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ABSTRACT. In this paper, we investigate the asymptotic behavior of a DI SIR epidemic model
with a stochastic perturbation. The ergodic property is obtained by stochastic Lyapunov functions.
We also make simulations to show how the solution goes around the endemic equilibrium of a

deterministic system under conditions, which conform to our analytical result.
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1. INTRODUCTION

At the global level, the number of people killed by HIV/AIDS has been growing-
from 35 million in 2001 to 38 million in 2003 and over 20 million have died since the
first emergence of AIDS in 1981. Hence the HIV/AIDS pandemic has been the great-
est public health disaster of modern times. Unfortunately, the dynamics transmission
of HIV is quite complex. Recently, many researchers have constructed mathematical
models, which reflect the characteristics of this epidemic to some extent. In partic-
ular, Hyman et al. [4] proposed a differential infectivity (DI) model that accounted
for differences in infectiousness between individuals during the chronic stages, and
the correlation between viral loads and rates of developing AIDS. They assumed that
the susceptible population was homogeneous and neglected variations in susceptibil-

ity, risk behavior, and many other factors associated with the dynamics to the HIV
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spread. They divided the population as susceptible individuals S, the HIV infection
population I, which was subdivided into n subgroups, I, Is, ..., I,, and the group of
AIDS patients A. They presented the DI model:

(

dS -
— = nS'—pS=) B8,
j=1
dIy, =
(1.1) i kaﬁjljS—(u+vk)Ik, k=1,2,...,n,
j=1
dA a
\ k=1

where the rate of infection depends upon the transmission probability per partner [
of individuals in subgroup k, S° presents a constant steady state of the susceptible
population S, u is the rate of inflow and outflow, which maintains the equilibrium

SO, pi is the probability of an individual entering subgroup k, when he is infected,

and > pr = 1, 7 is the rate of leaving the high-risk population because of behavior
k=1
changes that are induced by either HIV-related illnesses or a positive HIV test and

finally ¢ is the die rate of A which satisfies § > p. Obviously, system (1.1) has only two
kinds of equilibria: the infection-free equilibrium Ey = (S, I, = 0,1, =0,...,I, = 0)
and the endemic equilibrium E* = (S*, I}, I, ..., I}). Hyman et al. [4] and Ma et al.
[8] showed if Ry < 1, the infection-free equilibrium is globally asymptotically stable

in the region G := {(S, )]0 < N = S+ > I, < S°}, while if Ry > 1, the disease-free
k=1
equilibrium is unstable, and the endemic equilibrium E* is globally asymptotically

stable in the region G, where Ry = S° Y %.
k=1

Allowing for environmental white noise, Jiang et al. ([6]) proposed a reasonable

stochastic analogue of system (1.1) given by

/ n
dS = (uS° — pS = > 3;1;S)dt + 05SdBs(t),

j=1

(1.2) dl, = [p Zﬁjfjs — (o +ve)lp)dt + o1 1, dBri(t), k=1,2,...,n,
j=1

dA = () _yl; — 6A)dt + o4 AdBa(t),
\ j=1

where Bg(t), Bri(t), Ba(t) are independent Brownian motions, and og, 07,04 are
their intensities. They showed there is a unique nonnegative solution to system (1.2)
for any nonnegative initial value and under some conditions there is a stability result
like

1/ 1/
limsup;/ E||X(t) — Eyl|* or limsup;/ E||X(t) — E*|?
0 0

t—o0 t—o0
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is small, provided the diffusion coefficients are sufficiently small, here X (¢) denotes

the solution of system (1.2), and E || X (t) — X* ||*= E[>_ (z(t) — z})?].

In this paper, as in [5, 7], we focus on the ergodicity of system (1.2) as Ry > 1,
which gives complement results to the results of [6]. The paper is organized as follows.
In section 2, we utilize a new stochastic Lyapunov function to show system (1.2) is
an ergodic diffusion process if the intensities og, o7 are sufficiently small. In section

3, simulations are made to verify our analytical results.

2. THE ERGODIC PROPERTY OF SYSTEM (1.2)

In this section, we discuss the stochastic dynamics of system (1.2) as Ry > 1.
First we introduce some sufficient conditions on the ergodic property of diffusion
processes. Let X (t) be a regular temporally homogeneous Markov process in £, C R

described by the stochastic differential equation
k
dX (1) = b(X)dt + Y 0,(X)dB,(t),
r=1

and the diffusion matrix is defined as follows
k

Alw) = (aij(@), aij(z) = ok(x)oi(x).

r=1
Theorem 2.1 ([2]). Assume there exists a bounded domain U C E; with regular

boundary, having the following properties:

(B.1) In the domain U and some neighborhood thereof, the smallest eigenvalue of the
diffusion matriz A(x) is bounded away from zero.
(B.2) If x € E)\U, the mean time T at which a path issuing from x reaches the set U

is finite, and sup,cx B, < 00 for every compact subset K C Ej.

Then, the Markov process X (t) has a stationary distribution p(-) with density in
E; such that for any Borel set B C Ej

lim P(t,2.5) = u(B),

and

pfjm 1 [ sy~ [ sonan} -

T—o00

for all z € E; and f(x) being a function integrable with respect to the measure pi.

Remark 2.2. The proof is given in [2]. The existence of a stationary distribution with

density can be found in Theorem 4.1, P119 and Lemma 9.4, P138. The ergodicity and

the weak convergence can be found in Theorem 5.1, P121 and Theorem 7.1, P130.
To show Assumption (B.1) and (B.2), it suffices to prove that there exists some

neighborhood U and a non-negative C2-function such that A(z) is uniformly elliptical
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in U and for any z € E\U, LV (z) < —C for some C > 0 (we refer the reader to [1],
P1163).

Theorem 2.3. Let (S(t), I1(t), I2(t),..., I,(t)) be the solution of system (1.2) with
any nitial value (S(0),11(0), I5(0),.. ,In(O)) € R IfRy > 1, 05, o1, k =

1,...,n are positive, and for j =1,...,n,
GBI I
2npS* > S*0% (403 4 k=1 Pk Zk; Beli + 4n)

" R0t [(CL+ CY)BkS: 2
+Z Ik { 1 22)ﬁk k+_}’
1 Pk
iy I
:U“+27k[]*2 5*2 2 (203 1Zk:1 ﬂk k +2n)
p; 2
N LPot, [(Ci4+Co)BesSy 27 | 207207
+Z Ik|: 1 2)ﬁkk+ }—l— Jj 71
k=1

Y

2 Dk 3

then the diffusion process (1.2) is ergodic and converges weakly to the stationary

distribution u, where (S* IF, I3, ..., I%) is the endemic equilibrium of system (1.1)
and
(2.1)
"L (2 2 1 " (2 2 1 <~ (2 2
Clzz(;bﬂ’ Cy = _ . (/i""}/k)’ CSZ_Z(M_'_%C)
=1 M (1 + ) K Zkzl Bl — M + Yk 2u — M + V&

Proof. When Ry > 1, there is the endemic equilibrium E* = (S*,I7,...,I}). Setting
the right-hand sides of system (1.1) to be zero, we get

Z@J*S* =0, kaﬁjI*S* (L+y)I =0, k=1,2,....n,
which gives

(22)  us° —,LLS*+ZBJI*S* Zﬂjf*s*—“”’ffk, k=12 .n

Dk
Define
Vi(S, I, 1o, ..., I,) = kil ay {(S — 8" — S*log %) + pik(lk — I; — I} log jﬁ)] ,
where a,, k =1,2,...,n are positive constants to be determined later. Then

*

- S 1 I
dVi = LVidt + » ap |1 — — ) 0sSdBs(t) + 1 — =) orulpdBri(t)| -
= v S| (15 ) ossans + o (15 ) onatidiact]
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where

S*a?q

LV; = Zak 5 ) (s — S — 25]51
7=1
(2.3)

ilk A Vi I;U%k
—i—Zak[(l—— Z@Sl - I) + ).
k=1

]

Note that (2.2) implies

LVl = zn: ag
k=1

. * ,U‘I”}/k; * S*US ]kgfk
+ Y 3,57 BS1i7 Li I+ + ==
Z:: ’ Z ’ e F 2 2Pk

:—ZuSak[ +——2} (iak )(2@5*3)

(25 (S (S o]

n

—Zak [Z@S @F‘]
_ Yy "L aS*o? " aplio}

20 " ar) [Zﬁjs Y ’“2 S+< 2’“ ”“).
k=1 j=1 k=1 —1 Dk

The fact that x — 1 —Inz > 0 for x > 0, yields

Zaks >iak (1+1n%)

k=1

Ik S*Q n *2 I*

375

e NS g g 1+
2418 +Zﬁj51j—u5— o [kk

*

**SII* & . S I I;

Substituting the inequalities above into (2.4), we get

LVi <= pS*a (S— +5 - 2) - ( ak]—k> (Z@S*J;)

k=1 k=1 k j=1
. = won L "\ apS*o?
<Zak>2@51m— (Zak> ﬁj51j1_1+z k2 S
k=1 j=1 b k=1

L. Rl In £,
+ (Z 2Pk ) (Z 1+ aj];.k 2 Iy,

k=1 j=1 k=1
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Let ar = B, S™ I}, and we have

(2.5)
* - * T S * - ﬁkS*I,;QO'%k
LVi < —uS (Z B3S Ik) ( = + == 2) (Z B35S Ik> 4+ 20
k=1 k=1
Define the C? function V4 : R* — RT as
& I, Iy I Ik)
Vo(li, 15, ..., 1,) = ap | ———— = log— |,
2 (11, I ) kz:;k<pk e Dk gl,’j
where ag, k = 1,...,n are the positive constants defined above. By computation, we
note that
LV, —ia (i_i) Zg SI; — (p+ iakl’zgi’“
2 2 k e prls Dk ] (1 + 7)1, o 2k
= (Z ak) > Bi(S = SN - (Z ak) > (S=878;1;
k=1 j=1 j=1
* a ‘l’ a I
k=1 k=1
i 4 aplio?
i ak(,u Wk)];+z k2k 1.k
k=1 Pk =1 Pk
— (Zak> > B8 =S - I;) (Zak> Z@S*I;S*
k=1 j=1 k=1
- k:1ak>;ﬁ]5’ I]I; ZakZﬁjs jgﬁ——<z )ZBJSI
n - “kgga?k
—1 Pk

Using the fact that xt — 1 —Inz > 0 for x > 0, we have that
LV, < (Zﬁks*fii) Zﬂj(S — S, - I})
ZﬂS*I Zﬁs*f* +1n§—1
J k J S

ﬁk S* [*201,k

(2.6) + Z 2;

k=1

< (Z ﬁks*f;;) SO G5 — 51~ )
k=1 j=1
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2
- S S* ﬂkS*Ik Ulk
+1 :ﬁks*1;> ( *+——2) +§ \RT Tk Trk
<k:1 S S 2py,

k=1
Define the C? function V3 : R, — RT as
Vi(S) = (5 — 57
Thus
(2.7)
LVy = 2(S — S*)(uS" — pS — Xn: 8,51, + Xn: B,5°T) + 0257

j=1 j=1

= —2u(5 — 5*)? —22@5 S*)I—2S*Zﬂ]5 SNI; = I7) + 025

Jj=1 Jj=1

< —2u(S — 5*)? 25*2,@5 SNI; = I7) + 025>,

7j=1

Define the C? function V; : RT™ — R, as

- I Ii
Vi(S, I, Iy, ..., I,) = S—=5"+——-—=).
5Tl )= L

By computation,

—1 Pk Pk Pk Pk
n 2 2
o1 11
+Y (038 + L5
k=1
"2
— _2nu(S — §%)? —22“*”3 ) Pk R A
k=1 Pk =1 Pk
i o2 I?
+ 3 (spst 4 R
k=1 Pk
Using the fact that 2ab < a? + b?, we note
) ,U“"Vk 2 ot )’ 2
LV, < —2nu(S — S¥) + —F(5 =9
' Z ) i Mk ( )

(2.8)

12
+Z Ssg Ulk k>

Finally define the C? function V : R — R, as
V =01V + OV, 4+ CsVs + Vy,

where C}, Cy and C are the positive constants defined in (2.1).
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Taking (2.5), (2.6), (2.7) and (2.8) into account, we have

SrI2g?
LV < —2nu(S — §7)? Z“ﬂ’f (I, — I})? +030552+C2ZM

k=1 Pi k=1 2py,
C’a . Bp S 202 i o2, 1
OES sy B L S o T
k=1 k=1 k

Since a® < 2(a — b)? + 2b%, then

(2.9)
ne N~ 207 .
LV < 2 [np— (Cy +n)o2] (5 — 572 = S (BT - Zhhy (g — 12
=1 Pk P
CL Y0, Bl "\ [P0t [(CL 4 Co)BeS; 2
+ 5*20_%(203 + 1 Zk:l ﬁk k _'_ Z k YLk [ 1 + 2)/6k k + _:|
2 1 2 Pk
n2 N~ 207 .
= 2 [ — (Cy +n)o2] (5 — 572 = S (B — Thhy (1 - 1p)? A,
=1 Pk P
where A = 5*20, (2C + M + 2n + Z k Ulk |:(Cl + C2)ﬂkSk i £:| .
2 — D 2 Pk
. + Yk A Yk
Note that if 02 < — 2 o2, < 1 d2 [ny— 2187 > A —
ote a105<03+n,01’k< 5 an [np — (Cs +n)og] 5™ > A, ( 7

207

é’k)I,’f > A, k =1,...,n (ie. the conditions in Theorem 2.3 hold), then the
Pg
ellipsoid

N2 NSt 207 ,
~2 [np — (Cy + m)od] (S — 577 = Y (E - 2y, — )P+ A=0
=1 Pk P
lies entirely in RTl. We can take U to be some neighborhood of the ellipsoid with
UCE, = RTl, so forx € U\ E;, LV < —C for some C' > 0, which implies condition
(B.2) in Lemma (2.1) is satisfied. Also, there is a M > 0 such that

n+1 n n
2 22 2 2 2
E E aip(z)ar(x) | &5 = o517 + E 07 1 Ck418k+1
=1

i,7=1

>M|¢)? allz e U, &€ R

Applying Rayleigh’s principle ([9, p342]), condition (B.1) is satisfied. Therefore, the
stochastic system (1.2) has a unique stationary distribution p(-) and it is an ergodic

diffusion process. O

Remark 2.4. From the results of Theorem 2.5 in [6], we can see, if X* is the equi-

librium of the system (1.1), but not of system (1.2), then under some conditions,

t
lim sup %/0 B[ X(s) — X*|[2ds < O(o2),

t—oo
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where X (t) is the solution of system (1.2), [|X(s) — X*||? = > (Xx(s) — X})? and
k=1
0’ =0+ Y 07y
k=1
In fact, by the ergodic property of system (1.2), the limsup can be replaced by

t—o00

lim and the deviation between the vector (zg,x1,...,x,) and E* in the L?(x) norm

t—o0

is dominated by the intensities of white noises.

3. SIMULATION

We use the Milstein’s higher order method in [3] to find the strong solution of
system (1.2) with given initial value and the values of parameters for n = 2. The

corresponding discretization equation is

(

2
Sk—i—l = Sk + (MSO - ,uSk - ZﬂjSklj,k> At + O'Ssk\/ Athk
j=1

_'_%Sk (Atéik - At)v

2
Lijgpr =L+ |0 Z BiSklir — (w+ 7)1 | Dt + orali e/ Dty
=1

02
+%h,k(At£§7k — At),

2
L1 = I+ |p2 Z BiSeljp — (i +v2)log | At + 01200 )/ Atz

j=1

02
+§12,k(m§§7k — At),

where &1 1,82, and &35, k£ = 1,2,...,n are independent Gaussian random variables
N(0,1), and oy, 09, 05 are intensities of white noises. We choose (5(0), 1,(0), I2(0)) =
(3.6,1.8,2.8), At = 0.2 and the parameters Sy = 2, p = 0.2, v; = 72 = 0.3, p1 = 0.4,
p2 = 0.6, 81 = B2 = 0.5, 05 = 011 = 072 = 0.1 such that the conditions of Theorem
2.3 are satisfied, and the simulations conform the results from visual. Specifically, the
left picture (a) in the figure shows the solution of system (1.2) is fluctuating around a
fixed point (S*, I, I5), where the red, blue and yellow lines represent the population
S, I1, Iy, respectively; In the right picture (b) of the figure, we give the simulation
of 1 fot S(s)ds, 1 f(f I1(s)ds and 1 f(f I5(s)ds to conform the ergodicity of system (1.2),

which are also represented by red, blue and yellow lines, respectively.
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