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GLOBAL ATTRACTOR FOR NEUTRAL PARTIAL FUNCTIONAL
INTEGRODIFFERENTIAL EQUATIONS WITH FINITE DELAY
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ABSTRACT. This work is devoted to investigating the existence of global attractors for a class
of neutral partial functional integrodifferential equation with delay. Using the classic theory about
global attractors in infinite dimensional dynamical systems, we obtain some sufficient conditions for

guaranteeing the existence of a global attractor.
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1. PRELIMINARIES

This paper is devoted to investigating the existence of a global attractor for the

following neutral partial functional integrodifferential equations with finite delay:

4 F(t,u) = AF(t,ue) + [3 Bt — 8)F(s,us)ds + G(t, ), t >0,
(1.1) ¢ 0
Uy = ¢ € 07
where (A, D(A)) is the infinitesimal generator of strongly continuous semigroup on
a Banach space (X,|-]); C = C([-r,0],X), r > 0, is the space of continuous
functions from [—r, 0] to the Banach space X, equipped with the uniform norm ||¢|| =
SUp_,.<p<o |P(0)]; (B(t))i>0 is closed linear operator from D(A) to X and B(t) €
L(D(A), X), for any y € D(A), the map t — B(t)y is bounded, differentiable and
the derivative ¢ — B’'(t)y is uniformly bounded continuous on R*, here L(D(A), X)
is a Banach space of bounded linear operators from D(A) to X; the history function
xy € C'is defined by
z(0) = z(t +0), for 0 € [—r,0];
F Rt x C — X is defined by
F(t.¢) =(0) — F(t,9), (t,¢) € RT x C;
F and G are X —valued functions on Rt x C.

In [1], using the theory of resolvent operator developed in R. Grimmer [2], the
authors obtained the existence of strict solutions for (1.1). Since the pioneering work

of J. Hale [3], neutral partial functional differential equations have been extensively
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investigated, and this investigation has also inspired rapid development in nonlinear
analysis and nonlinear dynamical systems, see [4]-[8] and the references therein. The
simplest scalar case is the following neutral partial functional differential equation on

the unit circle:

0 0?
aD(Ut) = K@D(’Ut) —+ H(Ut).

Abstract neutral partial functional differential equations originate in the theory of

viscoelastic materials. In [9], it was illustrated that the equation:

t

mw:ATPuyﬁ/mFu—gu@mygﬁ;Ku—sm@ms,tzo

can be regarded as abstract formulation of the model proposed. After that, Hernandez
and Henriquez [10, 11] established some results concerning the existence and unique-
ness of solutions of the following partial neutral functional differential equations with

infinite delay:

4 (u(t) — F(t,up)) = Au(t) + G(t,u), t >0,
Uy = @, p€eB.

Motivated by the above work, in this paper we will establish some sufficient conditions
for guaranteeing the existence of a global attractor for (1.1). It is know that the global
attractor is a very useful tool, which is valid for more general situations than those for
stability to study the asymptotical behavior. Hence, our work enriches the content

of partial neutral functional differential equations.

For the sake of convenience, we list the following conditions which will be needed
in our study of (1.1).
(H;) There exist a positive constant H and function K (), M(-) : RT — R* with
K continuous and M locally bounded, such that for any ¢ € R and for a > 0, if
u: (—o00,0 +a] — X, u, € B and u(-) is continuous on [0, 0 + a], then for every

t € [0, 0 + a], the following conditions hold:

(1> U € Bv
(ii) |u(t)| < H||u||, which is equivalent to ¢(0) < H||¢|| for each ¢ € B,
(ifi) [Jue]] < K(t = 0) sup,<oes [u(s)] + M (L = 0)||uq],

where B is a Banach space of of functions mapping (—oo, 0] into X endowed with the
norm || - ||.

(Hy) For the function u(-) in (H;), t — w; is a B—value continuous on [0, 0 + a].
(H3) (i) F: Rt xC — X is globally Lipschitz continuous, i.e., there exists a constant
Ly > 0 such that L; K(0) < 1 and

|F'(t, ¢1) — F(t, ¢2)| < La|¢1 — @2 for any ¢ > 0 and ¢y, ¢ € C.
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(ii) G : RT x C — X is globally Lipschitz continuous, i.e., there exists a constant
L, > 0 such that

(G(t, ¢1) — G(t, 62)| < Lallgy — | for any ¢ > 0 and ¢y, ¢, € C.
(Hy) (i) F € CYR" x C; X) and the partial derivatives D;F(-,-) and D4F(-,-) are

locally Lipschitzians with respect to the second argument.

(ii) G € CY(R* x C; X) and the partial derivatives D;G(-,-) and DyG(-,-) are locally

Lipschitzians with respect to the second argument.

(Hs) If (¢n)n>0 is a Cauchy sequence in C' and if (¢,),>0 converges compactly to ¢
n [—r,0], then ¢ is in C and ||¢, — ¢|| — 0 as n — 0.

Definition 1.1. Let 7" > 0. A function u : [-r,T| — X is said to be a strict solution

of (1.1) if w is continuous on [0, 7] and the following conditions hold

(i) t — F(t,u) € CH[0,T]; X) N C([0,T]; D(A)),
(ii) w satisfies (1.1) on [0, 77,
(iil) u(t) = ¢(t) for —r <t <O0.

Lemma 1.2 ([1, Theorem 3.7]). Assume that (H1)-(H5) hold. Let ¢ € C be a

continuously differentiable such that
(1.2) ¢ €C, F(0,¢) € D(A) and DyF(0,¢)¢" + D F(0,¢) = AF(0,9) + G(0, ).
Then (1.1) possess a unique strict solution, which can be expressed by

R(t)F(0,¢) + F(t,u) + fot R(t — s)G(s,us)ds, 0<t<T,
o(t), —r<t<0,

(1.3)  wu(t)= {

where R(t) € L(X, X) having the following properties:

(i) R(0) =TI and |R(t)|| < e~ for some constant o > 0,
(ii) For each x € X, R(t)x is strongly continuous semigroup fort > 0,
(iii) R(t) € L(D(A)) fort > 0. Forx € D(A), R(-)x € C'([0,+00); X)NC([0, +0);
D(A)) and

R'(t)r = AR(t)x + /t B(t — s)R(s)xds
= R(t)Az + /t R(t — s)B(s)xds.

Denote ¥y = {¢ € C : ¢ satisfying (1.2)}. Then from Lemma 1.2, for each
¢ € Yo, we define the following operator on ¥y by

(1.4) Ut)¢ = ul-, ), t 20,

where u;(+, ¢) is unique strict solution of (1.1) in Lemma 1.2. Clearly, (U(%)):>o is a

strongly continuous semigroup on .
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Definition 1.3 ([12]). An invariant set .o/ is said to be a global attractor if o/ is a

maximal compact invariant set which attracts each bounded set B C X.

Definition 1.4 ([12]). A semigroup U(t) : X — X, t > 0, is said to be point
dissipative if there is a bounded set B C X that attracts each point of E under U(t).

Lemma 1.5 ([13]). If

(1) there is a to > 0 such that U(t) is compact for t > to,
(ii) U(t) is point dissipative in X, then there exists a nonempty global attractor o
in X.

2. THE GLOBAL ATTRACTOR FOR (1.1)

In this section, we apply Lemma 1.5 to the strongly continuous semigroup (U (t)):>0
to obtain the existence of a global attractor of (1.1). For this purpose, we first give

the following generalized Gronwall inequality, which is crucial for the estimate.

Lemma 2.1 ([14]). If

x(t) < h(t) + /tk(s)x(s)ds, t € [to, T),

to
where all the functions involved are continuous on [tg,T), T < +o0, and k(t) > 0,
then x(t) satisfies

x(t) < h(t) + /t h(s)k(s)efst Mudugs t € [ty, T).

to
Lemma 2.2. Assume that assumptions (Hy)—(Hs) hold. Then, for each ¢ € %, if
Ly < e, there exists a constant v > « such that the strict solution u(-, ¢) of (1.1)

satisfies the following inequality:

1 (OéCl + Cg)Lg(e_w — L1>—1 Co

at < e at

eMu|| < " — L, ( &% —aly(e — Lp)-1 +c + o e

Loy Ly(er + (Ly + 1) |9l — 2)
(6_7r — L1)2 e — Ll

Qacy + ¢ pL2(e™ " =L)7h
a? —aly(e™m — Ly)~t

where ¢, = F(0,0), co = G(0,0).

_l_

Y

Proof. By (Hj), for each ¢ € ¥y, we have
[F(t, )| = [F(t, ¢) — F(0,0) + F(0,0)|
< [F(0,0)[+ |F(t,¢) — F(0,0)]
< 1+ La|ol]-
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Similar to the above proof, we have
17(0,9) = [¢(0) = F(0,9)]
<ea+ (Li+ 1)l
and

|G(t,¢)| < 2+ Laf|9]]-

143

Instead of considering the norm ||u,|| directly, we firstly estimate ||e”u,|| for some

constant v > «.

Case 1. For 0 <t¢ <r, by (1.3) we have

sup |e"u;(0)] = max{ sup |e"?o(t+0)], sup |e%u, ()|}
—r<6<0 —r<6<—t —t<6<0

< max{e "[¢], sup e ey + (L + 1) o] + b [er + La|ueoll]
<6<0

—t<0<0 _

t+0
+ sup e"’(’/ e~ 079 (¢ 4 Lo||u|)ds}
—1<6<0 0
< max{e "[|gll, e™[er + (L1 + D[[@]]] + 1 + L]
t+6 t+6
(2.1) 4+ sup 026_0‘(”9)679/ e*ds + sup Lge_o‘(t”)ew/ e ||u||ds}
—$<6<0 0 —$<6<0 0

<e e+ (Lo + DIGI] + e1 + Laflue]
t t
+026_O‘t/ eo‘sd8~l—Lge_at/ e**lusl|ds
0 0
= e “er + (L + 1[0l + er + Lafu|

t
+ %(1 —e ") + Lge_"t/ e ||us|ds.
@ 0

Case 2. For t > r, we have

sup |e?u(0)] = sup |eu(t + 6)

—r<6<0 0<t+6<t
< sup e ey 4 (L + 1)||¢]|] + 1 + L w
0<t+0<t

t+0
+ sup e"’(’/ e~ U079 () + Lo ||usl|)ds
o<t+o<t  Jo

(2.2) < e er+ (Le + DN + ex 4 Lalud]

t t
+ coe™ / e**ds + Loe™ / e ||us||ds
0 0

= e "[er + (Lo + DIl] + ex + Lalue]

t
+ 9(1 —e ) + Lge_at/ e™*||us||ds.
0

«
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Therefore for ¢ > 0, from (2.1) and (2.2), we get

(2.3) suep |e7u,(0)] < e ey 4 (Ly + 1)||0]|] + e + Lo |||
—r<0<0
c t
+ 21—+ Lge_at/ e™*||us]|ds.
«a 0
On the other hand, we have
(2.4) sup [e%uy(0)| = sup P|uy(8)] > sup e uy(B)] = e fJul],
—r<0<0 —r<0<0 —r<6<0

which combines with (2.3) yields that

luell < e [er + (L + D @ll](e7 = Ly) ™ + ea(e™™ = L) ™

t
+ %(1 —e ) (e — L)t + Loe (e — Ll)_l/ e ||us||ds
0

and
el < fer + (Lo + D|@ll] (67" — L)™' + (e — Ly) e

Co

t
+ =(e* — 1) (e — Ll)_1 + Lo(e™" — Ll)_l/ e®lug||ds.
0

(67

Using the generalized Gronwall inequality in Lemma 2.1, we have
luell < [er + (Lo + Dll] (e = L)~ + er(e7” — Ly) e

+ 2 — 1) (e~ Ly)”!

«

+ LQ(E_’YT’ — Ll)_2/

0

t

[cl (Lt D)6+ ere

a
1 Lo(e — L)~
_ (aey + ¢2) 2(_6 1_) . €2 ot
e — L1\ o —aly(e™ — Ly)~! o
N Lo Ly(er + (L + 1))l = 2)
(6_7T — L1)2 e — L1

_ acy + Co pL2(e™ 7" =L1)~1t
a? — aly(e=m — L)t '

Lemma 2.3. Assume that the conditions of Lemma 2.2 are satisfied, further more,

a > e,ﬁiz_h, where v is the constant defined by Lemma 2.2. Then (U(t))i>o is point
dissipative.
Proof. From Lemma 2.2, we find that, for each ¢ € ¥, since a > e,ﬁ%h, there exits

a ty :=to(¢) > 0 such that for ¢ > ¢,

||u || < 1 (a01 + Cg)Lg(e_Pyr — Ll)_l
= —1,\ a2— aly(e= 7 — Ly)~1

+oc1 + %) + 1. (independent of ¢)
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Therefore,

1 (OéCl —+ 02)L2(e—'y7‘ — Ll)_l
Bxo| 0, — ( 2 - —1
e — LY a?—aly(e — L)

+c1+%)+1) N X,

attracts each point of Xy, where By, (0 1 ((O‘ClJrQ)LQ(eiw_Ll)f1 +o+2)+ 1)

P e~ —L1 \ o?—ala(e=7"—L1)" !
denotes the open ball in Yy with center 0 and radius e,wl_ I (aoleffgfé(f::;f){); .
C1 —|— %) —|— 1 D

Now, we show the compactness of the operator U(t). The following lemma is
similar with Theorem 2.7 in [15]. But, for the reader convenience, we give the details

of its proof.

Lemma 2.4. Assume that assumptions (Hy)—(Hs) hold. Then, U(t) is compact for
t>r.

Proof. Let t > r and {¢,} be any bounded sequence of ¥. We will use Ascoli-Arzela
theorem to show that {U(t)¢, : n € N} is pre-compact in ¥y by two steps.

Step 1. Show for any 6 € [—r, 0], the set

Z(0) = {((Ut)pn)(0) - n € N}

is pre-compact. For t > r and 6 € [—r, 0], by (1.3), we have
t+0

(25) (UW)6.)(0) = RU+OF0.6,) + Ft+0,ut)+ [ Re+0-3)G(s.ut)ds,
0

where u"(+) is the strict solution of (1.1) with initial function ¢,. Since {R(t)}1>¢ is

compact, the boundedness of F(0, ¢,,) and assumption (Hs), we know that
R(t+ 0)F(0, ¢,) and F(t + 0, u,y)

are pre-compact. Now, considering the third term in (2.5), for sufficiently small ¢ > 0,

we have

t+0 t+0—¢
/ R(t+ 60 — s)G(s,ul)ds = R(¢) / R(t+6—s—e)G(s,ul)ds
0 0

t+6
+ / R(t+ 0 — s)G(s,u})ds.
t

+0—e

Noting that Lemma 2.2, we have
(2.6) sup ||ul]] < oo, s € [0,t].
neN

By (Hj), we get
G (s,uy)] < 2 4 Lo[ug]].
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Therefore, from (2.5) and (2.6), there exist some constants M;, My > 0 such that

t+0—¢
/ R(t+60—s—¢e)G(s,ul)ds| < M,
0

and

t+0
/ R(t+ 0 — s)G(s,uy)ds| < My
t

+0—¢

which yields
t+0—¢
R(a){/ R(t+«9—s—e)G(s,uZ)ds:neN} c I,
0

where I'; is a compact set. Thus, Z(0) is pre-compact.
Step 2. Show the equicontinuity of {U(t)¢, : n € N}. Let —r < 0; < 05 <0, we
have
(U(t)on)(02) — (U(t)dn)(01) = [R(t + 02) — R(t 4 61)]F(0, ¢n)
+ F(t + 02, u?—i—@z) — F(t+0y, u?—i—lgl)

t+05
+ / R(t+ 6y — 5)G(s,ul)ds
0

t+01
— / R(t+ 6, — s)G(s,ul)ds
0

= R(t + 0))[R(t + 6;) — I1F(0, ¢y)
+ F(t -+ 92,“?_’_92) - F(t + 917“?—{-91)

t+02
+ / R(t 4 0y — s)G(s,ul)ds
t

+601
t+61
+ / (R(t+ 02 —s) — R(t+ 6, — 5))G(s,ul)ds
0

which leads to

[(U(#)pn)(02) = (U)¢n)(01)] < | R(t + 01)[R(62 — 61) — I][| x [ F(0, ¢n)|

FE (4 02, uiyg,) = F(E+ 61, uly,)]

t+05
+/ |R(t+ 0y — $)G(s,ul)|ds
t

+01
t+61
IR =00~ 1| [ IR+ 61 )G, s
0
Since the mapping ¢t — R(t) is norm-continuous for ¢t > 0, for some 6 € (0,¢—r), put
R(t+61)[R(02—61) —I] = R(t+ 6, — 0)[R(6, — 61 + ) — R(9)].

Then
HR(92 — 91 + 6) - R(5>|| — 0 as 92 — 81.

Thus
||R(t + 81)[Tg(82 — 91) - I]H X |f(0,¢n)| — 0 as 92 — 91.
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By the property of F,
|F(t 4 02, ui' ) — F(t 4 01, up, )| — 0 as Oy — 0;.

By the boundedness of |R(t + 02 — s)G(s,ul)|, then

t+05
/ |R(t + 02 — s)G(s,ul)|ds — 0 as Oy — 6.

t+61

Obviously, [, O R(t + 6, — 5)G(s,u™)|ds belongs to a compact subset of X, and
t+01
IR0 — 0,) — I / R(t+ 01 — 5)G(s,u™)|ds — 0 as O — ;.
0
Hence {U(t)¢, : n € N} is equicontinuity. O

Here, we state our main theorem of this paper, which is an immediate consequence
of Lemma 1.5, 2.3 and 2.4.

Theorem 2.5. Assume that assumptions (Hy)—(Hs) hold. If o >

has a nonempty global attractor <f .

, then (1.1)

*’YT

3. AN EXAMPLE

Ezzinbi et al [1] considered the following Lotka-Volterra model with diffusion:

(3.1)
(0 o2
at[ (t,€) — /f@nt+9§))d9] 852{ (t,€) — /f&nt+9§))d9

+/0tb(t—s)§;[ (s,f)—/_w f(9,n(s+9,§))d9]ds

0
+/ g(0,n(t+6,£))do for t >0
_fi)oof(ean(tﬂLHﬂr))dH:Ofortzo
n(0,§) =ne(0,§) for —oco<h <0, 0<¢<m,

where f,g : R™ XR — R, ng: R™ x [0,7] — R and b : Rtx — R are continuous

functions and obtained the following results:

Theorem 3.1. Assume that assumptions (E;)—(Es) hold. Then (3.1) has a unique
]

strict solution, where (E1)—(Es5) can be found in [1].

Based on the above result, we can choose the proper «,~,r, Ly, Ly such that

Lo
e " —1Lq

o > and (3.1) has a nonempty global attractor 7.

O
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