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ABSTRACT. In this paper, by using upper and lower solutions, we develop monotone method for
the nonlinear Caputo fractional boundary value problem of order o where 1 < o < 2. We construct
two sequences which converge uniformly and monotonically to the extremal solutions of the nonlinear

Caputo fractional boundary value problem.
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1. INTRODUCTION

Qualitative study of fractional differential equations has gained lot of importance
recently due to its applications, see [1, 3, 4, 5]. Recently we have developed monotone
method for Riemann-Liouville fractional differential equations of order ¢, 0 < ¢ < 1,

with periodic boundary conditions, see [6].

In this work we develop monotone method for fractional boundary value problem
of order @ where 1 < a < 2. For that purpose we develop some basic fractional
calculus results which are used as tools to develop comparison results relative to upper
and lower solutions of Caputo fractional boundary value problems. Our results include
the comparison theorem given in [2] for derivative of order a. We have also computed
the Green’s function for the linear Caputo fractional boundary value problem. The
integral representation of the linear fractional nonhomogeneous problem is useful in

developing monotone method for the Caputo fractional boundary value problem.

Finally we prove monotone method for fractional differential equations of order
«. Here we combine the method of upper and lower solutions and monotone method
to develop two sequences which converge uniformly and monotonically to the minimal

and maximal solutions.
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2. COMPARISON THEOREM, GREEN’S FUNCTION AND SOME
AUXILIARY RESULTS

In this section we develop some auxiliary results and a comparison theorem rela-
tive to boundary value problems with Caputo fractional derivative of order 1 < o < 2.
This will be useful to develop our main result. For that purpose we consider the
Boundary Value Problem (BVP):

—Du(t) = f(t, u(t), “Diu(t)),
(2.1) agu(a) — B, Du(a) = v,
apu(b) + B¢ Du(b) = p,
where ag,ap > 0, B, 00 > 0, Y0, € R, and f € C’[[a, b x R x R,R].

In (2.1), “D?u(t) is the Caputo derivative of order n — 1 < a < n for t € [a, b],

see [1, 3], where
1 ! )
Dy ult) = m/a (t = 5)" " u™ (s)ds,

and

1

Dy u(t) = — bs— n=a=1y, (™ (s)ds.
Dy u(t) = s [ (5= ) (5)d

In this paper, we study the case n = 2 with respect to (2.1). In particular, we
choose 0 < ¢ < 1.

Lemma 2.1. Let m(t) € C?*([a,b],R). If there exists t; € (a,b) such that m(t;) = 0
and m(t) <0 for a <t <b, then °Dim(t;) = 0 and *D**m(t;) < 0.

Proof. We will compute both (°DZ,m)(t1) and (°D{_m)(ty).
By the definition of Caputo derivative and integration by parts,

g . B 1 t1 m’(s) s
(o) = g | G

t1

1 m(5> N q t1 e . o .
- T(1—gq)(t,—s)d ) T(1-q) /a (s)(t1 —s)™7'd
1 ma) ¢ tlms R
B I'l—¢q)(ty —a)? T(1-gq) /a (5)(t1 ) d
> 0,
Similarly,
o - L [,
( Db_m) (tl) = F(l — q) /t1 (S — tl)qd
1 m(s)

q b Ly,
I'(1—¢q)(s—t1)a t1+1“(1 —q) /t1 m(s)(s —t1) d
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1 m(b) q b o
Tl—q (b—t)  T—gq) /t1 m(s)(s —t1) "9 ds
< 0,

Therefore °DIm(t;) = 0.
In order to show that (“D'™m)(t;) < 0, we will compute (CDinm)(tl) and
(“Dy*%m) (t1). Observe that
(‘D"m)(t) = “D(“D'm(ty))

d
= %chm(tl).

Furthermore, “D%m(t) is continuous and, consequently
}LE%CDZer(tl —h) = “Dgim(t), and
flliir(l) ‘DI m(ty+h) < °Df m(ty).

Then, we have that

d
‘Dot'm(t)) = 7 Daym(ti)

— lm *Daym(ti) — “Dg m(ty — h)
h—0 h
“DE,mit, — h)
h

<0.

= —lim
h—0

Similarly,

d
CD;qu(tl) = —CDZ_m(tl)

dt
~ lm ¢ D} m(ty + h) — °D{ m(ty)
h—0

cDY m(t; + h
= lim -t + )go.

Therefore D' m(t;) < 0. O

Corollary 2.2. Let m € C?*([a,b],R). If m reaches a nonnegative mazimum at
t; € (a,b), then Di¥m(t;) = 0 and D' m(t;) <0

Proof. Let K be the maximum of m, it suffices to take m(t) = m(t) — K and apply

Lemma 2.1 to m. O

Remark 2.3. If m(t) reaches a nonnegative maximum at the endpoint ¢ = a then
¢D%m(a) < 0. Also, if it reaches a nonnegative maximum at ¢t = b then *D%m(b) > 0.

The proof is similar to the previous cases.

Similarly we can prove,

Lemma 2.4. Let m € C?([a,b],R).
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(a) If m reaches a nonpositive minimum at t; € (a,b), then °Dim(t;) = 0 and
D am(ty) > 0.
(b) If m reaches a nonpositive minimum at t = a then “D%m(a) > 0.
<0

(¢) If m reaches a nonpositive minimum at t = b, then D%m(b)
Now we are ready to prove the following comparison theorem.

Theorem 2.5. Let 0 < ¢ < 1 and assume that:

(i) v,w € C?*([a,b],R) are lower and upper solutions, respectively, of the Boundary
Value Problem (2.1); i.e.,
—¢D'u(t) < f(t,v(t), “D(t)),
agv(a) — B, D(a) < 7q,
av(b) + By D (b) <y,
and
—“D™w(t) > f(t,w(t), “Diw(t)),
agw(a) — B, Diw(a) > v,
apw(b) + B¢ DIw(b) > .
(i) fu, fepau exist, are continuous on |a,b] with f, <0 and f, Z0 on Q = [t,u,q) :
t € la,bl,w(t) <u<wv(t) and u =D9v =*D%w.
Then v(t) < w(t) on [a,b].

Proof. Assume first that one of the above inequalities is strict and set m(t) = v(t) —
w(t). We will show that m(t) < 0.

If the conclusion is not true, then there exists a t; € [a, b] such that m(¢;) = 0 and
m(t) <0 on [a,b]. If t; € (a,b), then it follows from Lemma 2.1 that DIm(t,) = 0,
and “D'im(t;) < 0.
Therefore, v(t;) = w(ty), “D%(t;) =°D%w(t,), and <D u(t;) <D™ w(ty).
Hence,
f(t1,v(t1),* DM (ty))> =D 9u(ty) >
> —“D"w(ty) > f(t, w(ty),  D%w(ty))=
= f(tl, ’U(tl), CDq’U(tl)),

which is a contradiction. Therefore v(t) < w(t) on (a,b).

Now, assume that t; = a, then m/(a) < 0 and m(a) > 0. Thus v'(a) < w'(a) and
v(a) > w(a). Since m’(a) <0,

1 a+h m/(s)
cpe — i ds < 0.
m) = [ G <0
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Thus “Dim(a) < 0 and “D%(a) <°D%w(a). But from the boundary conditions it
follows that

agv(a) = B.°D(a) < agw(a) — B.°Dw(a).
Hence, 5,(°D%w(a)—D%(a)) < 0 and “Dv(a) >°D%w(a) because [, > 0. Thus
¢D%m(a) = 0. Therefore, we have from the proof of Lemma 2.1 that

¢4 —cDa
DY (q) = %Cqu(a) — lim Dim(a + h) — “D'm(a)

h—0 h
¢Dim(a + h)
h

= lim
h—0

<0.

Proceeding as before, we get the contradiction. Thus v(a) < w(a)

Finally, if ¢;, = b it follows by a similar argument that v(b) < w(b). Thus
v(t) < w(t) on [a,bl.

Now assume that the inequalities when v and w are applied to (2.1) are nonstrict.
In this case we can show that v(t) < w(t) on [a,b]. If the conclusion is not true, then
v(t) —w(t) has a positive maximum, say M, at some ty € (a,b). We will prove that if
such a tg exists, then v(t) —w(t) = M for t € [a,b]. If this is not true, then there exists
at € [a,b] such that v(#) — w(f) < M. We show that this leads to a contradiction.

Suppose first that £ > ¢y and define the function 2(t) = (t — a)%**~% — (¢, —

a)%et0=) where a > 0 is a constant that will be determined later. Note that
z(t) < 0 for a <t < ty,
z(t) > 0 for tg <t <b,
z(to) = 0.

Also,

= aF t—akf‘(k‘—l—q+2)
a§: (k+ 112 ’

¢ My1+q _ 2 o*(t —a)*"T(k+q+3)
DH9(1) = 023 G DIk +2)

k=0

“Diz( and

=0

Finally, note that
okt —a)*T(k + q + 3)

(k+ D)I(k + 2)!
af(t—a)(k+q+2)T(k+q+2)
(k+ Dk +2)!
aF(t —a)f(k+2)I'(k+q+2)
(k+ )k +2)!

af(t —a)T(k +q+2)
((k+1)1)?

CD1+qZ(t) — O{2

M 11

|
Q

k=0

Y
Ql\)
WE

e
i

0

I
Ql\)
WE

B
Il
o
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= a°Diz(t)
Let m(t) = v(t) — w(t) + €z(t), where € > 0. Then

DMIm(t) = “Du(t) — ‘D™w(t) + D 2(t)
= —f(t,v,°DW) + f(t,w, “DIw) + D' T(t)
= —f(t,v,°D%) + f(t,w,“Dv)
—f(t,w, D) + f(t,w, D) 4 D' 2(t)
= —fult, €>ch V(v —w) = fepay(t,w,n)(°DIv — *D%w)

F(t —a)*T'(k + q + 3)
2
ea Z e+ D)I(k+2)]

> fu(t 3 CD" )(v = w) = fepau(t, w,n)(*D'v = “Dw)
o2 Ft —a)*T'(k+q+2)
Z (k+1)1)2
= fu(t,g,Cqu)m fepau(t,w,n)(“D'm)
Fefult & DW)[(t = a)1e™ — (tg — a)e0)]

+80é(chqu(t, w, 77)) [Z - (t _(?13} —£<1]{;';_2q - 2)

, for some values £, € R

k=0
b= aF t—akf(k+q+2)
+5a§% (CESDE

> —fu(t,f,ch )m fun(tvwan)(chm)
+efult, €, °DW)|(t — a)?e*]

o [om 0F(t — a)*T(k
e (afepa(t,w, ) +a )[; ‘ ((/Z +P(1>!4)-2q+2)]

— —ALE D) — fopnaltw,n) (D)
k

efult & D) (E = a) Y

Pt —a)*T(k+q+ 2)}
(k+1)1)?

Since I'(k + 2+ q) > I'(k+ 2) = (k + 1)! for £ > 0, we get from the last expression
that if fepa,(t,w,n) +a > 0, then
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ak t—akF(k+q+2)
poalt, [ }
—i—a(oz D wn+a 2 CESIDE

> _fu(tchq> - chu(7w7n>(CDq )
e fult, €,°D) [t—aqza (t—a)f }

O

te(afepa(t, w,n) + o) [Z %]

;) (“D*m)
+5fu(tu £ chU> [(t _ a)q Z « kt_'_—la :|

k=0

o

k
> _fu(ta ga chv)m - fCun(ta

o)

S

ak(t — a)k]
—~ (k+1)!

= —fu(t,g,chU)m_ Cun(tuwvn)(Cqu>
N M]

+e((t — @) fult, €, °D™) + afepay(t,w,n) + o) [Z (k+1)!

k=0

Mg

+e(afepeu(t,w,n) + o) [

Finally, since (t—a)?f,(t,£,°D%) and fepa,(t, w,n) are bounded on [a, b] we can select
a such that (t —a)?f,(t, D) + afepay(t,w,n) +a? > 0 for all ¢ € [a, b]. Therefore,

(2.2) —eDY U (t) < fu(t, €, DW)m + fepua(t, w,n)(¢Dm)

which 1mp11es that m(t) can not attain its maximum on (a, b). However, now choosing
—o(t) —
(1)

t ~
0<e< ]Whent>t0,weget

m(i) < v(@) — w(f) + L= ”2)_ w)

Also m(tg) = M, which implies by our choice of z(t) that m(t) has a positive maximum

2(t) < M.

greater than or equal to M at some t* € (¢, 1), which leads to a contradiction because
of (2.2).
If £ < to, we can arrive to a similar conclusion by considering z(t) = (b—t)%e®®=%) —

(b — tg)%e*=%) Now we have that

z(t) > 0 for a <t < ty,

z(t) < 0 for tg <t <b,

Z(to) = 0.
If ty = a, then clearly £ > a. Also, if t* > a we can arrive as before to a contradiction.
If t* = a, then we only have m(a) = M and “D%m(a) < 0. But from the bound-

ary conditions is follows that *D%m(a) > 0 because 3y > 0. Hence it follows that

¢D%m(a) = 0 and we can arrive at a contradiction as before. By a similar argument,
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we have that if ¢ty = b, then *D%m(b) = 0. Thus we have that v(t) — w(t) = M on
la,b]. As a consequence, it follows that
0 = °D'y—<D" iy > f(t,v,°D%) — f(t,w, D)
= Jfult, &, Diw)(=M) = 0
for t € (a,b), where & lies between v and w. This implies that f, (¢, £,D%w) = 0 on £,

which contradicts the assumption (ii). Hence the proof of the theorem is complete. [

The following special case will be useful to prove our main result.

Corollary 2.6. Let p,r € C(la,b]) with r(t) > 0 on [a,b]. Suppose further that
p € C?a,b], and
—“D'*p < p°Dp — rp,
aap(a) = B“Dp(a) < 0,
app(b) + B“Dp(b) < 0.

Then p(t) < 0.

Next we will obtain a representation formula for the solution of the linear BVP

of the form

—eDW 0y + Mu = f(t,u,°D%)
(2.3) agu(a) — B Diula) = v,

apu(b) + G Du(b) = ,
where f satisfies the assumptions of Theorem 2.5, by using the Green’s function of
—DYIG(t, 2) + MG(t,z) = §(t — 2)

(2.4) a,Gla, z) — B,°D'G(a, z) = 0,

apG (b, z) + B DIG(b, z) = 0,
where 0(t — z) is the Dirac Delta function.

Observe that Ay + Ai(t — a) and By + B;i(b — t) are two linearly independent
solutions of D9y = 0. Letting ug, = Ao + A1(t — a), we will compute u,(t) by the

method of succesive approximations

Una(t) = uga(t) + My, o (t)
M t
W)+ | w1 a(8)(t — 5)7ds,
w0alt) + ey | (o)t = 9y

where ["u(t) is the fractional integral of order «, defined as in [1], and *D*(I*u(t))=
u(t).
Then

ul,a(t) = A(] + Al (t - CL)
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Mot )
+7m+q)/a Ao+ A(s — )] (¢ — 5)ds
= A0+Al(t_a)
1+q AO Al(t—a)
+M(t —a) T2+q  TB+gq

Repeating the process, it follows that

u2’a(t) = A(] + Al (t - CL)
AO Al(t - a)
I'2+¢q) TI'(3+q)

AO Al(t — a)
T(3+2¢)  T(4+29)

+M(t —a)'™

+M?(t — a)*t™

Proceeding inductively, it follows that

AO i Al(t—a)
Dk+1+kq) T(k+2+kq)

Una(t) = Mt —a)fth

Therefore,

AO Al(t - CL)
T(n+1+nq)  DI(n+2+4ng)

ug(t) =Y M™(t — a)"*t

It follows by direct comparison that this series is convergent, because M is a fixed
constant, (¢ — a) is bounded on [a, b],

1

- - =
I'(n+1+nqg) ~

1
n!’
and
1 1
<
I'n+2+nqg) =~ (n+1)!
Furthermore, it is uniformly convergent because

AO Al(t—a)
n+14+ng) T(n+2+nq)

ua(t) = > Mt —a)" m

N AM™(b—a)t SN AM (b — a)"T(b—a
¢ 3 MM S AN )
n=0 ) n=0 ’

By the ratio test the last series is convergent. Thus u, is uniformly convergent by the

Weierstrass M-test.

By a similar argument, letting ug, = By + B1(b—t) we can compute uy(t) by the

method of succesive approximations

un,b(t) = UOJ,(T,) +

M ) /t () (s — £yids

I'l+¢q
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Then

By Bi(b—1)
T(k+1+kg)  T(k+2+kg)

Therefore,

By Bi(b—1t)
Fn+14+nq) T'(n+24nq))

up(t) =Y M"(b—t)"

Now it is easy to observe that this series is also uniformly convergent. Thus, the

Green’s function corresponding to (2.4) is given by

1
—ug(t)up(2), ifa <2<t <b
c
G(t,z) =
1
Eua(z)ub(t), ifa<t<z<b

Since —¢D'MG + MG = §(t — z), we have that
¢ = up(t) (“Duq(t)) —uqa(t) (“Dus(t)).
Observe that

d [e.e]
Ja(t) = A+ )

AgM™(n + nq)(t — a)""1+ma N ATM™(n+1+nq)(t — a)n+nq]

ot I'(n+1+ngq) I'(n+2+ngq)
and
d | BoM™(n + b—t)» 4 BIM"(n+1+ b— t)ntna
Loty =—B -3 |2 (n+ng)(b—1t) 4 BiM(n ng)(b—1) |
dt — I'(n+1+nq) I'(n+ 2+ nq)

Hence, it can be shown as before by direct comparison and the Weierstrass M-test

d
that EG (t, z) is also uniformly convergent. Therefore, a solution of (2.3) is given by

(2.5) u(t) =(t) + / G(t,2)f (2, u(2), Du(z))dz,

where 1(t) is a solution of the problem

—<DY9y + Mu =0
agu(a) — B.°Dlu(a) = v,
apu(b) + Gy DIu(b) = .

This is indeed a solution of (2.3) because u(t) € C?[a,b], it satisfies the boundary

conditions and

— D" u(t) + Mu(t) =
= — D" 0)(t) — / ‘DIG(t, 2) f (2, u(z), “Du(z))dz

+ M(t) +/ MG(t,2) f(z,u(z), Du(z))dz
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_ / [_CDH‘?G(t, 2) + MG(t, z)}f(z,u(z), Cun(Z))dZ

— D) (t) + M(t)

b
- / 8(t — 2)f (2, u(z), Du(z))dz
= .f(ta u(t)> Cun(t))
We have shown the existence of a solution of (2.3). Now we are ready to show that
this solution is unique.

Lemma 2.7. The Boundary Value Problem (2.3) has a unique solution.

Proof. Let u; and ug be two arbitrary solutions of (2.3). Then,
— D"y + Muy = f(t, uy, “D%uy)
agur(a) — BuDius(a) = 7q,
apuy (b) + By Dy (b) = 1,
and
— D"y + Muy = f(t, ug, “D%usy)
agug(a) — B Diug(a) = 7,
apua(b) + By Dlug(b) = 1,

From Theorem 2.5 it follows that u; < us, and similarly it follows that u; > wus.

Therefore u; = ug on [a, b] and the solution of (2.3) is unique. O

3. MONOTONE ITERATIVE TECHNIQUE

In this section, we develop a monotone method for a BVP of the form (2.1),
by using upper and lower solutions. Next we state our main result related to the
corresponding nonlinear fractional differential equation with boundary conditions.
Consider the following special case of the BVP (2.3),

—cDMay(t) = f(t, u(t)),
(3.1) aqu(a) = B Diula) = e
apu(b) + By DIu(b) = v,

Theorem 3.1. Assume that:
(i) vo, wo € C?[a,b] are such that vy < wqy and
—cDMay, < f(t,v(t)),
agvo(a) — B.°Dvo(a) < 7
ayvo(b) + By Do (b) < W,
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—“D g > f(t, wo(t)),
aqwo(a) = Fa"D'wo(a) = 7a
apwo(b) + B Dwo(b) = s,
(ii) There exists M > 0 such that

for t € [a,b] and vo(t) < &(t) < u(t) < wo(t).
Then there exist monotone sequences {v,},{w,} such that v, — v,w, — w
as n — oo uniformly on [a,b] and v,w are extremal solutions of the BVP (3.1).

That is if u(t) is any solution of the periodic boundary value problem (3.1) such that
vo(t) < u < wy(t) , thenv <u<w

Proof. Define the sequences
—eDay, () = f(t, vn_l(t))—M(vn(t) - Un—l(t)),

(3.2) gV (a) = B Dy (a) = Ya,

apvn(b) + B¢ D90y, (b) = 7,
and

—eDY 0, () = f(t, wue1 () =M (wn(t) — wa_1(t)),

(3.3) W (a) — B Diwy(a) = Yo,

apwy (b) + By D%w, (b) = p,
For (3.2), we have from (2.5) the solution in terms of the corresponding Green’s

function G, (1, 2)

b
'Un(t) = wv,n(t) + / Gv,n(ta Z) [f (Za Un—l(z))_‘_MUn—l(z)} dZ,

where 1, ,,(t) is computed like ¢ (¢) in (2.5).
Similarly, we have for (3.3) that

Wi () = Yy (1) +/ Gun(t, 2) [ f (2, wpo1(2)) +Mw,_1(2)] dz.

Furthermore, since vy, wy € C?[a, ], it follows that vy, w; € C?[a,b] and proceeding
inductively v,,w, € C?[a,b] for each n. Also, by Lemma 2.7, v,, and w,, are unique
for each n.

Now, define a mapping A by v; = Avy, where v; is the solution of (3.2) for n =1
and v is the lower solution of (3.1). Also let p(t) = vo(t) — v1(t), then from (i) and
(3.2)

_ch+qp — —CD1+q'U0+CD1+q'U1

= f(z, vo)—f(z, vo)—l—M(vl — )
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= M(vy —vy) =—M(vg —v1) = —Mp
with
agp(a) — B.“Dp(a) <
app(b) + B, Dp(b) <

From Corollary 2.6, we have that p(t) < 0. Thus vy(t) < Avy(t) on [a, b] and vy(t) <
V1 (t)

By a similar argument, wg(t) > w(t).

0,
0.

Now let n and g be any two solutions such that vy < n < u < wy and assume
that u; = An and us = Ap. Letting p = u; — uy and using assumption (ii), we have
that

_eplta, — _epltay 4 eplta,

f(tm)=M(uy —n) = f(t, 1) +M(ug — p)
—M(n — p) = M(uy —n) + M(uz — p)
—M(uy — uz) = —Mp,

VAN

with
aap(a) - ﬁachp(a’) S 07
app(b) + 3°Dp(b) < 0.

Hence p(t) < 0 on [a, b] and, consequently, An < Ap. This proves that A is monotone.
Define the sequences {v,}, {w,} such that v, = Av,_1,w, = Aw,_;. Note that

since vg < Avg = v; and wg > Awy = w;, by monotonicity of A we have that
vy < v < wp < wy. Repeating the process we have that vo < ws, and vy < vy < vy <

wy < wy < wy Proceeding inductively it follows that v, < u < w,, then

vo<vp <<y Swy < wp < W,
on [a,b]. Now, we are ready to show that {v,} and {w,} are uniformly bounded and
equicontinuous.

First we show that they are uniformly bounded.

By hypothesis both vy(t) and wy(t) and bounded on [a,b], then there exists a
positive constant M such that |vg(t)| < M and |wy(t)| < M for all t € [a,b]. Since
vo(t) < v,(t) < wp(t) for all n, it follows that 0 < v, (t) — vo(t) < wo(t) — vo(t). Thus
{v,(t)} is uniformly bounded.

By a similar argument, {w,(¢)} is also uniformly bounded.

To show that {v,} is equicontinuous, fix n and let a < t; <ty <b. Then

b
‘vn(tl) —’Un(tg)‘: Yyn(ty) +/ Gon(ti, 2)[f (2, 00-1(2)) +Mu,_1(2)] dz
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b
— Yyn(ta) — / Gyn(t2, 2) [f(z, vn_l(z))thvn_l(z)}dz
< }@Dv,n(tl) - wv,n(t2)‘

+ / Gon(ti, 2) [f (2, vp-1(2)) +Muy_1(2)] dz

b
— / Gon(ta, 2)[f (2, vn-1(2)) +Muv,_1(2)]dz
= }wv,n(tl) - ¢v,n(t2>}

+

/ [f (z, vn_l(z))thvn_l(z)} [Gv,n(tl, 2)dz — Gy p(te, z)}dz

< Yo (tr) = Yun(ts)|

b
o

Since f is continuous and {v,} is uniformly bounded, There exists a constant K such
that ‘f(z, vn_l(z))+Mvn_1(z)}§ K. Then

[f (z, vn_l(z))+Mvn_1(z)] [Gv,n(tl, 2)dz — Gy p(ta, z)] dz.

Gon(th, 2)dz — Gy p(te, 2)|dz.

b
o0t = 0a(82)] < [nt) = Gt K [
By the Mean Value Theorem, there exist £,n € [t;,t5] such that,

Gon(th, 2)dz — Gy p(ta, 2)|dz

b
Wwﬁﬂ—¢muM+K/

d
%Gv,no% Z)(tl - t2) dz.

d B b
— | GO - )|+ K [

Given that v,, € C?[a,b, %@Dvm is continuous and bounded on [a,b], and since
d

—Gyn(t, 2) is uniformly convergent, there exist constants K, and K, such that for

all ty,t9 € [CL, b],

d
%va(n, 2)(ty — ta)|dz

b
SOt — )|+ K [

b
< Kyt — t2}+K2/ |ty — ta|dz
= Kl}tl — tg}—‘—f(g(b — a)}tl — tg}.

Thus for this particular n and for all 1,1, € [a, ],

| (t1) = vn(t2)| < (K1 + Ka(b—a))|ts — ta],



MONOTONE METHOD. FRACTIONAL PERIODIC BOUNDARY VALUE PROBLEM 87

or
‘Un(tl) — ’Un(t2>‘
1

i.e., v, satisfies a Lipschitz condition on [a, b].

S (Kl + Kg(b — a)),

Moreover, since {v,,} is uniformly bounded there exists L > 0 such that for all n
and all t1, 5 € [a, b],
‘Un(tl) — vn(tg)}
[t =t

Thus {v,} have the same Lipschitz constant and, consequently, {v,} is equicontinu-

< L.

ous. By a similar argument {w,} is equicontinuous.

Hence by Arzela-Ascoli’s theorem, there exist subsequences {v,,} and {w,, }
which converge to v(t) and w(t), respectively. Since the sequences are monotone, the

entire sequences converge.
It remains to show that v(¢) and w(t) are extremal solutions of (3.1).

Assume that for some k > 0, vy < u < wi_; on [a,b] where u is a solution of

(3.1) such that vy < u < wp. Then setting p = v, — u we get that
—Dip = —°D, +°“Diu
f(t, Uk—l) —M(Uk — Uk—l) — f(t, u)

< M(u—wvp_q1) — M(vg — vg_1)
= —M(vp —u)

and

aqp(a) — B,°Dp(a) <0,
ayp(b) + 3,°Dp(b) < 0.

By Corollary 2.6, p(t) < 0 on a <t < b, hence vy < u. By a similar argument wy, > u
on [a,b].

Since vy < u < wy, it follows by induction that v, < u < w, on [a,b], for all
n. Hence v < u < w on [a, b], which shows that v and w are minimal and maximal
solutions of (3.1), respectively. This completes the proof. O
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