists xo € K1 and yo € Ko such that

(Ay,x — x0)

lim sup <1,

(z,y)EK 1 X Ko, ||z||— 00 ||
B —
1imsup < z,y y0>

5 < 1.
(z,y) €K1 % Ka,||ly||—00 llyll

Then the system (9) has a solution in K1 X K.

Proof. Let ro > ||zl and <o > [|yol| be such that K} = {z € K1 : |z|| < ro} # 0,
K2 ={yeKy: |ly| <<} #0,andlet r > ro and ¢ > ¢o. By [35, Theorem 3.1],

now we know that there exists (z,,w;) € K} x K2 such that
(zr — Awg, 2z, —2) <0, Vze€ K} 12)
(we — Bzp,we —w) <0, Vwef(?.

Next, we show that {z, : r > ro} and {wc. : ¢ > ¢} are bounded, that is,
sup{||zr]| : 7 > 1o} < M and {J|w¢|| : ¢ > so} < L for some M > 0 and L > 0. In
fact, if not, there exists {z,, } C {zr : r > ro} and {w,, } C {w : ¢ > ¢} such that
Ty — 00, §p — 00, ||z, || = 00 and ||we, || — oo. Tt follows from (12) that for 7, > rg
and ¢p > <o,

<Zf’n - Aan,van - J?()> < 07

<w§n - BZTvﬂan - y0> S 07
which imply that ||z, ||* < (Aw,, 2, — zo) + [|zr, [l[lzol| and [lwe, [|* < (B2, , we, —
yo) + llwe, lllyoll. Hence, we have

<Aw§n ) Rry J?()>

ENE

2L dmsup == e 2 b

lim sup

which contradict the condition inequalities (11). Let r > max{ro, M} and ¢ >
max{sp, L}, and take z € K; and w € K». Since ||z.|| < r, ||lwe]| < ¢, and K7, Ko are
convex, there exist tg,s9 € (0,1) such that u; : = tz,. + (1 — t)v € K} for t € [tg, 1]
and w, :=¢s+ (1 — s)v € K2 for s € [sg, 1]. Hence, from (12), it follows that
(zp — Awg, 2 —ug) <0, Vit € [to, 1]
(we — Bzr,we —ws) <0, Vs € [sg,1].
This imply that
(zp — Awe, 2z, —v) <0, Yove K,
(we — Bzp,we —v) <0, VYve K.

It completes the proof. O
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We denote by V(D) x D%, H x H) the set of all demicontinuous S-contractive
operators A : Dy, — H and B : Dk, — H such that the system (9) has no solutions
on 0D} x dD%.. Following Granas et al. [11] and Lan [34], we generalize the definition
of essential operators related to variational inequalities in [20] from a single operator

to coupled operators.

Definition 7. Mapping (B, A) € V(DL x D%, H x H) is said to be essential on
D} x D% if for each operator (¢,v) € V(Dk x D%, H x H) with p(y) = Ay for
y € D% and ¢(x) = Bz for z € D%, the variational inequality system of ¢ and ¢ has

. . 1 2
a solution in Dy x Dy

Lemma 8. ([34]) An operator A: D C H — H is S-contractive on D if and only if
{yn} C D with y, — y € H and limsup ||y, — y||> > 0 together imply

lim sup(Ayn, yn —y) < limsup ||y, — y|*

The following result provides the existence of nonzero positive solutions of the

system of complementary problem (10).

Lemma 9. Fori = 1,2, let K; be a wedge in H and E;, D; C H be bounded open
sets such that 0 € B := E; N K; and E% C Di. Assume that A : D% — H
and B : D} — H are bounded demicontinuous S-contractive operators satisfying the

following conditions:

(LSS) There exist xg € D% and yo € D} such that the variational inequality system
of tA+ (1 —t)Z¢ and 1B + (1 — 1)Jo has no solutions on dD3 x D} for all
t,o € (0,1), where 4(z) = u € D% for x € D% andi=1,2.

(E1S) For i = 1,2, there exists e; € K; with ||e;]| = 1 such that the variational
inequality system of S+ B1€1 and T + 262 has no solutions on D}, x dD? for
each 3; > 0, where (S,T) € V(D3 x D%, H x H).

Then (10) has a solution on D} x D% \ EL x E%.

Proof. Based on the results from Theorems 3.1 and 3.2, and Lemma 3.1 in [20], it
follows from Definition 7, Theorem 6, and (i) and (ii) of Lemma 2.1 that the proof is
similar to that of [20, Theorem 3.3] and so it is omitted. O

3. EXISTENCE RESULTS

In this section, we shall apply the results obtained in the previous section to study

the existence of nonzero positive weak solutions for the following semilinear second



ON A SYSTEM OF SEMILINEAR ELLIPTIC COUPLED... 635

order elliptic inequality system:

—Au(z) > f(z,u(x),v(z a1
—Av(x) > g(z,v(x),u(x)) — v for a.c. € (13)
u(z) =v(x) =0 on 09,

where Q is a bounded open set in R™ (n > 2) with v := meas(Q?) € (0,00) and
f,9: QxRY x RT — R are two Carathéodory functions. That is, find (u,v) € P x P
such that for all w,w € P,

(u—Av,u —w)y <0 and (v — Bu,v — @)y <0, (14)

where P is a standard positive cone in the Sobolev space HJ] := Hj () with the

fullay = ([ 1Vato)Pa ) - (15)

0 0
—u, cee v , and the operators A, B : P — P are defined by
8%1 &Tn

standard norm

with Vau(z) = (

(4v.0)y = [ J(o.u@) vl

for every fixed u(z) € RT,
(Bu) = [ loe.0(w).u(a)) = slew(e)de

for each fixed v(z) € R*.

It is well known that H}, equipped with the H' scalar product, is a Hilbert space.

The system of semilinear second order elliptic inequalities (13) and equations
arise in the study of Newtonian fluids, and in predator-prey system with monotonic
functional response when n = 1 (see [12]). Further, and the generalizations of (13)
arise in the study of non-Newtonian fluids, non-Newtonian filtration, subsonic motion
of gases, plasma physical models, population dynamics and some chemical reactions,
see [17, 26, 32, 36] and the references therein.

In the sequel, we first give the following assumptions for convenience:

(Hy) f,9:9QxR"T x RT — R meet the Carathéodory conditions, i.e., f(-,u,v) and
g(-,v,u) are measurable for each fixed u,v € RT, and f(z,-,-) and g(x,-,-) are

continuous for a.e. x € Q.

(Hs) For eachr,s > 0, there exist k,,7s € L1 (Q) = {z € L'(Q) : z(t) > 0 a.e. on O}
such that for a.e. z € Q and any u € [0,r] and v € [0, 5],

|f (@, u,0)] < kr(2), g(2,0,u)] < 76(2). (17)
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Remark 10. In the assumption (Hz), the upper bound of |f(z,u,v)| and that of
lg(x,v,u)| do not depend on (u,v) and (v,u), respectively. Thus, it is more gen-
eral than those used in [20], where f(-,u) satisfies suitable lower and upper bound

conditions with respect to w.

Definition 11. A function (u,v) € H} x H} is called a positive weak solution of
the semilinear elliptic inequality system (13) if (u,v) € P x P satisfies the following

co-complementarity system:
/Vu YWu(z /fx u(z),v(z))u(z)de,

(18)
l/wmwwmz/wwwmmmwmem
Q Q

and
/Vu YWw(zx /f (,u(z),v(z))w(x)d,

(19)
/vmew@n;/wnwmmu»—ﬂw@mﬁ
Q Q

Since P is a cone in H}, by Lemma 2, (16) and Definition 11, now we know that
(u,v) € H} x H} is a positive weak solution of (13) if and only if (u,v) € P x P
and (u,v) satisfies (18) and (19). In other words, the co-complementary systems (18)
and (19) is equivalent to the semilinear elliptic variational inequality system related
to P x P of finding (u,v) € P x P such that

| vu@)v ()

/fxu () (u() — w(z))dz <0,

| vu@v ()

—Awmwmm@»—ﬂmm—w@wmsu

Under suitable conditions which will be given below, the operators A and B defined
in (16) map P into HJ. Hence, (20) is written as (14).
By Theorems 7.10, 7.22 and (7.8) of [33, page 139], one can known that the

following lemma holds.

Lemma 12. (i) H& c [2n/(n—2)

2n-1)
TN (iil) If {ux} C

H} with up — u € H}, then ug, — u strongly in L9 for each q € [1,2n/(n — 2)].

(i) [lull 2n/c-2 < collull gy for all u € H}, where cg =
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Let r > 0 and take P, = {u € P: [lul[gz <r} and 0P, = {u € P: |lullgy =r}.
Now, we prove the following result which shows that the operators A and B defined

in (16) are compact.

Lemma 13. Under the hypotheses (Hy) and (Hy), the operators A and B defined

in (16) map P into H} and are compact or S-contractive.

Proof. Let r,s > 0 and let u,v € Li"/("_Q) in L2%/("=2) with |jul|p2n ;-2 < 7. By
(Ha), there exist k., 7, € L (Q) such that (17) holds. Hence, for a.e. z € (,

|f (@, u(z),v(2))| < kr(z)  and  [g(z, v(z), u(z))| < 75(2). (21)

Firstly, we prove that the Nemytskii operator F defined by

F(u,v)(z) = f(z, u(z), v(z))
maps Lin/("%) X Lin/(n%) to L' and is continuous. In fact, letting u € Li_n/(nfz)
with 7 = |[u|| p2n/n—2), then it follows from (H;), measurability of f(-,u(-),v(-)) and
(21) that

/ |f(z,u(x),v(z))|dx < / Kp(x)dz < 00 (22)
Q Q

and F(u,v) € L' for all u,v € Li"/("_Q). Take {ux}, {ve} C Li"/("_z) with up — u
and vy — v, that is, |lugp — ul|p2n/m-2 — 0 and ||vg — v||p2n/(-2 — 0. Then
ug(z) — u(z) and vi(z) — v(z) for any = € Q and by (H;), we get

f(z,uk(z), ve(x)) — flz,u(x),v(z)) for ae.z € Q. (23)

Letting r = sup{||ug|| 2n/n-2 }, ||t p2n/(n-2}, then one can know that r < co. By
(21), for a.e. = € 2, we have

|f(xa uk(x)vvk(x)) - f(xvu(x)vv(x)”
< |f (@, up (), vp ()] + |f (2, u(z), v(z))]
< 2k, (2).

This, together with (23) and the Lebesgue dominated convergence theorem, implies
that

lim |[F(ug,vi) — F(u,v)|/ 11
k—o00

= Jim [ |f@ @), o @) - f@,u(e), ola)lda

k— o0

- / lim |f (2, ug(z), v (2)) — (2, u(z), o(z))|dz = 0.

k—o00
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Hence, F : Li"/ (n=2) Li"/ ("=2) _, I is continuous. Similarly, one can know that the

Nemytskii operator G defined by G(v,u)(x) = g(z,v(x),u(x)) also maps Li"/("_Q) X

Li"/(”fz) to L' is continuous.

Secondly, we show that A and B map P into H} and are compact. In fact, let
u,v € P and w,w € H}. From (i) and (ii) of Lemma 12, (16) and (22), it follows
that for z € Q,

w(@) <lwllpen/m-» < collwllgy, @(@) <@lp20/0-2 < coll@|ng,

where ¢g is the same as in (ii) of Lemma 12, and

(o) < [ 1 u@. @) o)
< colwll sy / (@, (), o(@))lde < oo,
(Bu) < [ llote.ofe). u@)] +9] - [=(@)lds

< collw]lm [ [ late vt u@)ide + 7] < oc,
Q

which show that Av and Bu are well defined. Let wy,, @y, w,@ € Hi with w, — w

and w, — w. Then, from (ii) of Lemma 12, we have

|wn — Wl p2n/n-2 = 0, |lown — @20/ -2y = 0.
Since
(Av,w,) - (Av,w)] < / (@, u(@), v(@))] - [wa (@) - w(@)|dz
< Jwn = w] e / (@, u(@), v(@))|de
and

|(Bu, @n) — (Bu, @)
< /(Ig(w,v(x),u(x))l +7) - [wn(2) — w(z)|de
Q

< l[@n = @l gonsinn [ / |g<x,v<x>,u<x>>|dx+m} ,
Q

we obtain (Av,w,) — (Av,w), (Bu,w,) — (Bu,w), Av € H} and Bu € H}.
Therefore, A and B map P into H}. It follows from (iii) of Lemma 12 that A, B :
P — H} are completely continuous and are compact.

Next, we prove the operators A and B are S-contractive. Since A, B : P — H}
are completely continuous, by (15), (ii) of Lemma 12 and the proof of first result, now

we have

[ Avy, — Avl[ gy < col[F(ur, vr) = F(u, v)]| L1,
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| Bux — Bully < coll6(ui, ur) — 6(v, u)l|11-
Thus, it follows that

(Avy, — Av, vy — v)

= /Q [F (@, (@), vn(@) — f(,ulz), v(@))) (v — v)de

< / 2k, () (v — v)dx
Q
< 2||&llpr]|lvk — vl p2nsm-2),

(Buy, — Bu,u, — u)
= /Q[g(%vk(x)#k(ﬂ?)) — 9(z, v(@), u(x))](ur, — u)de

< /Q2TS(x)(uk —u)dx

< 2||ZHL1Huk — u||L2n/(n—2),

where

lcll: = limsup k.(z), |]gx = limsup 74(x).
zEL2n/(n—2) reL2n/(n—2)

This implies
lim sup(Avg, vk — v) gz < 0 < limsup [lvg — vH%,
lim sup(Bug, uk — u)gy < 0 < limsup [luy — uH?{é

By Lemma 8, we know that A and B defined in (16) are S-contractive. It completes
the proof. O

In order to show that the fixed point index of A and B are zero, we need to employ
the first eigenvalue, denoted by v,,, of the following homogeneous Dirichlet boundary
value problem involving the Laplacian operator —A ([37, Lemma 2.7 and Remark
2.1]): For any m € L (Q), there exists &, € Hj N (Li"/("_Q)\{O}) such that

{ A& (1) = vpm(2)En (z)  for ae. x € Q)

Em(x) =0 on 09 (24)

for any given

s = i { Lol TD Tl
"= o m@le@lo(@)ds

For related work on studying such eigenvalue problems, we refer to [37, 38] and the

€ (H3)+(Q)\{0}}~ (25)

references therein.
Now, we are in a position to give our main results on the existence of positive

weak solutions for (13).
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Theorem 14. Suppose that (Hy), (Hz) and the following conditions hold:
(i) There ewist ro,s0 > 0, € € (0,v¢, ), € € (0,vg,,) and (ry, ds, € LT (2)\{0} such
that for a.e. x € Q, and all u € [ro,0) and v € [sg, 00),

f(@,u,v) <o (2)(ve,, —€), g(x,v,u) < uds, (z)(vg,, — ) (26)

(ii) There exist po,00 > 0, €, > 0 and @, , 0, € LT (Q)\{0} such that for a.e.
x €Q, and any u € [0, po] and v € [0, o),

Fl@,u,0) 2 vppy (2) (v, +€),

(27)
|9, v, u) =] = uthg, (2) (v, + ).

Then (13) has a nonzero positive weak solution in P x P.

Proof. It follows from Lemma 13 that A, B : P — H} are compact. By (Hz), for
the 7o and so given in the condition (i), there exist x,, € L1 (Q) and 7,, € L1 (Q),

respectively, such that
[f(@,u,0)] < Ko (), |g(z, v, u)] < 75 (2)

for a.e. z € Q and any u € [0,70], v € [0, 5], where ro and sg are the same as in the

condition (i). It follows from (26), we have for a.e. x € Q and each u,v € RY,

|f(x,u,v)| < KTo(x) + UCTO(x)(V<TO —€),

(28)
192, 0,0)] < oy () + U0y (2) (v, — ).
Taking
collinglls + (v + coll 7o) (1= €5
r > max{ po, 7 1 _ )
eve vy = €€V, Vg ) ™ )

7ot collmag o + coll v (1<)
1 )

$ > max { 0o, — — —
e Fevy o~ €e(Ve, Vs, )

we show that the variational inequality system of tA and ¢B has no solutions on
OP; x OP, for t,. € [0,1]. Indeed, if not, there exist u € OPs, v € IP,, t € [0,1] and
¢ € 10, 1]] such that

(u—tAv,u—w) <0, (v—tBu,v—w@) <0 Yw,weP.
From (10), we have
(u, 1) = (tAv, u) = t/ﬂ (@ u(z), v(z))u(z)ds,
(v,0) = (tBu,v) = ¢ / 9z, v(x), u()) - Alo(a)de.

Q
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It follows from (15) and (25) that

v, / Cro u(@)o(@)de < ull g ol s
(31)
Ve, / o (@)ule)o(@)dz < lullm 1ol s

Combining (28), (30), (31) and (ii) of Lemma 12 with (u,u) = ||u||§{é for each u € H},

we obtain

T — / f (@, ulz), v(x) yu(z)dz
/Iffvu ()] u(x)dz
s/ﬂw D)z + (ve,, - /gm (2)dx

< ull oo llrg s + (v, = VG lullay 0]y
< collnallilullay + (1= et g ol

and
ol = (w0) = o [ late.ofa),u(@) = o(e)de
< [ llatwv(@).ute)] +allo(eyde

g/ﬂm )o(@)dz + (v, /cmo >+v/9 v(@)da
gl +7 | oa)ds

< ollp2n/om-2 5ol 21 + (Vg — )qug
< (collmsollzr +7) Iellagy + (1= 2v52 ) llulh s vl -
From (29), these imply that

collinslls + (v + eollmaall) (1= €7
1

r=[luflgg < <

1 1 _
e Fevg — 65(V<r0 1/¢SO)

v+ collao s + collsng 1o (1 vt )
1

s = [[vllmg < <s,

eugi + 61/;510 — 65(V<r0 1/¢SO)—
which are contradictive. Hence, B and A satisfy Lemma 9 (LSS) on D} := 9P, and
D%( = 0P;.

Let 0 < p < min {7‘, calpg} and 0 < p < min{s,calgo}, where r and s are the
same in (29). It follows from (ii) of Lemma 12 and (27) that for z € ,

u(z) < [[ullp2n/-2 < collullmg = cop < po,  Vu € P,
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v(z) < [l L2n/m-2 < col[v]lgz = coo < 00, Vv EDP,
and for x € Q and all u € P,, v € P,,

fx u(@),v(@)) = W, + €)@p (2)0(2),

902, 0(2), u(@)) — 1] > (v, + e (@)u(a). 32)

Taking
e1(z) =g (z),  ea(z) = ppy () for z €9,
where 1, and ¢,, satisfy (24) with m = v, and m = ¢, respectively, then we get

(e1,w) = vy, / Yoo (x)er(v)w(x)dr for w e P,
‘ (33)

(e2, @) = vy, /anpo (x)ez(z)w(z)dx for w e P.

Now we prove that the variational inequality system of A+ 31€; and B+ 32€> have no
solutions on 9P, x 0P, for cach 8; > 0 (i = 1,2). In fact, if not, there exist u € OP,,
v € 0P, and §; > 0 (i = 1,2) such that

(u—Av — Bre;,w) >0 for we€ P,

(34)
(v— Bu— fyes,w) >0 for we P

By (32), we see that f(z,u(z),v(x)) > 0 and |g(x,v(x),u(z)) —v| > 0 for a.e. x € Q,
u € 0P, and v € 0P,. Hence,

(Av,w) = / flx,u(x),v(x))w(z)dr >0
Q
for w € OP,,v € 0Py, w € P,

(Bu, @) = / 9z, v(2), u(z)) — [ (2)dz > 0
Q
for w e OP,,v € OP,,w € P,

which, together with (34), imply that

(u,w) > (Av,w) + (Brer,w) > (Bre1,w) for w e P,
(v,w) > (Bu,w) + (B2e2,w) > (B2e2,w) for w e P.

Thus, we have
u(z) > Bre1(x), wv(x) > Poea(x) for ae. x €. (35)
Letting

§=sup{s>0: (u(z),v(z)) >c(e1(x), e2(x)) for a.e. x € Q}, (36)
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then it follows from (35) that 0 < 8; < < 0o (i = 1,2) and
(u(z), v(@)) = d(er (@), e2(z)) for ae. x e Q. (37)
From (32), (37) and (33), we have for all w,w € P,
(ww) > (Av,w) + (Brer,w)
> (av,0) = [ ula) @) u(a)ds

v

(Vp,, +©) / 00 (2)0(@)w(z)da

> (g, + €0 /Q 9o ()ea(@)w(z)dz
= f(e2,w) = (fea,w),

(v,@) = (Bu,@) + (B2e2, @)

> (Bu,w) = [ lote,ol0),ule) ~ sl (a)da
Q

> (s, +) [ Vo(@hule)m(o)ts

> 0,y + )3 [ i @)er(2)(z)d
Q

=d(e1,w) = (Ye1,w),

where 6 = 1/;910 (Vp,, +€)0>6and ¥ = VJ[}O (Vip,, +€)0 > 0. Hence, we get
u(x) > Oea(x), wv(x) >der(x) forae x €l

Set e(x) := min{ei(x), ea(x) for a.e. x € Q}. Then, by (36), we know that

d(e(x), e(z)) u(z),v(z)) = (fe(), Ve(x))

> (
> o(e(x),e(x)) fora.e. ze€

This is a contradiction. Therefore, B and A satisfy (F1.S) in Lemma 9 on E} x E% :=

0P, x 0P,. By Lemma 9, now we know that (13) has a nonzero positive weak solution

in P x P. This completes the proof. O
Let
T(u 'U) — inf f((E,'LL,U) |g(x,v,u)—’y|
—_ ) weQ v ) u )
T(U 'U) = sup f(fE,'LI,,U) |g(x,v,u) _7|
) /L‘EQ v ) u )
Yo = limir}rf . Y(u,v), Y= limsup 7Y(u,v),
(u,v)=(0,0F) (u,v)—(00,00)

As a special case of Theorem 14, we have the following result.
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Corollary 15. Let vy = vy, € (0,00) with m =1 be given by (25). If
T < v <Yy,
Then (13) has a nonzero positive weak solution in P x P.

By Theorem 14, we prove a result on existence of nonzero positive weak solutions
in H} x H} of (1), which is an illustration and easily verified in applications when
the nonlinearity is independent of the variable x.

Theorem 16. Suppose that lim(, ) o+ 0+) v o,a>d andb>0. Then (1) has
v

a nonzero positive weak solution in P x P for ro € (v1,00), where vy = vy, > o(a—d)

with m =1 is given by (25).

Proof. Since for v > 0 and all z € ),

lim M =7 lim E.(l_ﬂ)_u_Q
(w,v)—>(0T,01) v (u,w)—(0+,04) | v K b+ u?
=ro > v,
l91(v,u) =9
(u,v)—(0F,0%) u
= lim B B L
(u,0)—(0+,0+) v u  b+u?

=—+00 >
g

and

lim fi(v,v)

(u,v)—(00,00) v

=r lim — (1 — i) — !
a (u,v)—(00,00) | V K b

— +1

=—-o00—0 <,
|91(U7u) — 7'
(u,v)—(00,00) u
v
a/ PR
(u,v)—(00,00) u u — +1

=o(a—d) <,

it follows from Theorem 14 that the results hold. This completes the proof. O
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As an application of Corollary 15, we consider the following eigenvalue problem

of second order elliptic inequality system:

—Au(@) 2 M f (@, u(@), o) for a.e.z €
—Av(z) > dagl, (), u(z)) — 4 ’ (39)
u(z) =v(x) =0 on 09Q.

Corollary 17. Assume that

0<T® <Yy < 0.

Then for each \; € <,1;1 T”—;) (1 =1,2), the eigenvalue problem (38) has a nonzero
0

positive weak solution in P x P.

2! .
Proof. Since for each \; € (T ,roo) (1=1,2),

AiYo >y and NY® <1y for i=1,2,

the result follows from Corollary 15 with 4 = Ay, where v is the harvesting rate in
(13). O

Remark 18. Similarly, under some suitable conditions, we can consider existence of
nonzero positive weak solutions for the following eigenvalue problems on variational

inequality systems:
— M) > fla,ul@), v(@)) + M (2, 0(@))
— Av(z) = g(x, v(x), u(x)) + Aama(z, u(z)) — 7
u(z) =v(x) =0 on 99,

for a.e. x € (),

where 7; :  x RT — R are two nonlinear functions for i = 1, 2.

4. CONCLUDING REMARKS

In this paper, we considered and studied the semilinear second order elliptic coupled

inequality system of finding (u,v) € P x P such that

—Au(z) > f(x,u(x),v ¢ he.
Aole) = o(o.o(e) e~y TEETED (30)
u( ) =v(r) =0 on 09,

where P is a standard positive cone in the Sobolev space HE(Q), which has been

hardly discussed in the literature. By using the ideas of of Granas’ topological
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transversality, a theory of the following variational inequality system for demicon-

tinuous S-contractive operators in Hilbert spaces:

(x —Ay,x —2) <0 Vze Ky,
(y— Bx,y —w) <0 Yw e K,

was first developed. Then, the existence of nonzero positive weak solutions and eigen-
value problems for the semilinear second order elliptic inequality system (39) was
studied based on variational technique with the theory of variational inequality sys-
tems. Finally, we obtain results on the existence of nonzero positive weak solutions
for the following semilinear elliptic predator-prey coupled inequality system of the
specific Holling’s type III functional response with predator harvesting rates arising

the interactions between two species in mathematical biology:

— Au(x) > ru(a) (1 - u;?) _ v @)

— Av(z) > v(z) <—d + %) —

u(z) =v(z)=0 on 0,

Moreover, we remark that if the conditions in Theorem 14 are changed as those
in Theorem 2.1 of [21], one can obtain the results on the existence of nonzero positive
weak solutions for the system (39) and the general system of second order elliptic
variational inequality problems to find z = (21,22, ,2,) € [[.—; P such that for

i:172a"'7n5

{ —Azi(x) > fi(z,2(x)) forae xe€Q, (40)

z(x) =0 on Of.

(Zl(fE),ZQ((E),"' 7zn(x)) for = ]_,
(Zi(x)’ Zl(x)7 ZQ(x)’ T ’Zifl(x% Zi+1(x)7 T 7zn(x))
for i=2,3,---,n—1,

(zn(2), 21(x), 22(2), - , 2n—1(x)) for i=n,

that is, z;(x), the ith component of z(z), is always placed in the first component of
2(i)(w) fori = 1,2,--- ,n. Results on eigenvalue problems of such elliptic systems can
be similarly derived and generalize some previous results on the eigenvalue problems

of systems of Laplacian elliptic equations in the literature.
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