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ABSTRACT. This paper studies boundedness and dissipation of solutions of a class of discrete-
time dynamic systems. By the method of Lyapunov functions, some necessary and sufficient criteria
on boundedness, equi-boundedness, uniform boundedness, and uniform dissipation are established.
In addition, some sufficient criteria on dissipation, equi-dissipation and uniform dissipation are also

obtained. Some examples are given to illustrate our results.
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1. INTRODUCTION

Boundedness and dissipation are important characteristics of biological systems,
neural networks, control systems and chaotic systems. The dissipation and bounded-
ness of general ecological systems are studied by Q. Kong and X. Liao [1]. The dissi-
pative control of three-species food chain system is studied by L. Zhao and . Zhang
[2]. The dissipation of the flood series in Huaihe basin is studied by Y. Zhou and
L. Wang etc. [3]. The global dissipation of continuous-time recurrent neural networks
with time delay is studied by X. Liao and J. Wang [4]. The control of chaotic in-
stabilities in a spinning spacecraft with dissipation is studied by P. A. Meehan and
S. F. Asokanthan [5]. The former studies in boundedness and dissipation can be seen
in [6, 7].

A. M. Lyapunov developed two methods (Lyapunov’s first and direct methods)
for analyzing the stability of differential equations in 1892. X. Liao [8], T. Yoshizawa
[9] and N. Rouche [10] investigated the boundedness and dissipation of ODE (7' = R)
by using Lyapunov functions; L. Wang and M. Wang [11] studied the boundedness
and dissipation of DDE (7" = z) by using Lyapunov function method. Peterson and

Christopher [12] obtained some results on the uniform boundedness and uniqueness
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of solutions by constructing suitable Lyapunov-type I functions on time scale and
formulating appropriate inequalities on these functions. L. Ou and S. Zhu [13] inves-
tigated the boundedness and dissipation of dynamic systems in a more general time

scale by using Lyapunov functions and Dini-derivative.

Motivated by [8, 9, 14], we investigate the boundedness and dissipation of discrete-

time dynamic systems in a more general time scale.

The rest of this paper is organized as follows. In Section 2, we introduce our
notations and definitions. Then in Section 3, we study the boundedness of discrete-
time dynamic systems. In Section 4, we study the dissipation of discrete-time dynamic

systems. In Section 5, we discuss some examples to illustrate our results.

2. PRELIMINARIES

Difference Equation or discrete dynamic system is a very fascinating subject
because it can derive many complex behaviors based on simple formulation. It has
both practical and theoretical significance to study discrete dynamic system. Consider

the following system

(21) { Tptl = Ty + f(tna $n)7

I(to) = 2, tg > 0, To € Rm,
where z,, = (21(ty), 22(tn), -, &m(tn)) € R™"\n € N, f: T x R" — R, T ={t, :
tn > tn_1, n € N}. Assume that the equilibrium position z,, = 0 of (2.1) exists and

all solutions of (2.1) are unique.

Definition 2.1. We call that ¢ belongs to class K functions (denoted by ¢ € K), if
¢:R" — Rtlor ¢: [0,7] — R*] is a continuous and strictly increasing function and
»(0) = 0.

We call that ¢ belongs to radial unbounded class K functions (denoted by ¢ €
KR),ifp € K,¢: R" — R" and lim ¢(r) = +o0.

r—-+00
Definition 2.2. We call that the solution of system (2.1) is stable in Lagrange sense,
if every solution x(t,, to, xo) of system (2.1) is bounded, namely there exists a constant
B(to, o) such that
| (tn, to, xo)|| < B(to, xo), tn > to.

We call that the solution of system (2.1) is equi-bounded, or equi-stable in La-
grange sense, if for any a > 0,ty € T, there exists (3(to,a) > 0 such that for any

zg € So = {x| ||z]| £ o}, we have
[ (tn, to, o) || < B(to, ), tn > to.

We call that the solution of system (2.1) is uniformly bounded, or uniformly stable

in Lagrange sense, if the above (g, «) is independent of to, namely ((to, a) = [(a).
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3. BOUNDEDNESS OF DISCRETE-TIME DYNAMIC SYSTEMS

In this section, we shall establish some boundedness criteria for discrete dynamic
system (2.1).

Theorem 3.1. All the solutions of system (2.1) are bounded if and only if there exists
a function V(t,,z) € [T x Q, RY] with Q = {xz| |z| > M} such that
(i) V(tn, 2n) = ¢ (llzall) , ¢ € KR;

(ii) For any solution x(t,,to,xo) of (2.1), V(t,, zn(ts,to, o)) is nonincreasing for
t,eT.

Proof. First we prove the sufficiency. For any solution z,(t,,ty, zo) of system (2.1),

by conditions (i) and (ii), we have
¢ (|| (tns o, o)) <V (En, 2n(tn, to, 20)) <V (to, o),
and
220 (£, to, 20) || < 671 (V (t0, 20)) = B(to, 20), t > to.
Thus all the solutions of system (2.1) are bounded.
We now prove the necessity. Suppose all the solutions of system (2.1) is bounded.

For any solution z(t,, to, xo) of system (2.1), let

(3.1) Vitn, )= sup  ||z(te +7 b, z)|°.
720, tn+7€T

We have
Vit ) 2 |[(ta, ta, 2)|” = [l2l* = ¢ (|l2]) -
It can be seen that ¢ (||z]|) € KR. Thus condition (i) holds.

For all t,,, < t,, € T, assume ty < t,, < t,,, by the uniqueness of the solution,

we have
V(tn1,$<tm,t0,$0)) = sup Hx(tm + T, tn1,$<tn1,t0,$0)))||2
720, tnl +7€T
= max { sup |x(tn, + 7, tn,, (tay, to, 930)))||2 ,
0STStn2 —tng

sup ot + 7 st )
(3.2) > sgg |x(tny + T, tny, (tny, to, xo)))H2 = V(tny, x(tny, to, To))-
Therefore, condition (ii) is satisfied. The proof is complete. O

Example 3.2. Consider the discrete-time dynamic system

(3.3) )= + o).
Yn+1 Yn —Yn — € n/ Tn
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We now prove that any solution of (3.3) is bounded.
Proof. Let
(3.4) V(tn, T, Yn) = T2 + y2ei 1.
We have
V(tn, Tn, yn) 2 @5, + Y = W, yn) — +00 (25, + 3, — +00).
Thus there exists a function ¢ € KR, such that

and
ATV (tn, Ty Yn) 133 = V(tnsts Tngts Ynsr) = V(tn, Ty Yn)
= (i  Bae) — (5 4 g2
= —ap +yn e — yhetn
= (e e e
(3.5) = —y. (e —1) <.
From (3.4) and (3.5), it is obviously that any solution of (3.3) is bounded. O

The simulation result with xq = 10, yg = 10 is shown in Figure 1.

10 10
5 5
> >
0 / 0 {
-0 20 40 60 20 20 40 60
t t

FIGURE 1. Simulation result of Example 1.

Theorem 3.3. All the solutions of system (2.1) are equi-bounded if and only if there
exists a function V(t,,x) € [T x Q, RY] with Q = {x| |z| > M}, such that:

(i) V(tn, 2n) 2 ¢ ([lzall) . ¢ € KR;
(ii) for any solution x(t,,ty,xo) of system (2.1), V(t,,x(t,,to, o)) is nonincreasing
fort, eT;
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(iii) for any o > 0, there exits f(t,a) > 0 such that V(t,,x) < Bi(tn, ) for any
zo € So = {z| ||z| < a}.

Proof. First we prove the sufficiency. If the conditions (i), (ii) and (iii) are satisfied
for any solution x(t,, to, xo) of system (2.1), there exists a function V'(¢,, x) satisfying
the condition of the theorem. For any o > 0 and any zp € S, = {z| ||z|| < a}, there
exists (1 (to, a) > 0 such that V (tg, xo) < B1(to, ).

By condition (iii), we get

(3.6) ¢ ([|n () l]) <V (tn, zn(tn)) < V(to, za(to)) < Bi(to, @),
and
(3.7) [zn(tn)|| < &7 (Bi(to, @) = B(to, ).

Thus the solution z(t,, t, xo) of system (2.1) is equi-bounded.
Suppose every solution x(t,, to, o) of the system (2.1) is equi-bounded. Let

(3.8) V(tn,x) = sup ||zt + 7, tn, :c)]|2 ,
>0, tn+717€T

then V (¢,,x) is bounded for any fixed ¢, in any compact set |z| < «, and
(3.9) Vi(tn, @) > ||2(tn, ta, )| = l2|* = ¢ (J])) € KR.

Now, we prove the necessity. For all ¢,, <t,, € T, assume ty < t,, < t,,, by the

uniqueness of the solution, we have

V(tn1>$(tn1>t0>$0)) = sup ||Zl§'(tn1 +, tn1>$(tn1>t0>$0)))||2
720, tn, +7€T

= max{ Sup ||Zl§'(tn1 + 7—’ tn1>$(tn1>t0>$0)))||2 )

0<T<tny —tn,

S0p et + 7.t 1o )

> sup ||x<tn2 + 7, tnw x(tnw to, IO)))Hz

7>0
(310) == V( ngs L ( nzathxO))‘
Thus V(t,, z(t,, to, o)) is nonincreasing for ¢, € T'. The proof is complete. O

Example 3.4. Consider the discrete dynamic system

Tn4+1 = T,
(3.11) Ynt1 = Yn — Zn |Tnl ,

_ 2
Zn+1 = Zn + ynxn

The simulation result with xq = 0.1, y9 = 10, zo = 10 is shown in Figure 2. It can

be seen that the solution of system (3.11) is not equi-bounded.
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FIGURE 2. Simulation result of Example 2

Theorem 3.5. All the solutions of system (2.1) are uniformly bounded if and only
if there exists a function V (t,,z) € [T x Q, R*] with Q = {z| |x| > M} big enough,
such that:
(i) 1 ([l[]) <V(tm$) < @2 ([[z]]), ¢1,¢2 € KE;
(il) AT V(tn,a:)} = V(ths1,x) — V(tn,:v) < 0, for any solution x(t,,ty,xo) of
system (2.1).

Proof. If conditions (i) and (ii) are satisfied, for any a > 0, there exists G(a) > 0
such that ¢, () < ¢4

(B).
(3:12) o1 (|en(ta)l]) < V(tn, Taltn, to, m0)) < V(to, 20) < @2 (20) < 2 () < 1 (8).

Thus, we get

Then, for any zy € S, = {z| ||z]| < a} , we have

||xn(tn7 t07 x(]) H < 60&
Therefore, all the solutions of system (2.1) are uniformly bounded.

Suppose all the solutions of system (2.1) are uniformly bounded. For any solution
x(tn, to, xg) of system (2.1), let

—b+Vb? — 4dac
J— —tn ] 2
(3.13) Vtn,x) = (1 +e ) tOSTStiI,lgn+TET \|x(T, tn, x)|| on )
We have
(3.14) V(tn,x) < 2|a(r, ta, 2)||* = 2 ||z = ¢2 (||z]|) € KR.

Since all the solutions of system (2.1) are uniformly bounded, for any « > 0, there
exists G(a) > 0 such that for all x € S, = {z| ||| < a}, we have

|z(ty, to, x)|| < B(a).
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If v < ||z||, for all t,, > 7 > ¢, , we have
Thus, for all v < ||z|]| < a, and ¢, > 7 > ¢y, by (3.12) and (3.14), we have

v <l t, 2)|| < B(a).

Then, we get
(3.15) V< V(ty, 1) <46 (a).
Take v, = 757, Where 7, = 795 < [|#]| < %v,_1, there exists 1, = V2o > e >
-+ >, such that
V(tn, ) > ny.

Let

n(n+1
(3.16) W) = s+ P = ) (el = ).

If v, = -5 < |lz]] < £9n-1, We have

n(n+1
(317) W(l’) > Thn+1 + g (nn - 77n+1) (’}/n - 'Vn) = Np+1 > 0,
and
n(n+1
W(ZL’) S Tin+1 + g (nn - nn—i-l) (’}/n—l - ’}/n)
B n(n+1) a
(318) = Mh+1 + o (nn 77n+1) n(n + 1)

= Mnt1 + M = Nt = T
Thus, we have
(3.19) Wi(zx) <n, <V(ty,x),
and
W) < Tim 9y, < V(tn,0) = 0.

Therefore, V(t,,x) is positive, There exists ¢ (||z||) with ¢; € KR, such that
o1 (||z||) < V(tn, x). Hence, condition (i) is true.

Along the solution z(t,, to, xo) of system (2.1), we have

V(tn) = V(tna x(tn7t0>$0))
= (14+e™™) inf 12(7, b, 2(En, to, 7o) |12

to<7<tln, tn+7€T

— (1+e—tn) inf ||$(T,tn,$0)||2'

to<7<tn, tn+7€T

Hence, DTV (t,,) ‘(2,1) < 0. The proof is complete. O
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Example 3.6. Prove that the solution of the following discrete dynamic system is
uniformly bounded
{ Tpt1 = T COSty, — Yp SIN T,

Yni1 = Ty Sint, + y, cost,.

Proof. Assume

V(tn, TnyYn) = V22 + 42 (1 4 e—tn) ’
o1 ([[(zn ya) ) = Vi + y2,
G2 ([[(zn yn)ll) = 24/ 25 + v

It is obvious that ¢, 9o € KR and

Vi +y2 < Va2 4y (T+e™) <2¢/a2 + 42,
O1 (1@, ) 1) <V (Ens Ty yn) < 2 ([[(2n, yn)ll) -
AV, Tny Yn) = /221 + Y2 (L+ ) — Va2 2 (1+e™)
< (Vo + st - VAT ()

2 2 2 2
Tni1 + Yn1 — T — Yy

B V x?z-‘,—l + y¢2L+1 + x% + y%
< 2
B V 5’7%+1 + y72L+1 + /7% + Y2

—I—:Ei sin?t, + 2x,Yy sint, cost, + yfl cos?t, — :Ei — yg} (1 + e_t")

(1+e7)

[xi cos? t,, — 22,y sint,, cost, + yi sin’t,,

(:Ei + yg — xi — yi) (1 + 6_t") =0.

2
vV xi-ﬁ-l + yrzz-l-l + /22 + Y2

Thus, the conclusion is true. O

The simulation result with ¢y = 10, yo = 10 is shown in Figure 3.

Now, consider a special type of discrete system described as

{ Tnt1 = F(tnaxnayn)a

(3.20)
Yn+1 = G(tnu T, yn)'

where x € R',y € R™, and F(t,, Tp,Yn), G(tn, Tn,yn) = I x R' x R™.

Theorem 3.7. Assume there exists a function V(tn, Tn, Yn), (tn, T, Yn) € I x Q =
{(tns Ty yu)|tn € I, |xn| + |ya] > K2}. For any M > 0, there exists a function
W tn, Zn, Un), (tns Ty yn) € 1 X 2 {(tn, T, yn)|tn € 1, 20| > K1, |yn| < M}, where
K is sufficient big. And the below conditions hold

(i) V(tn, Tn,yn) — 400 (0n t,, x,), when |y,| — 400 ;
(i) V(tn, Tn, Yn) < b(|znl, |yn]), where b(r,s) is continuous;
(111) A+V(tn> L,y yn) ‘(3.20) S O;'
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FI1GURE 3. Simulation result of Example 3.

(iv) W (tn, Tn,yn) — +o0(on tn,y,), when |x,| — +oo ;
(V) W(tn, Tn, yn) < c(|xn]), where c(r) is continuous;
(Vl) A+W(tn7 L, yn) ‘(3.20) < 0.

Then, the solution of system (3.20) are uniformly bounded.
Proof. Suppose x(t) = z(t,, to, xo) and y(t) = y(t,, to, o) are the solutions of system

(3.20) satisfying |z,| + |yn| < a. By condition (i) and (ii), we can choose [((«) big
enough such that

(3.21) sup  Vtn, zn,yn) < sup  b(|x,|, |yn]) < inf V(t,, Zn, Yn)-
|25 |+ yn |=c |zn|+|yn|=c lyn|=5
tel tel

By condition (iii), when the solution of system (3.20) exists, and |zo| + |yo| < a, we

get
(3.22) [y(tn, to, o, yo)| < B(a).

Now consider a function W (t,, Zn, yn), (tn, T, Yn) € I X Q3 = {(ty2n, yn)|tn €
I, |z, > K1(0), |lya] < B}. Let o = max{a, K1(8)}, there exists a v which is big
enough, such that

(3.23) sup W(tn, Tn,yn) < inf  V(t,, T, ),
lzn]=a,|yn|<B lzn]<v,|yn|<B
tnel tn€l

By condition (vi), if the solution of system (2.1) exists, we must have |z(t,)| <
(@)

Consequently, for all t, > ty, we have

2 (tn)| < (@), [y(ta)] < (a).
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Thus the solution of system (3.20) is uniformly bounded. O

Example 3.8. Prove the solution of the following discrete dynamic system is uni-

formly bounded

(3.24) Tnir | _ [ O sgooyn T \ [ e .
Yn+1 1 O Yn O
Proof. Let

(3.25) V(tn, Ty yn) = (5 + y3)-

It can be seen that V(t,, x,,y,) satisfies condition (i) and (ii) of Theorem 3.7. And

we have

AV (b, Ty, Yn) \(3.24) = (Iiﬂ + y121+1) — (2 +v2)

2 2 2 2
= Tpt1 — Ty + Ynt1 = YUn

=Yp — 2yl e+ —an + 2l —yp
=—2lya| —e e <0, |y|, >1/2, t, >1to > 0.
Thus, condition (iii) of the Theorem 3.7 is satisfied. Let
(3.26) W(tn, Tn, yn) = |2,
Then, W (t,, x,, y,) satisfies conditions (iv) and (v) in Theorem 3.7, and
ATW (tn, Ty Yn) |20y = [Tnsa| — |2l -

When |z,| > K1, |y,.| < M, assume without loss of generality that K; > M + 1, we

have

AW (t, T, yn) ‘(3.24) = [Zpg1| — [2n|
S |yn‘ + e_tn - ‘xn‘
<M4+1-K; <0, t, >ty >0.

The proof is thus complete. O

The simulation result with o = 1,49 = 1 is shown in Figure 4.

4. DISSIPATION OF DISCRETE-TIME DYNAMIC SYSTEMS

Definition 4.1. The system (2.1) is called a dissipative system, or the solution of
system (2.1) is said to be ultimately bounded with bound B, if there exist constant
B >0, T(to,xo) > 0, such that

|x(tn, to, o)|| < B, for all t,, > to+ T(to, o),

where x(t,, to, x¢) is the solution of (2.1).
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FIGURE 4. Simulation result of Example 4.

The system (2.1) is called a equi-dissipative system, or the solution of (2.1) is
said to be ultimately equi-bounded with bound B, if there exist constant B > 0, for
any a > 0 and any xg € S, = {z| ||z|| < a}, there exists T'(to, «) > 0 such that

|x(tn, to, zo)|| < B, for all ¢, >ty + T(tg, @),

where x(t,, to, xo) is the solution of system (2.1).

The system (2.1) is called a uniformly dissipative system, or the solution of (2.1)
is said to be ultimately bounded with bound B, if For any o > 0, any zy € S, =
{z| ||z]| < a}, there exist constant B > 0, T'(a) > 0 such that

|x(tn, to, xo)|| < B, for all t, > to+ T(a),

where x(t,, to, xo) is the solution of system (2.1).

Theorem 4.2. Assume that there exists a function V(t,,x) € [T x Q, RT| with
Q={z| |z| > M} such that

(i) V(tn,zn) < @ (lzall), 0 € K ;
(ii) ATV (t,, zn) ‘(2.1) < —w(|z,|) <0 .

Then the system (2.1) is a dissipative system.
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Proof. If it is not true, that is, for some tq, xg, for any B € R", and there exists
tn, > to, 1 =1,2,..., such that |z(t,,,to,z0)| > B. Then, we have
v(tmv L (tniv lo, xo)) < v(tm—lv xm‘—l) - w(B)
< v(tm—27 xm‘—2) - 2W(B>

IA

(4.1) < V(to, x9) — nw(B) — —o0, (i — 00),

which is a contradiction. So we can choose B* > B and t,, > %, such that
|In(tn0, to, ZL’()>| S B

Denote x,,, = x(tn,, to, To). From condition (i) and (ii), for all ¢, > ¢y, we have

& (10 (b o V) <V (tts B r) =V (ts )
< V(th_1,Tn-1)
<
< V(tngs Tny)
(4.2) < @(|zn,|) < O(|B7)).
Thus, |2, (tn, to, xo)| < B*, as t, € T. The proof is complete. O

Theorem 4.3. Assume that there exists a function V(t,,x) € [T x Q, RT| with
Q={z| |z| > M} such that

(1) ¢ (lznl) < V(tn,20), ¢ €K ;
(il) ATV (tp, x,) ‘(2,1) < —cV(ty_1,25-1), c= const> 0.

Then the system (2.1) is a dissipative system.

Proof. 1f it is not true, that is, for any B € R™, for any ty, xo, there exists t,, >
to + ¢t n(v(to, mo) — @(B)) = to + T(to, To), such that |z, (tn,, to, x0)| > B, where
¢ =minc(ty, —t,_1)"t, 1 <k <n. Using inequality equation 1 —r < --- < e™" with
r > 0 and mathematical induction, we have
V(tna xn) S (1 - C*(tn - tn—l))‘/(tn—lu xn—l)
< V(tnot, Tp_y)e® n=int)
S (1 - C* (tn—l - tn—2))v(tn—2a xn—2)6_c*(tn_tn71)

< V(tn_g, Tp_g)e ¢ tn=tn=2)

VAN

(43) S V(to, l’o)e_c*(t"_to).
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Thus
P(B) < d([[xn, (tng, to, o))
S V(tTLo) zno( no s th xO))
S V(to,x ) —c* tno—to)
< V(to, zo)e —c*c*~Hn(v(to,x0)—¢(B))

(4.4) = o(B),
which is a contradiction. Therefore, there exists B* € R* such that |x(t,, to, z0)| < B*
for all ¢, > to + ¢* ' In(v(ty, 7o) — ¢(B)). The proof is complete. O

Theorem 4.4. Assume that there exists a function V(t,,x) € [T x Q, RT| with
Q={z| |z| > M} such that

(1) there exists B > 0, ¢ (|xn]) < V(tn,zn), as |z, > B, ¢ € KR ;
(i) ATV (tn, x) < =V (tn—1,Tn-1), ¢ = const >0 ;
(iii) for any a > 0, there exists K(to, ) such that V(tg,zo) < K(ty,a), as zg €
So = {mo |[20] < a}.

Then, system (2.1) is an equi-dissipative system.

Proof. We claim that for any z¢ € S, = {z¢ ||zo| < a}, if t, > to+ ¢ In(K (to, a) —
(b(B)) =tg+ T(to, LU()), we will get

(45) |l’(tn,t0,l’0)| < B.

If it is not true, that is, there exists t,, > to+c* ' In(K (tg, o) — d(B)) = to+T (to, 7o),

we have

(4.6) | T (g, to, Zo)| > B,

where ¢* = minc(ty —t_1)"', 1 < k < n. Since

(4.7) V(tngs Tng) < V(to,z0)e™¢ o) < K (tg, ar)e™ (tro~to),
we get

¢(B) < ¢([[(tny, to, o))

tn07 xno (tnov tOv LUO))

fo, )e tno—0)

K (
< K(to, a)e—c*c*’lln(K(to,a)—gb(B))
(4.8) = ¢(B),

which is a contradiction. Thus, our claim holds. The proof is complete. O
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Lemma 4.5. Assume that ¢(t,,), t, > 0, tlim o(t,) = 0 is a decreasing function and

&(ty) with t, >0 is a nondecreasing function, then there exists a increasing function
G(r), G(0) =0 defined on 0 < r < ¢(0) such that

(4.9) DG (@ (tns1)) E(tnsr) (bnss — 1) < 1,
n=0
for all 0 < ¢*(t,) < B(tn) tn > 0.

Proof. From the assumption, we can choose a sequence {t,} with ¢t,, > 1,41 > t,+1

such that
1

n+1

¢(tn) <

Take 7(t,) = L, n(t) is linear on [t,, t,1] , n(t) = (2)°, as 0 <t <t, , where pis a

positive number satisfying 7(t; — 0) < 9(t; +0) . It can be seen that

lim n(t) =0.

t——+o0

Let
P ()
airy={ @y "0
0, r =0,

where 77! is a invertible function of n, n~!

¢*(t,) < P(t,) and t, > 0, we have

is a decreasing function. For all 0 <

N () = 07 () > 07" (0(tn)) = ta,

) < o€ (7 (7 (1)) 2 E(t).

Thus
) — o= (@ (n)) o—tn
W) = S ) < €
Then
[e’e] G . o e‘t”“ —+00 _td 1
; (¢ (tn+1))§(tn+1)(tn+1—tn)<;g(tn+l>g(tn+l)(tn+l—tn)</0 etdt = 1.

Hence, the proof is complete. O

Theorem 4.6. All the solutions of system (2.1) are ultimately bounded with bound B,
if and only if there exists a function V (t,,x) € [T x Q, R*] with Q = {xz| |z| > M}
and M < B as n is big enough, such that

1) ¢ lzal) < V(tn,zn) <Y (lzal), o9 € KR ;
(il) ATV (tn, 20) |21) € —w(|n]), w € K .
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Proof. From conditions (i) and (ii), for « > M, we can choose § with ¢ (o) < 9 ()
such that for any solution x(t,,ty, o) of system (2.1) with oy € S, = {z| ||z| < a},

we have

(4.10) @ (lz(ta)ll) < V(tn, 2(tn, o, 7o) < V(to, %0) < ¢ (w0) < ¢ (a) <o ().
Then, we get

(5, to, o)l < 5, tn = to.
Thus, all the solutions of (3.20) are uniformly bounded.

Choosing B > M. For any o > B and any zo € S, = {z| |z]| < a}, there
exists t,, > to such that

(4.11) | %o (tngs tos 0)|| < B.
If it is not true, that is, for all ¢, > ¢y, we have

B < ||z (tn, to, xo)|| < B
Thus

(tn-1,Tn-1) —w(B)

Vtn,x,) < VI(t
V(tn_g, l’n_g) - 2W(B)

IA A

IN

V(to, z9) — nw(B) — —o0, (n — 00),

which is a contradiction. Hence, (4.11) is true.

Take B* satisfying B < B* < «, as t,, > ty, we have

¢ (Hxn(tna th xO) ||) S V(tn—la xn—l) - V(tn> xn)
S V(tn—laxn—l)

IA

< V(tngs Tno)
< O(|znol) < O(IB7)).

Thus
|xn(tn7 t07 .Z'(])| < B

Therefore, all the solutions of (2.1) are uniformly bounded with B.

Suppose all the solutions of system (2.1) are uniformly bounded with B, for any
a > B, and any xg € S,. Let M ={z| ||z|| < B}. d(p(to + Tn, to, o), M), 7m € T,
which denote the distance between the point p(to + 7,, to, o) and the set Mp. Since

the solution x(t,, to, o) is uniformly bounded with B, using the similar method in
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[15], we can prove that there exist an increasing function ¥ (7,), ¥(0) = 0 and a

positive function o(t,) with lim O’( n) =0, such that

(4.12) d(p(to + Tn, to, 2), Mp) < ¥(d(xn, Mp))o (7).
Let ¢(1,) = ¥(a — B)o(r,) and &(1,) = 1. It can be seen by Lemma 4.5 that
there exists an increasing function G(r) with G(0) = 0 defined on 0 < r < ¢(0) =
Y(a— B)o(0). Let g(1,) = G*(7,), as 7, > t,,, d(wo, Mp) < a — B, we have
g(¥(d(wn, Mp))o (1, — ta)) = [g(¥(d(wn, Mp))o (7, — t,))]"/*

% [g(9(d(xn, Mp))o(r, — 1))
(4.13) < lg(w(d(zn, Mp))o (0)]"2[g(e(a = B (7, — t))]'2.
Let

(414) tn> l’n Z g tO + tn-i—k—la tna Zlfn), MB)) (tn—i-k - tn-i—k—l) Z Oa
k=1

We have

[e.9]

Vit @n) < [g(0(d(n, Mp))a (O)]V2 Y _[g(v(@ = B)o(tusr — ta))]"/*(tnsr = tsr—1)

k=1

S [g(¢(d(xn> MB 1/2 Z ))]1/2 (tn—i-k tn-i—k—l)

< G (d(wn, Mp))o(0) Y G = Bo(t))(trp = i)

(4.15) < G(Y(d(zn, Mp))o(0)) = thr(lzn),

and

D+‘/1(tn+1a xn) }(2.1 = ‘/1( n+1>$n) - ‘/1(tn>$n)

= g (d(plto + tskrr, tns Tn), Mp)) (bnsksr — tnir)
k=1

- Z g tO + tn+k> tn> xn)7 MB)) (tn—i-k - tn—i—k—l)

m

= nll_f}(l)o Zg (d(p(to + tnsks1stn, Tn), MB)) (tntks1 — tntk)

= g (d(p(to + turr tn Tn), Mp)) (b — tosii)

= rr{l—r}(l)o [g (d<p(t0 + tn—l—m—l—lu tnu l’n), MB)) (tn—l—m—l-l - tn—l—m]
—Cg (d(p(to + tn+1> tn7 xn)a MB))

(4.16) —cG? (d(p(zn, MB)) = —w(|z,]), ¢ = min(t,e — tn).
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By Theorem 3.5, there exists Va(t,, x,) € [T x R™, R™] such that

(i) @1 ([[znll) < Valtn, 2n) < @2 ([[2nll), ¢1, 02 € KR;
(ii) A*Va(ty, ) |@1) < 0, for each solution z(ty, t, 7o) of (2.1).

Let V(t,, z,) = Vi(tn, z,) + Va(t,, z,), we have
(4.17)
¢ (|zall) = o1 ([[znll) < Valtn, 2n) S Vtn, n) < G2 ([[2al]) + 1([2al) = P (|24]),

and
(418) D+V(tn+lazn) ‘(2.1) = A+‘/i(tn+la xn) }(2.1) + A+‘/é(tna xn) }(2.1) < —(U(|Zl§'n|)

Thus, all the conditions of Theorem 4.6 are satisfied. The proof is complete. O

5. CONCLUSION

In this paper, we have studied the boundedness and dissipation properties of
discrete-time dynamic systems. We have established some sufficient and necessary
conditions for boundedness, equi-boundedness, uniform boundedness and uniform
dissipation for the solutions of discrete dynamic systems. We have also established
sufficient conditions for dissipation, equi-dissipation and uniform dissipation for the
solutions of discrete dynamic systems. These results are superior in comparison with
some similar results for continuous-time dynamic systems found in the literature.
where the sufficient conditions are obtained. Some examples have been given to

illustrate the main results.
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