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ABSTRACT. In this paper we consider a class of partially observed dynamic systems with mea-
surement uncertainty and present a technique for design of optimal linear output feedback controls
to minimize the maximum risk. This is then extended to cover systems with uncertainty in the mea-
surement as well as in the dynamics. These results are presented in the form of necessary conditions

of optimality. Theoretical results are illustrated by numerical examples.
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1. INTRODUCTION

In applications of control theory, there are many physical and engineering prob-
lems where only noisy measurements are available and feedback controls based on
available data must be used since open-loop controls are not feasible. Examples are
traffic control in computer communication networks. The controller must use the
noisy information and exercise control so as to optimize the overall performance. In
this paper we present a methodology based on variational arguments whereby one
can design an optimal feedback control law with hard constraints on the feedback
gains. This leads to constraints on control energy. Related work based on H* tech-
nique applied to linear systems with delay can be found in [4]. Here the authors have
used linear output feedback control law just to stabilize the system. In contrast, we
consider nonlinear uncertain systems and develop a technique for design of optimal
output feedback control law which can be used to solve tracking problems including

stabilization.

The rest of the paper is organized as follows. In section 2, some basic notations
are presented. In section 3, the system model is described and a general design
problem for optimal output feedback control law is formulated. In this section, also

the basic assumptions and a result on the existence of solutions are included. In
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section 4, we present the main results giving the necessary conditions of optimality
characterizing optimal feedback control laws (or operators) in the pessimistic case.
This is presented in Theorem 4.1. In Theorem 4.2 we prove the existence of optimal
feedback control laws subject to range constraints. Corollary 4.3 characterizes the
optimal feedback control law in the optimistic case in which the disturbance acts most
favorably with the controller. Next we consider uncertainty both in the dynamics and
the measurement channel. The necessary conditions of optimality are presented in
Theorem 4.4. In section 5, a basic computational technique is described following the
basic principle given in [2], [1] and, in section 6, numerical results are presented with

llustrations.

2. SOME NOTATIONS

For any positive integer n, R" denotes the Euclidean space with standard norm

and scalar product given by

n 1/2 n
||.§L’H = (Z |x2‘2) ) and (xuy) = szyza z,y € Rn
i=1

i=1
respectively. We shall use M(n x m) to denote the space of n X m matrices with

entries from the real number system. This is also furnished with the standard norm

and scalar products given by

1/2

|Al| = <Z |am-|2> and (A, B) = Tr(AB') for A, B € M(n x m)
2%

respectively, where B" denotes the transpose of the matrix B with B' € M(m x n).

Clearly Tr(AA") = ||A|?>. For any p € [1,00) and any finite interval I = [0, 7], we

use L, (I, R™) to denote the standard vector space of Lebesgue measurable R" valued

functions whose norms are p-th power integrable. For p = 0o, L. (I, R") denotes

the space of Lebesgue measurable functions {f} defined on I and taking values in

R"™ satistying ess-sup{|f(t)|gn,t € I} < oo. These are Banach spaces. Similarly,

Lf,"c([O, o0), R™) are locally convex topological vector spaces of p-th power locally

integrable functions containing the spaces L,(I, R").

3. SYSTEM MODEL AND PROBLEM FORMULATION

The complete system is governed by the following set of equations:
(3.1) &= F(x)+ Bu, in R",
(3.2) z=Lr+¢ in R™,
(3.3) u=Kz in R,
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where the first equation describes the dynamics of the system in the state space R™
giving the state x(t) at any time ¢ > 0, the second equation describes the measurement
process that observes the status of the system in a noisy environment characterized by
the random process £ and delivers the output z(t),¢ > 0. The third equation provides
the control based on the measurement process z in order to regulate the system
(3.1). Note that, according to the dimensions of the state space, the observation
space, and the control space, for compatibility it is necessary that B(t) € M(n X q),
L(t) € M(m x n),&(t) € R™ and K(t) € M(q x m) respectively. The performance

of the system over the time horizon I = [0,7] is measured by the following cost
functional
(3.4) J(K,€) = / 0(t, 2(8))dt + B((T)),

I

which depends on the choice of the control law K in the presence of disturbance
&, Our objective is to find a bounded measurable matrix valued function K that
minimizes the cost functional taking into account the worst situation that may be
caused by the presence of the non structured disturbance . In other words, we want
a feedback law that minimizes the maximum risk. This problem, called (P1), can be
formulated as min-max problem as stated below

inf sup J(K,¢).

KeF,q ¢eD

For this purpose, we introduce the following basic assumptions:

(A1): The vector field F' : R* — R" is once continuously differentiable with

the derivative uniformly bounded,
(A2): B e Li([0,00), M(n x q)), L € LI2([0, 00), M(m x n)).

For the admissible feedback control laws represented by the matrix valued func-

tion K we introduce the following assumption,

(A3): Let I' € M (g x m) be a closed bounded convex set and

(3.5) Foa = {K € L?([0,00), M(qg xm)) : K(t) €T a.e.}

(A4): The disturbance (noise) process ¢ : [0,00) — R™, is any measurable
stochastic process taking values from the closed ball B,.(R™) of the measurement
space R™ with probability one. We denote this family by D.

Some comments on the disturbance (uncertainty) are in order. We do not assume
any probabilistic structure for the process {£} except that it is a measurable process
and essentially bounded and hence locally square integrable. Thus, by assumption
(A4), on any finite time interval I = [0, 7], the total energy in the signal does not
exceed 7°7T.
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(A5): The integrand ¢ : [0,00) x R — (—00, 00| is measurable in the first

variable, and once continuously differentiable in the second argument and satisfies

[0(t, )| < h(t) + ci||z||Re, T €R", t>0

with 0 < h € L{([0,00)) and ¢; > 0 and further, ¢, € L;(I, R"). The function ® is

once continuously differentiable on R™ and there exist constants ¢y, c3 > 0 such that
|®(x)] < 1+ ol n-

Note that by substituting the equations (3.2) and (3.3) into equation (3.1) we obtain

the following feedback system subject to (unstructured) disturbance &
(3.6) t=F(zx)+ BKLx+ BK¢, £ € D and K € Fgy.

Remark 3.1. Note that the uncertain system (3.6) is equivalent to the following

differential inclusion
z(t) € F(z(t)) + B(t)K(t)L(t)x(t) + B(t)K(t)I'(t), for K € Fuq,

where D is the set of measurable selections of the constant multifunction T'(t) =
B.(R™),t € I. For detailed study of optimal open loop controls for differential
inclusions on Banach spaces see [3] and the references therein. Here our emphasis is
on the characterization of optimal feedback control laws so that one can design an

optimal controller.

Before we conclude this section we present the following fundamental result on

the existence and regularity of solutions of our feedback system.

Lemma 3.2. Consider the uncertain (noisy) feedback system given by (3.6) over
any finite time horizon I = [0,T], and suppose the assumptions (A1)-(A4) hold.
Then for every initial condition z(0) = v € R", and any feedback law K € Fuq
and disturbance £ € D, the system (3.6) has a unique absolutely continuous solution
x € C(I,R"). Further, the solution set

X = {x(-,K,g) €eC(I,R"): K € Fu,§ € D}
is a bounded subset of C(I, R™).

Proof. The proof is classical and follows from similar technique as given in [2, Theo-
rem 3.5.1, p. 89]. a
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4. OPTIMAL OUTPUT FEEDBACK CONTROLLER

Now we present the main results of this paper. In Theorem 4.1, we present the
necessary conditions of optimality only in the presence of measurement uncertainty.
In Theorem 4.4, we present the necessary conditions of optimality in the presence
of uncertainty both in the dynamics and the measurement (output). Theorem 4.2

proves the existence of optimal feedback control laws.

To solve the feedback control problem as stated in the preceding section, we

introduce the following (pessimistic or worst case ) Hamiltonian
H°:IxR'"<XR'"XM(gxm)— R
given by
(4.1) He(t,x,¢,S) = (F(x)+ B(t)SL(t)x,v)
+7]|S"B ()¢

R'm + e(t, I)

We follow the following strategy to solve the min-max problem (P1) as stated in
section 3. First, we consider an arbitrary disturbance process from the admissible set
of uncertainty assuming that a sample path of the process ¢ is given and present the
necessary conditions of optimality. Then we consider minimizing the maximum risk
(cost).

Theorem 4.1 (Measurement Uncertainty). Consider the system (3.6) satisfying the
assumptions of Lemma 3.2. Suppose ¢ and ® satisfy the hypothesis (A5). Then, in
order for K, € Fuq to be optimal in the sense discussed above, it is necessary that
there ezists a 1, € C(I,R") such that the triple {x,,v,, K,} satisfy the inequality
(4.2) and equations (4.3) and (4.4) as follows:

(4.2) HO(, (1), 1o (1), Ko(t)) < HO(L, 0(t), 4o(t), K) ¥V K €T,
and a.a t €1,

(4.3) To = HY(t, 20,00, Ko), 2(0) = v, t € 1,

(4.4) Yo = —H(t, To, 1ho, Ko), tho(T') = Pu(wo(T)),t € 1.

Proof. Let &, € D be any given disturbance and consider the cost functional

(1.5 IE&) = [ et ale))dt + @(a()
I
where z(t) = z(t, K, &,) is the solution of equation
(4.6) @ = F(z) + BKLx + BK&,, 2(0) = v,t € I,

for any choice of K € F,4. For the fixed &, € D, let K, € F,q be optimal and x, the
corresponding solution of equation (4.6). Let K € F,4 be any other element. Since
F.a is a closed convex set, it is clear that K. = K,+e¢(K — K,) € Foq for all e € [0, 1].
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Let x. be the solution of equation (4.6) corresponding to K.. Clearly by virtue of
optimality of K,, J(K,,&,) < J(K.,&,) for all € € [0, 1]. Thus

(4.7) (/) (J(Ker &) = (Ko, &)
= (/e [(tt..00) = Bt a0+ (B(o(T) - WD) | 2 0
for all e € [0,1] and all K € Fuq. Let dJ(K,,§,) denote the Gateaux (directional)

derivative of J at K = K,. Since by our assumption, ¢ and & are continuously
differentiable in = € R", letting ¢ | 0 we obtain

(48> <dJ(K07 go)a K — Ko>
- / (Calts2olt)), () rodt + (B, (2o(T)), y(T)) o = 0,

where y € C'(I, R") is given by
e (t) — @o(t)
t) =1 _—
y(t) =lim (————7)

and it is the solution of the variational equation given by
(4.9) Y = Fu(7o(t))y + (BK,L)y + B(K — K,)(Lx, + &),
y(0) = 0.

By the scalar product (, ) in the linear vector space M (g x m) (of ¢ x m matrices) we
mean the trace

(K1, Ko) = Tr(K,Ky), K1, Ky € M(q x m).
Note that dJ(K,,&,) is an element of M(q x m). Equation (4.9) is a linear nonho-
mogeneous differential equation on R" with B(K — K,)(Lz, + &,) being the driving
force. Since, by assumption (A4), &, is essentially a bounded measurable random
process and, by assumption (A2) (for the finite interval I), B € Li(I,M(n x q)),
LeLo(I,M(mxn))andx, € C(I,R"),and K, K, € Lo.(I, M(qxm)), and product
of measurable functions is measurable, we conclude that B(K — K,)(Lz, + &,) is a
measurable R"-valued function and also an element of L;(I, R"). Thus, under the
given assumptions on F', equation (4.9) has a unique absolutely continuous solution
y € C(I, R™) which is continuously dependent on the driving force. Clearly, it follows
from this that the map

B(K — Ko)(Lzo + &) — y

is continuous from L, (I, R") to C(I, R") and by virtue of assumption (A5)

y— / (6,20 (0), y(D) mrdlt £ (@ (2o(T)), y(T)) e

is a continuous linear functional on C (I, R™). Thus the composition map

B(K — K,)(Lty + &) — / (6 20 (), y(1)) et + (Do (20(T)), y(T)) e
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is a continuous linear functional on L;(/, R™). Hence by Riesz representation theorem
there exists an element v, € Lo (I, R") such that

(410) <dJ(K07 50)7 K — Ko) = /0 (gm(ta xo@))v y(t))R"dt + (I)m(xo(T))v y(T>>R”

T
= / (B(K - KO)(on + €O)> wo)Rndt-
0
It follows from the inequality (4.8) and the identity (4.10) that

(4.11) /I(B(K — K)(Lag + &), o) pudt > 0¥ K € Fog.

Using the fact that y is the solution of the variational equation (4.9), it follows from

the second identity of the expression (4.10) that

(4.12) / (Lot 20 1)), y () ot + (@ (2o(T)), y(T)) o

N /0 (y B [Fx(l'o(t))y + (BKOL)y]’ wo)Rndt.

Since y(0) = 0, by integration by parts, it is easy to verify that
T
413) [ = B+ (BED )wd
0

= (4(T), (T — / (o + Fo(wolt)bo + L' B 00) e .

By setting
¢o + Fg;($0(t))wo + L,K;B,Qﬁo = =1, wo(1))
and ¢,(T) = ®,(x,(T)), we find that the righthand expression of (4.13) coincides
with the left hand expression of (4.12). Thus we have obtained the adjoint (costate)
dynamics (4.4) given by
¢o = —F;(Io(t))wo - L,K;quﬁo — La(t,20(1))
(4.14) Uo(T') = @y (z0(T))

where z, € C'(I, R") is the solution of the system equation (4.6) corresponding to the

pair {K,,&,} repeated below for convenience of the reader
(4.15) t, = F(z,) + BK,Lx, + BK,&,,z(0) =v,t € I.

Clearly 1,, whose existence was already proved by appealing to the Riesz represen-
tation theorem, is actually given by the solution of the adjoint differential equation
(4.14) and hence 1, € C(I, R") and is absolutely continuous. Thus given &,, the nec-
essary conditions of optimality are given by the integral inequality (4.11), the adjoint
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equation (4.14) and the state equation (4.15). In other words, choice of &, € D deter-
mines the optimality conditions (4.11), (4.14), (4.15) and hence the optimal feedback

law K,. Considering the optimality condition (4.11) and rewriting it as follows

(4.16) / ((BEK Lty ) + (€0, K B )}t

> / {(BK, Ly, 105) + (€0, K,B'1h)Ydt ¥ K € Foq,
I

we observe that the worst situation occurs when the disturbance vector &, is co-linear
with the vector K B't), and lies on the boundary of the ball B,(R™). This is given
by the vector &, = rY1(K,B'y,) where the function Y, : R™ — R™ is given by

=, if ||z 0
0 if ||z]] = 0.
Considering this worst case scenario and noting that
[(€0r KB o) | < 7| KBt g

the inequality (4.16) takes the form
(4.17) /{(BKL:CO, Vo) + 7| K Bby) || e Yt
I

> /{(BKOL:L"O, Vo) + || K, B || gm }dt ¥ K € Fog.
I

In this case the state equation (4.15) becomes
(4.18) i, = F(x,) + BK,Lx, + rBK,Y (K, B',),
z(0) =v,t el
In other words, for best possible performance in the potentially worst situation, the
triple {z,,%,, K,} must satisfy equation (4.18), equation (4.14) and the inequality

(4.17) simultaneously. Using the integral inequality (4.17) and spike variation [2,
Corollary 8.3.2, p. 262, it is easy to derive the point wise inequality given by

(4.19) (B()SL(t)2o(t), Yo(t))rr + 7I1S B (£)o(t) ||
> (B() Ko(t) L()o(t), Yo(t)) mn + || Ko(t) B ()10 (1)
for almost all t € I and all S € I'. Now adding the expression
(F'(@o(t)), ¥o(t)) + £(E, xo(t))
on both sides of the above inequality we obtain the Hamiltonian inequality

(4.20) HO(t,2,(t), 1o(t),S) = HO(t, wo(t), Yo(t), Ko(t))
aetel, and all S eT.
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This is precisely the expression (4.2) where H? is given by the expression (4.1). Dif-

ferentiating H° with respect to the adjoint variable ¢ we obtain
HY(t, 2,9, 8) = F(z) + B(t)SL(t)x + rB(t)ST1(S' B ().
Thus equation (4.18) gives
j’:o = H;Z(ta Lo, 'QDO, Ko)a ZE'O(O) =V, tel

which is equation (4.3) as stated in the theorem. Differentiating H® with respect to

the state variable x, we obtain and hence (4.14) gives

Vo = —H(t, 0,0, 1), o(T) = @ (wo(T)), 1 € 1.
This is equation (4.4) as presented in the statement of the theorem. This completes

the proof of all the necessary conditions as stated. O

In the proof of the above theorem, we assumed that for any given &, € D an
optimal feedback control law K, € F,4 exists. Here, in the following theorem we give

a proof of this.

Theorem 4.2 (Existence of Optimal Control Law). Consider the system (4.6) with
the cost functional (4.5) considered as a functional of K € Fuq for any fized &, € D.
Suppose the assumptions (A1)-(A5) hold. Then, there exists an optimal control law

Ko Efad-

Proof. Since, by the well known Alaoglu’s theorem, F,q C Loo (I, M (gxm)) is a (weak
star) w* compact set it suffices to prove that K — J(K) = J(K,¢&,) is sequentially
weak star continuous. Let {K;,i € N} € F,4 be a sequence and suppose K; w, K,.
Since Foq is w* closed, we have K, € F,q. Let {x;} and x, denote the solutions of the
system (4.6) corresponding to {K;} and K|, respectively. By straight forward algebra

the reader can easily verify that
(4.21) [2o(t) — i(B)]| < eilt) + /Otg(S)llxo(S) — zi(s)||ds
where g(t) = (8 + VB0l sruxa) | L) [ asmxmy) . € 1 and
B = sup[|Fa(v) [ mxny, v € B"} and o = sup{[|Al|as(gremy, A € T'}-
The function e; is given by e;(t) = ||E;(t)|| g, t € I, where
(4.22)  Eit) = /OtB(S)(Ko(S) — Ki(s))[L(s)zo(s) + Eo(s)lds, ¢ 1.

By virtue of assumption (A1) 5(> 0) is finite and by (A3) (> 0) is finite and by
virtue of assumption (A2), g € L{([). Thus, it follows from Gronwall inequality
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that
(4.23) 2o (t) — ()| < et / exp{/ r)dr}g(s)e;(s)ds
<ei(t)+ Cg/ g(s)ei(s)ds

0

where Cy = exp{ [, g(s)ds} < co. Using the assumptions (A1)-(A4) and Gronwall
inequality, the reader can easily verify that the set of solutions X of the equation
(4.6) corresponding to the admissible set of feedback laws F,, is a bounded subset of
C(I, R") and that the integrand of the expression (4.22) is contained in a bounded
subset of Li(I, R™) for all i € N. Thus sup{e;(t),t € I,i € N} < co. For any ( € R"
it follows from (4.22) that

(4.24) (Ei(t), O rn = /Ot((Ko(S) — Ki())[L(5)xo(s) + &(3)), BQ) pads

_ /O Te((Ky — K)(B'C @ Lty + €.)))ds

Recall that (K, — K;) € Loo(I, M(q x m)) and, for every ¢ € R", the matrix valued
function (B'¢)® (Lx,+&,) € Li(I, M(mxq)). Since K; %, K,, it follows from (4.24)
that (E;(t),() — 0 as i — oo for each ¢ € I. In a finite dimensional space (here R")
weak and strong convergence are equivalent. Hence e;(t) — 0 as i — oo for each t € I.
Thus by virtue of Lebesgue dominated convergence theorem, lim; fOT g(s)e;(s)ds =
0 and hence it follows from inequality (4.23) that lim; .., x;(t) = z,(t) for each t € I.
Since both {(t,-) and ¥(-) are continuous on R", we have ((t,z;(t)) — L(t,x,(t))
for almost all t € I and ®(x;(T")) — P(x,(T)) as ¢ — oo. Thus it follows from the
expression (4.5) that lim, . J(K;) = J(K,) proving weak star continuity of J on
Faq. Since F,q weak star compact, J and hence J attains its minimum (maximum)
on F,q. This completes the proof. O

Theorem 4.1 gives the necessary conditions of optimality in the worst situation
when the disturbance acts as an adversary. In contrast, in the optimistic case when the
disturbance acts favorably with the controller, the necessary conditions are obtained

by replacing the Hamiltonian (4.1) by the following expression
(4.25) H(t,2,9,5) = (F(z) + B(t)SL(t)z,¢) — || B (8)¢|| em + £(t, ).
We state this as a corollary of Theorem 4.1.

Corollary 4.3. Consider the system (4.6) with the disturbance acting most favorably
and suppose the assumptions (A1)-(A5) hold. Then, the necessary conditions of
optimality are given by equations (4.2), (4.3) and (4.4) with the Hamiltonian (4.1)
replaced by (4.25).
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Proof. The proof is identical to that of theorem 4.1 with the exception that, under the
present assumption, &, appearing in the inequality (4.16) must now act in cooperation
with the control operator K,. The most favorable situation occurs when &, is again
co-linear with the vector K, B't), and oriented in the opposite direction satisfying the
norm constraint r. This is achieved by use of the Hamiltonian given by (4.25). This

completes the proof. O

Our basic system given by equations (3.1)—(3.3) admits uncertainty only in mea-
surement channel. In fact there is no additional difficulty in admitting uncertainty in

the dynamic channel. In this case the system is given by

(4.26) &= F(z)+ Bu+G(z)n in R",
(4.27) z=Lr+¢ in R",
(4.28) u=Kz in RY,

where G : R" — L(R*,R") = M(n x {) and 7 denotes the dynamic uncertainty
taking values from R‘. This uncertainty is characterized as follows. Let s be any
positive real number and consider the closed ball By(R*) of the space R‘. For the

disturbance process {n} we introduce the set D, satisfying the following assumption.

(A6) The set D, consists of measurable random processes with sample paths {n(t),t €
[0,00)} taking values from B,(R’) with probability one. In other words for any finite
interval I, the elements of the set Dy belong to Lo (I, Bs(RY)) C Loo(I, RY) with
probability one.

Now we are prepared to consider the problem admitting dynamic uncertainty.

By straight forward substitution we have the feedback system
(4.29) &= F(z)+ BKLx + BK{+ G(x)n,2(0) =v, tel.

The objective functional is given by,

(4.30) J(K, €)= / 0(t, z(t))dt + d(x(T)).

1

Again our objective is to minimize the maximum risk, that is,

inf sup J(K,& 7).

K€Fad ceDneDy

We call this problem (P2). In view of Theorem 4.1, it follows from the stated objective
that the Hamiltonian should be taken as

(4.31) HE(t, 2,4, 8) = (F(x) + B(t)SL(t)x, ) + 7||S' B ()| g
+ S||GI(ZL’)Q/J||RL/ + 0(t,x).

For the problem (P2), we have the following necessary conditions of optimality.
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Theorem 4.4 (Both Dynamic and Measurement Uncertainty). Consider the problem
(P2) for the system (4.29) with the objective functional (4.30) and dynamic uncer-
tainty Dy satisfying the assumption (A6). Suppose the assumptions of Lemma 3.2
hold, G is once continuously differentiable with the derivative being uniformly bounded,
and the functions £ and ® satisfy the hypothesis (A5). Then, in order for K, € Fuq
to be optimal in the sense discussed above, it is necessary that there exists a ¥, €
C(I,R™) such that the triple {x,,1,, K,} satisfy the inequality (4.32) and the equa-
tions (4.33) and (4.34) as follows:

(4.32) HO(t,20(t), ¥o(t), Ko(t)) < HO(t, 2o(t),1h6(t), K) ¥V K €T,
and a.at € 1,

(4.33) b0 = HO(t, 20, 10, o), 2(0) = vt €1,

(4.34) Vo = —Hy(t, 20, Yo, Ko), Po(T) = @ulwo(T)), t € 1,

where H® is the Hamiltonian given by the expression (4.31).

Proof. The proof is similar to that of Theorem 4.1 with the Hamiltonian (4.1) replaced
by the Hamiltonian (4.31) as stated above. O

Remark 4.5. The partial derivatives of the Hamiltonian used in the equations (4.33)
and (4.34) are given by

HY = F(x,) + BK,Lx, + 1BEK,Y1(K,B1,) + sG(2,) T2 (G (2,)10)
HY = F,(zo)v + L' K Bt — s(Da(G (20)1)) VoG (26)10) + La(t, )
where Ty : R® — R’ is defined exactly as T; with the dimension being ¢ in place

of m. Here D,(f) stands for the gradient of f with respect to the variable z € R".
Note that D,(f) € M(¢ x n) if f(z) € R*, * € R", and hence (D,(f)) € M(n x ).

Remark 4.6. In the special case when the dimension of the space of disturbance ¢ = n
and G is independent of the state, in particular G is the identity matrix, the system
(4.29) has only additive uncertainty, and in this case the worst case Hamiltonian is

given by

(4.35) H°(t,2,9,8) = (F(z) + B(t)SL(t)z,v) +7(|S' B (8)¢l| rm + s|¢|

g +L(t, x).

5. COMPUTATIONAL TECHNIQUE FOR OPTIMAL FEEDBACK
LAW K

We present the key steps for computation of the feedback control law (gain)
{K(t),t € I}. Let K; = K;(t), t € I, be the feedback control operator (gain) at the i-

th iteration. In the following, we optimize K; using the gradient descent technique [1].
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Step 0: Choose any disturbance &; from the admissible set D as specified by the
assumption (A4). Subdivide the time interval I = [0,7] into N equal subintervals
and assume a piecewise-contant K;(t) = K;(tx), t € [tg, tgta), for k=0,...,N — 1.

Step 1: Integrate the feedback system (3.6) using the initial condition xg, disturbance
&;, and the assumed {K;} and record the solution as trajectory z; = x;(t), t € I.

Step 2: Use {x;, K;} to write the costate equation (4.4) and solve it backward giving
i = ;(t), for t € 1.

Step 3: Now using the triple {z;, K;,v;} write the Hamiltonian H°(t, z;,¢;, K;) as
defined by the expression (4.1).

Step 4: Compute the functional J(K;) using (3.4). Also compute the gradients of

the Hamiltonian giving H7, and its Ly-norm

T
/0 | H |t

Step 5: If J(K;) < d; or fOT | HS||?dt < 8y, then K; is close to the optimal feedback
control law. Here 0; and d, are the predefined small positive numbers which are used

as tolerance (acceptable level of approximation).

Step 6: If J(K;) £ 6, or fOT | HS||?dt £ 02, then use the following update rules to

adjust the feedback control operator K;(called gain in engineering literature):

AKi—i—l(tk) = EHIO((tk) + )\AKZ(tk) and

5.1
(5:1) Kip1(te) = Ki(tr) — AKi(ty), fork=0,...,N—1,

where € and \ are the step size and the momentum constant (for faster convergence),
respectively. Replace K; by K;,; and return to Step 1. We now have a good

approximation of the optimal feedback control law K.

6. NUMERICAL RESULTS

We now illustrate the performance of the proposed feedback controller by con-

ducting a set of numerical experiments. For this, we choose

0t x(t))

O(x(T)) =

N~ DN~

(Qx(t) — za(t)), x(t) — x4(t)), and
(P(x(T) —z),2(T) — 7).

The matrix @ € M(n x n) is a symmetric positive semi-definite matrix for all ¢ > 0,
and P € M(n x n) is a fixed positive semi-definite matrix, {z4(t) € R",t > 0}
is the desired trajectory and z € R"™ is the desired target state. For this case,
ly = Q(x(t) — x4(t)) and @, = P(z(T) — 7).
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6.1. Example. In order to show the effectiveness of the controller, we present two
different test scenario for a 3-dimensional (n = 3) competitive and cooperative system
defined by

T 1171 + G12T2 — 13713 bi1 bio u
. 1

(6'1) To| = |a21®1 + agxs — agx1x3| + |bar Do u
. 2
T3 —az1 (1 + x2) + azaxs bs1 b3y

The system (6.1) is equivalent to (3.1) with

T 1171 + G12T2 — 132173 bii bio u
. . 1
Tr= 1721, F(l') = |an + anrs — agrixs| , B= by by|, and u = .
. U2
T3 —as1 (1 + 22) + azoxs bs1  bso

For the simulation purpose, we choose the matrix B, and the coefficients of F'(z) from

the matrix A, as follows:

ai; iz Qi3 28 25 1 & 8
A= |ay axp ay|=107130 35 12|, and B=10""|8 8
a31 Q3z assz 5 40 0.0 & 8

The measurement matrix L of (3.2) is set as

ly he b 5
L= lzl 122 123 =13
2

l3l l32 l33

© oo
ENIEN IS

The first test scenario is carried out to show the performance of our control strategy
without any measurement uncertainty, i.e., £ = 0 in (3.2). The second test scenario
is performed by taking into account the measurement uncertainty of the system de-
scribed by the set D = {€ : I — R™ : £(t) € B.(R™), t € I}. The performance
metric used is the integrated tracking error as defined in (3.4) over the time period
of I =10,80] with £ and ® as defined above. The initial state (at time ¢ = 0) of the
system is set to [z1 3 23)7 = [0.1 0.5 5|7 and the initial choice of the feedback control

law K is given by a constant matrix as follows:

1 05 2
(6.2) K(t)=107° [3 L9 5] , for t € [0,80] time unit,

where the sampling time period is set to 0.8 time unit. The weighting matrices of
the cost integrand ¢ and the terminal cost ® are chosen as () = diag(0.2,0.2,0.2) and
P = diag(0.1,0.1,0.1) respectively. The parameters {e, A} of the update rule defined
by (5.1) are set as € = 2 x 1076 and A = 1. Without loss of generality, we take the
desired trajectory z¢ as the target state T = [z 24 24]7 = [0 0 0]7, which also requires

the system to reach the state [0 0 0]7 at time t = T.
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6.2. Proposed Controller’s Performance without Measurement Uncertainty.
The first test scenario is aimed at evaluating the performance of the proposed con-
troller in its ability to guide an uncertain dynamic system to a fixed target regardless
of its initial state. In this case, the system is required to reach the target state
() = (0,0,0) at time 7" = 80 (time units from its initial state). The results of this
test scenario are shown in Figure 1. The initial choice of K drives the system’s state
as shown in Figure 1(a). Examining the figure, it is clear that the feedback control
law (gain) K (as given in (6.2)) chosen arbitrarily can not guide the system to the
desired target. However, as expected, the optimal K° guides the system to its desired
target state with a small terminal error (see Figure 1(b)). Figure 1(c) shows the
convergence of the numerical procedure up to 500 iterations. Corresponding to the
initial choice of K = K, the system’s total cost J(Kj) = 1015.9. However, for the
optimal K° as shown in Figure 1(d), it is only J(K°) = 83.14.

Inital cost J(K)=1015.9036

600

Tracking error J(x)

‘Optimal cost J()=83.1481
3001 : :

2001

L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500
Number of Iterations

(c) (d)

FI1GURE 1. No Measurement Uncertainty: Performance of the pro-
posed controller without measurement uncertainty (i.e., r = 0). (a)
State trajectory corresponding to the initial choice of the feedback con-
trol law Ky, (b) State trajectory corresponding to the optimal feedback
control law (gain) K°, (c) Tracking error (cost) vs iteration, and (d)
Optimal feedback control law K°.
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6.3. Proposed Controller’s Performance with Measurement Uncertainty.
The second set of experiments is carried out to show the effectiveness of the pro-
posed feedback controller in highly uncertain dynamic environments. We choose the
uncertainty radius of » = 10 and r = 20. In this scenario, we consider two cases:

pessimistic case, and optimistic case.

6.3.1. Pessimistic case. For the pessimistic case, we must use the Hamiltonian given
by (4.1) representing the worst case scenario. The results of this case are shown in
Figures 2 and 3. Examining the Figures 2(c) and 3(c) one can observe that the cost
corresponding to r = 10 is less than that for » = 20, which is natural. In addition,
as expected, the system’s overall tracking performance is better in the case of r = 10
than that of » = 20. It is clear that under the pessimistic situation, increased level

of uncertainty degrades the system’s ability to reach the desired state.

Inital cost J(K,)=1015.1335

1000]

900

8001

700
600 il g

500

Tracking error J(x)

4001

CostJ =110.4564
3001 : :

2001

L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500 40
Number of Iterations Time

(c) (d)

FIGURE 2. Pessimistic Case: Performance of the proposed controller
with measurement uncertainty of radius » = 10 (a) State trajectory
corresponding to the initial choice of feedback control law Ky, (b) State
trajectory corresponding to the optimal feedback control law K°, (c)

Tracking error vs iteration, and (d) Optimal feedback control law K°.

6.3.2. Optimistic case. In this case, we consider the most favorable situation in the

sense that the energy in the disturbance adds to that of the controller in a cooperative
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Inital cost J(K )=1013.7406

1000]

9001

8001

700
Z 600
";ﬁ 500~
E ol

Cost ] =128.6644
3001

FIGURE 3. Pessimistic Case: Performance of the proposed controller
with measurement uncertainty of radius r = 20. (a) State trajectory
corresponding to the initial choice of feedback control law Ky, (b) State
trajectory corresponding to the optimal feedback control law K°, (c)

Tracking error vs iteration, and (d) Optimal feedback control law K°.

TABLE 1. Comparison of costs for two levels of uncertainty.

Radius of the ball of uncertainty | Optimistic case | Pessimistic case

10 91.57 110.46
20 89.10 128.66

fashion. This scenario is created by replacing » by —r in the pessimistic Hamilton-
ian (4.1) . In other words, in the cooperative environment the Hamiltonian is given
by the expression (4.25). For r = 10 and r = 20, the total system costs in this case
are shown in Figures 4(c) and 5(c), respectively. It is observed from Figures 4 and 5
that the performance of the controller (state trajectory and tracking cost) is much
better than that of the pessimistic case, as seen in the table 1.
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1000] B K1l
- - -K12

—#- K13
g00- . . B g 04p B - - K21y

Feedback control gain K

Cost1=01.5714

L L L L L L L L L . L L L L L L L
(] 50 100 150 200 250 300 350 400 450 500 0 10 20 30 40 50 60 70 80
Number of Iterations Time

() (d)

FIGURE 4. Optimistic case: Performance of the proposed controller
with measurement uncertainty of radius r = 10. (a) State trajectory
corresponding to the initial choice of feedback control law Ky, (b) State
trajectory corresponding to the optimal feedback control law K°, (c)

Tracking error vs iteration, and (d) Optimal feedback control law (gain)
(K).
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State x

tal cost J(K )=1015.7483

40
Time () Time ()

1000]

9001

800

7001

= a00F g 3
Cost 189.0962
300

2001

100+
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Number of Iterations
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F1GURE 5. Optimistic case:Proposed controller’s performance with
measurement uncertainty of radius » = 20. (a) State trajectory corre-
sponding to the arbitrary initial choice of feedback control law Ky, (b)
State trajectory corresponding to the optimal feedback control law K°,

(c) tracking cost vs iteration, and (d) Optimal feedback control law K°.
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