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ABSTRACT. The authors investigate the limit-point and limit-circle properties of solutions of the

delay differential equation

(a®)y'17y) +r(®)|y (@) seny (o)) =0

where p > A > 1, a(t) > 0, r(t) > 0, ¢(t) <t on Ry, and tlim ©(t) = co. The results generalize
— 00
these properties for ordinary (non-delay) differential equations that were initiated by Hermann Weyl

one hundred years ago for linear equations.
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1. INTRODUCTION

In this paper, we consider the second order nonlinear delay differential equation

(1.1) @Oy + )|y (o) seny(p(t) =0

where p > A >1,a€ CHRy), r € CY(R,), p € CHR,), a(t) > 0, r(t) > 0, p(t) <t
on R, and t1i>r£10 @(t) = oo. If p =1, this is the well known Emden-Fowler equation,
while if p = A, it is known as the half-linear equation. Following the terminology
introduced in [6, 7, 8], if A > p, we say that equation (1.1) is of the super-half-linear
type, and if A < p, we will say that it is of the sub-half-linear type.

We begin by defining what is meant by a solution of equation (1.1) as well as
some basic properties of solutions.
Definition 1.1. Let 0 = til]réf o(t), ¢ € C°0,0], and y, € R. We say that a function
eR4

y is a solution of (1.1) on R, (with the initial conditions (¢,yp)) if y € C°[o, 00),
y € C'R,), alyy € CMRy), (1) holds on Ry, y(t) = ¢(t) on [0,0], and
y:(0) = %o,
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We assume that solutions are defined on their maximal interval of existence to the
right. Definition 1.1 is not restrictive since Lemma 7 in [4] ensures that all solutions

are defined on R, .

Equation (1.1) can be written as the equivalent system
1 1
y1 = a7 (t)|y2|? sgnys,
A
vy = —r(t) [y(e(t)) | sgny(e(t))

The relationship between a solution y of (1.1) and a solution (yi,y2) of the system
(1.2) is

(1.3) yi(t) =y(t) and ya(t) = a®)|y' )Y (1),

and when discussing a solution y of (1.1), we will often use (1.3) without mention.

(1.2)

Definition 1.2. A solution y is called proper if it is nontrivial in any neighborhood
of co. A solution y of (1.1) is oscillatory if there exists a sequence of its zeros tending

to 0o, and it is nonoscillatory otherwise.

Here we are interested in what are called the nonlinear limit-point and limit-circle
properties of solutions as defined below. The study of such solutions began with the
fundamental work of Weyl [16] on second order linear equations and it has generated
a great deal of interest over the last 100 years. Extensions of these ideas to nonlinear
equations began with the papers of Graef and Spikes [13, 14, 15| and a survey of
known results on the linear and nonlinear problems as well as their relationships to
other properties of solutions such as boundedness, oscillation, and convergence to zero
can be found in the monograph by Bartusek, Dosla, and Graef [2] as well as the recent
papers of Bartusek and Graef [5, 6, 10, 11, 12]. The notions of the strong nonlinear
limit-point and strong nonlinear limit-circle types of solutions were first introduced
in [9] and [8], respectively. These notions were first introduced for equations with a

time delay in [4, 3]; the equations in these papers have r(t) < 0.

Definition 1.3. A solution y of (1.1) is said to be of the nonlinear limit-circle type
if

(NLO) / 1) (el [ ds < oo,

and it is said to be of the nonlinear limit-point type otherwise, i.e., if

(NLP) | @) (ot ds = oo.

Equation (1.1) will be said to be of the nonlinear limit-circle type if every solution y
of (1.1) satisfies (NLC), and it will be said to be of the nonlinear limit-point type if
there is at least one solution y for which (NLP) holds.
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Definition 1.4. A solution y of (1.1) is said to be of the strong nonlinear limit-point
type if
> A > a(s) +1
/ ly(s)| |y (e(s))|" ds = oo and / ——y'(s)["" ds = o0
0 o 7(s)
Equation (1.1) is said to be of the strong nonlinear limit-point type if equation (1.1)

has proper solutions and every one of these is of the strong nonlinear limit-point type.

Definition 1.5. A solution y of (1.1) is said to be of the strong nonlinear limit-circle
type if
> A > a(s) +1
/ ly(s)| |y (e(s))|" ds < oo and / ——y'(s)[""ds < o0
0 o 1(s)
Equation (1.1) is said to be of the strong nonlinear limit-circle type if every solution

is of the strong nonlinear limit-circle type.

When equation (1.1) is linear and ¢(t) = ¢, Definition 1.3 reduces to the (linear)
limit-point and limit-circle definitions of Weyl. If ¢(t) = ¢, Definitions 1.3, 1.4, and

1.5 agree with the nonlinear versions for equations without delays.

It will be convenient to define the following constants

PP s S SN Co% L/ NP o R0
A+2)p+17 A+2)p+1’7 p(A+1)’
U Pt i SR Gk )] Gh) B
p p—A

6_()\+2)p—|-1 B, = D
YR T A+ 2p+17

Notice that « =1 — 3. We define the functions R, g: R, — R and a: R, — R, by

RO =00, 9(0) = -
and

a(t) =min{a(s) : p(t) <s<t,s >0}, teR,,
and for any continuous function h: Ry — Ry, we let hy(t) = max{h(¢),0} and
h_(t) = max{—h(t),0}, so that h(t) = hy(t) — h_(t). For any solution of (1.1), we
let

P = O[O + o]

= RO (R (] +oluto] ™).

Note that F' > 0 on R, for every solution of (1.1). We will make use of the following

assumption:

t—o0

(1.4) lim g(t) =0 and /OOO 9/ (0)] do < 0.
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It will be convenient to point out that

ooa(s> ! p+l = (g s % s
/0@‘“5” ds—/o R (8)|yn(s)| 7 ds.

2. ASYMPTOTIC PROPERTIES OF SOLUTIONS

Our first lemma gives global growth estimates on solutions of equation (1.1).

Lemma 2.1. Let y be a solution of (1.1). Then there exist positive constants C' and
C1 such that for all large t:

(i) if p > A, then

1 P

(2.1) |y1(2))| SC[/Ota_;(8)</osr<g)da>pd8]p/\

(2.2) [9:2(0)] = €1 [/Otr(s)</os

(i) if p= A, then

(2.3) (1)) < Cexp /Ot k() du)

and

(2.4) [12(1)] < Crexp { /Ot ba(u) du ),

ar (o) da) /\ds} T

where k(t) = Q%a_%(t)(fg r(s) ds)% and ki(t) = 2pr(t)(f0t a_%(a) do)”.

Proof. Let y; be a solution of (1.1) with the initial conditions (¢, y;). First, we prove
that inequality (2.2) holds. If y, is bounded on R, then (2.2) holds, so suppose that
y2 is unbounded on R, and set v(t) = max ly2(s)|. Integrating (1.2), we see that

there exists to > 0 such that

1

(2.5) [y ()] < |y (to))| —I—/O a_%(s)‘yg(s)‘%ds < 2/0 a_%(s) vr(s)ds

for t > to. If t; > to is such that ¢(t) >ty for ¢ > 1, then (1.2) and (2.5) imply
t
a(0)] < Joatto)| + [ r(]onels))] ds
t
o A S A
(2.6) < |ya(to)] +2)‘/ r(s)vp(s)</ a »(0) da) ds
0

to
for t > t;. Since p > A, v is nondecreasing, and tlim v(t) = oo, (2.6) implies the
existence of t9 > ¢; and a constant Cy > 0 such that

|y2(t) ] §C2U%(t) /tr(8)</08a_%(a)da>/\ds, t>t,.

0
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Hence,

o(t) < Covs (1) /Otr(s)</osa_zl)(a)da)/\ds, >t

and (2.2) follows from this and the fact that |y2(¢)] < v(t). Inequality (2.1) can
be proved similarly by setting v(t) = max, ly1(s)| in the first inequality in (2.6) to

obtain
()] < 20°(8) /0 r(s) ds

for t > t3 for some t3 > to. Substituting this into the first inequality in (2.5) leads to
(2.1).

Let p = A. Then (2.5) and (2.6) imply

‘yg(t)} < }yg(to)‘ —I—/t ki(s)v(s)ds, t > to,

or

lvu(t)] < }y2(t0)\+/ ki(s)v(s)ds,  t>t.

to

Hence, Gronwall’s inequality implies (2.4). Inequality (2.3) can be proved in the same

way as (2.1) in the case A < p. O

The following lemma gives a better estimate in case R is nondecreasing.

Lemma 2.2. Let R'(t) > 0 on Ry and let

(2.7) / a7 (s)R71(s) (s — p(s)) ds < 00
0
Then every solution y of (1.1) is bounded on R, and there ezists a constant K =
K(y) > 0 such that
[y ()] < Ka 7 (1) R (1)

on R+.

Proof. Let y be a solution of (1.1) and let £y > 0 be such that ¢(t) > 0 on [tg, c0) and

2 1

(2.8) ASy 3T /t h a # (s)R71(s) (s — o(s)) ds < 5

If

(2.9) E(t) = R )] + 4y >0, >0,
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then
E'(0) = o )] = s (0] snn(0) 0y (o(0) sy
+ 0y )]y () sen (1)
< oo b + 81y 0] [ [0 s v(0) ~ ot sy (ete)
R (1)

210) == gale® + M@ O [y ©|( - o)
where £ € [cp(t),t}, t > to. Define Z by
Z(t) = 0H<1§E<tE(s) +1.

Then (2.9) implies

(2.11) ()] < (@)x—ﬂ |we®)| < (ReE) 2() 75
and
(2.12) ly'(1)] < a”7 () (R(t) Z(1)) 7
for t > to. From this, (2.11), and (2.10), we have
, 1 s (2E))3n
E'(t) < Moa”#(t) (R(t) Z(1)) ( ) )

< G (t) Reer (1) (t = (1)) Z(1)

for t > to with Cy = )\57_%. Hence, applying (2.8), we obtain

E(t) < E(to) + C1 (1) / 0" (s) R71(s) (5 — (s)) ds

to
and so Z(t) < E(tg) + 14+ Z(t)/2 for t > to. This implies Z(t) < 2E(tg) + 2 so Z is

bounded on R;. The conclusions of the lemma follow from this and (2.12). O

Our next lemma is concerned with both the limit-point and limit-circle properties.
Lemma 2.3. Let y be a solution of (1.1).
(i) If there exists € > 0 such that
(2.13) O'(t) >e  forlarge t

and

/ (O Mdt < oo,
0
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then
> A
(2.14) / | [y(e()] dt < oo.
0
(ii) Let A and B be positive functions, B be nondecreasing, and M > 0 be a constant
such that
(2.15) 0<¢(t) <M for large t,
(2.16) ly(@)| < A@t) and |y'(t)| < B(t) on Ry,
(2.17) / AMp(t)) B(t) (t — o(t)) dt < o0,
0
and
JECI
0
Then
(2.18) / }y(t)} ly((t)) }/\dt =o00.
0

Proof. Let y be a solution of (1.1) and 7 > 0 be such that ¢/(t) > ¢ and ¢/(t) < M
hold for ¢t > 7 in cases (i) and (ii), respectively.

(i) By Holder’s inequality

Thus, (2.14) holds.
(ii) First note that
y(t) = y(e(t) + ') (t —o(t) = y(e(t) + h(t)
for t > 7 where ¢ € [p(t), 4] and h(t) = y/(€)(t — ¢(t)). Then (2.16) implies
|h(t)| < B(t)(t — (1))

Since lim ¢(t) = oo, we see that

t—o00

[ vl as = [ Julets)) [ ds - 0
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where, by (2.17),

[e.e]

/ (s y(p(s))] ds < / A((5)) B(s)(s — pls)) ds < oo.

Hence, (2.18) holds. O

The following lemma gives a sufficient condition for all solutions of (1.1) to be

oscillatory.

Lemma 2.4. ([1, Theorem 3.1]) Let A < p,

/000 a_%(t) dt = oo and /000 (/OW) a_%(s) dg)Ar(t) dt = 0o .

Then every solution of (1.1) is oscillatory.

Remark 2.5. Note that Lemmas 2.1, 2.3, and 2.4 hold without the assumption A > 1.
Also, Lemma 2.3 holds without assuming p > \.

3. LIMIT-CIRCLE PROBLEM

The following lemma is concerned with an equation of the form of equation (1.1)

but without a delay, namely,
(3.1) (a(®)|Z'P712") +r(t) | Z sgn Z = e(t),

where e € C°(R, ). At times, we will need the assumption

(3.2) /too R %(0)|e(o)| do < K/too 9/ (0)| do

for large t, where K > 0 is a constant.

Lemma 3.1 (See Theorem 2.11 in [7]). Let (1.4) and (3.2) hold and either (i) A = p,
or (i) A < p,

” [TEDlgy e, [,

and

(3.4) litrg(i)lolf Rﬁ(t)</:O 19'(s)] ds)w exp { /Ot (R_l(a)):rR(U) da} =0.
If N
/ R™%(0)do < o0,

then for every solution Z of (3.1),

/OOO}Z()‘/\+1d8<oo and /Om%}Z'(s)‘p+lds<oo.
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Our first theorem gives a sufficient condition for equation (1.1) to be of the strong

nonlinear limit-circle type.

Theorem 3.2. Assume that (1.4), (2.13), and (3.2) hold. In addition, assume that

one of the following conditions holds:

(i) A <p, (3.4) holds,

where

k(t):g%a%@)(/otr(s)ds)” and k:l(t):2pr(t)</0ta_%(a)da>p.

If
/ R™%(0) do < oo,
0

then (1.1) is of the strong nonlinear limit-circle type.

Proof. Let y be a solution of (1.1). Then y is also a solution of equation (3.1) with

37 et)=r®[ly®)| seny(t) — [y(o)[ seny ()], teR;.
Thus,
(3.8) e(t) = Mr()]y(©)] Y (©) (t — (1))

for some £ € [p(t),t].
For t > 1, define
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if A <p, and
t
A(t) éfexp{/ Ek(u) du} ,
0
def __1 I
B(t) = a »(t)exp —/ ki(u) du
P Jo
if A =p.

Since the hypotheses of Lemma 2.1 are satisfied, the estimates (2.1)—(2.4) and
(3.8) imply

(3.9) ()| < CA@), |yi(1)] < CiB(),
and
(3.10) le(t)| < C2AN () B(t) r(t) (t — »(t))

for some positive constants C', C, and C5. By Lemma 3.1, we have

> A+l Ooa(s) ’ p+1
/0 ly(s)|"" ds < oo and /0 @‘y(s)‘ ds < 0.

The hypotheses of Lemma 2.3(i) hold, so the conclusion follows from (2.14). O

Our next theorem is another strong nonlinear limit-circle result; it allows for a

larger class of delays but requires R'(¢) > 0.

Theorem 3.3. Assume that (1.4) and (2.13) hold, R'(t) > 0 on R,

/ d_%(s)RP%(s) (s — ¢(s)) ds < oo,
0
and (3.2) holds with
e(t) =a »(t)r(t) R (t)(t — (1)) -
In addition, assume that either (i) A = p, or (ii) A < p, (3.3) holds, and

liminfRﬁ(t)</too 9'(s)] ds)w =0.

t—oo

Then if
/ R7P(t) dt < oo,
0

equation (1.1) is of the strong nonlinear limit-circle type.

Proof. The proof is similar to that of Theorem 3.2 except that we apply Lemma 2.2
instead of Lemma 2.1. Note that

‘yl(t)} < CA(t) = const. and ‘?A(t)} < C1B(t) = C'ld_%(t) RTJlrl(t)

for some positive constants C' and C4. O
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4. LIMIT-POINT PROBLEM

In this section we develop some nonlinear limit-point criteria for equation (1.1).

For any solution Z of (3.1), we let

Zo(t) = a)| 2O 2(8) and  G(t) = Rﬁ[|Z}2222| +7\Z(t)\”l} |

Lemma 4.1. Let A\ < p, (1.4) hold, and let A and B be nondecreasing positive

functions such that, for any solution y of (1.1), we have
()| < CA) and |y'(t)] < CLB(1)

on Ry with constants C' and Cy depending on y. If

(4.1) /OOO R P(t)r(t) A1) Bt) (t — (b)) dt < oo,

then equation (1.1) has a solution y for which F' is bounded from below by a positive

constant on R, .

Proof. Let K1 = 4+ 71 sup ‘g N = %[(%) v+ Kl] , and choose T € (0, 00)
such that o

/ ¢/(0)|do < NV, / 1) AM1(8) Bt)(t — () dt < N,
and

}g(t)} <N for t>T.

Let y be a solution of (1.1) satisfying
yt)=D on [0,0] and ¢'(0) =0,

Al

T 1
where D is defined by C' = [a"»(s)( [, r(0)do)” ds,
0

(4.2) D—C@2D)7 > [y min R(s)]™, and D> - (20)—.

0<s<T

Set v(t) = max ‘y )|- Then, from (1.2) we obtain

|y2(t)] S/O (s)]y (¢( ‘ ds <w (t)/0 r(s)ds,

) =Dl < [ @ H o) (o) ds < Cvi)
on [0, 7). This implies

and

(4.3) D —Cur(t) <y(t) < D+ Cuvr(t), telo,T]

or

v(t) < D+ Cur(t), telo,T].
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From this and (4.2), we have v(t) < max (2D,(20)P%) = 2D. Hence, the first
inequality in (4.2) and (4.3) imply

1

y(t) = D= C2D)r > [y~ min R™(s)]*"
on [0,7]. Thus, F(t) > 1 on [0,T], and either
(4.4) Fit)>1 on Ry,
or there exists ty € (T, 00) such that

(4.5) F(ty)) =1 and F(t)>1 on [T,ty).

If (4.4) holds, we are done, so suppose (4.5) holds. If e is given by (3.7), then y is a
solution of (3.1) with G(¢y) = 1, and from (3.8) and (3.9),

le®)] < Mr®yE©)] Y (©](t = o) < ACYCir(t) A () B (- (1))
From this and (4.1) we have
(4.6) /OO R (t)]e(t)] dt < oo

Furthermore, it follows from [7, Lemma 2.15] and its proof (with ¢y = tg and N = N)
that

(4.7) F(t)=G(t) > for t>tg;

N | —

notice that all the assumptions on ¢y and N are satisfied, (1.7) in [7] holds by (4.6),
and (1.8) in [7] is not needed to prove (4.7) (it is used to show tlim F(t) € (0,00)).
The conclusion of the lemma now follows from (4.4), (4.5), and (4.7). O

Our next three lemmas contain results concerning the auxiliary equation (3.1).

Lemma 4.2. Let the hypotheses of Lemma 4.1 hold, R'(t) > 0 on R,

10 ] s se - .
/0 {a(t)“}f‘ (OB()(t — p(t)) dt < o0,
and
[ (t)] a7 (t)dt .
(4.8) /0 e e
If
(4.9) /°° R2(1) dt = oo

and e is given by (3.7), then there exists a solution Z of equation (3.1) satisfying
[ 1Z@)P T dt = oo
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Proof. Let y be a solution of (1.1) as given in Lemma 4.1. Then Z = y is a solution

of (3.1) and G is bounded from below by a positive constant. Condition (4.9) then

| Zo(t))° > At >~ G(t)
/0 0 dt+7/0 |Z(@t)|" dt = /ORﬁ()dt

If Z is oscillatory, then the result follows from this and Theorem 4 in [10] since

implies

/OO} ()}’\Hdt oo if and only if /OOO}ZQ ‘R t)dt =

0

If Z(t) Z'(t) > 0 eventually, then we are done, so assume that Z(t) Z'(t) < 0 for large

t. The case
(3] A 4
/ }Z( )}/\+1dt<oo and / 1221 dt =
0 o R()
is impossible due to (20) and (21) in the proof of Theorem 4 in [10]. O

We will need the condition

p(A+1)

[24(3) 0] 5

- [8K1N1]_1, lfp > )\,
(4.10) / R(0)|e(t)|do < M <
0
[8K1N1]_1, lfp = )\,

where N, = (%)Pfil + (%)ﬁ, Ky =0+ 7N, and N is defined by

24N (3)™ <1, ifp> A,
sup g <N, [ |g(0)]do <N, and
teRy 0

N < [367] 71, ifp=A\
Lemma 4.3. Let (1.4) and (4.10) hold. Then for any solution y of (3.1) satisfying

(p+DH(A+1)

24N% ()] ifp> A,

(4.11) G(0)=C =

1, ifp=A,
the inequality
(4.12) Zc <G < gc

holds on R .

Proof. Let y be a solution of (3.1) satisfying G(0) = C. Then, by Lemma 1 and (14)
n [10], we have

1 1

(4.13) [y(®)] <7 TFREGET(), ()] < R* (DG (1)
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on Ry, and

(4.14) — a/ g'(s)y(s)yz(s)ds + D(t,7)

1

t
for 0 < 7 < t, where D(t,7) < Ky [ R™(s)(G71(s) + G%H(s)) le(s)| ds. First, we
will show that '

3
Suppose that (4.15) does not hold. Then there exist ty > ¢; > ¢y such that

G(t2)=§c, Glt) =C, and O<G(t)<§0 for ¢ (tt).

Then (4.13) and (4.14) with 7 = ¢; and ¢t = ¢, imply
C _1 f2 B
5 < 3aNt1I£13£ ‘y (0)‘ + KN, Crtt /tl R ( } ‘da
<3Ny ()07 + MENOP < S+ T =T

This contradiction proves that (4.15) holds.
Now from (4.15), (4.13) and (4.14) with ¢ = ¢ and 7 = 0 we obtain

t
|G(t) = C| < 3aN sup |y(c)ya(0)] +K1N10m/ R %(0)|e(o)| do
oceRL 0
) c Cc cC
<3N ()P + MEN,Cri < 3T T
Hence, 3C < G(t) < 3 < 2C on R,. O

Lemma 4.4. Let (1.4) and (4.10) hold,

a'(t) _
(4.16) e
and
; e(t) B2 (4) —
(4.17) Lw(t)R (#)=0.
If
(4.18) / TR di = oo

then any solution Z of (3.1) satisfying (4.11) is proper and

(4.19) / N 1Z(t)[* dt = oo

If, in addition,
r(t) >ro>0 for teRy,
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then

(4.20) /0 N %}Z’(m”“ dt =

Proof. Note that the hypotheses of Lemma 4.3 hold. Let y be a solution of (1.1)
satisfying (4.11). Then (4.12) holds, y is proper, and properties (4.19) and (4.20)
follow from Theorem 2.16 in [7]. Note that condition (1.8) in Theorem 2.16 in [7]
was used only for the existence of a solution y satisfying (4.12). But here we proved
(4.12) without needing it. O

Remark 4.5. Note that (4.11) does not depend on the function e.

Theorem 4.6. Let conditions (1.4), (2.15), (4.10), and (4.16)—(4.18) hold, and let

/ ds
0

(i) For A < p, let e be given by (3.5) and A(t [fk: }

||
”dl>—'
'U|>—'

(i) For A =p, let e be given by (3.6) and A(t) = exp { fo ds}.

Then, if
*e(t) At
(4.21) / A 4y o)
0 r(t)
then equation (1.1) has a solution y that is of the nonlinear limit-point type, i.e., (1.1)

1s of the nonlinear limit-point type. If, moreover, there is a constant ro > 0 such that
(4.22) r(t) >ro>0 for teR,,
then y is of the strong nonlinear limit-point type.

Proof. Let y be a solution of (1.1) satisfying F'(0) = C' where C' is given by (4.11).
Then, in a manner similar to the proof of Theorem 3.2, only now using Lemma 4.4

instead of Lemma 3.1, we can show that

(4.23) /0 ()] ds = oo

(If (4.22) holds, we can show that [~ Z(Z '(s)|PTtds = oo as well.) Now, part (ii)

of Lemma 2.3 holds since (2.17) follows from (3.9), (3.10) and (4.21). The conclusion
then follows from this and (4.23). O

Theorem 4.7. Let A\ < p, conditions (1.4), (2.7), (2.15), and (4.8) hold, R'(t) > 0

on Ry, and
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If
(4.24) / RP(t)dt =
0
then equation (1.1) is of the nonlinear limit-point type.

Proof. In Lemma 4.1, we take the estimates A(t) = const. and B(t) = a_%(t)RPI?(t)
from Lemma 2.2, and we let y be a solution of (1.1) as given in Lemma 4.1. Then we

see that the hypotheses of Lemma 4.2 hold. As in the proof of Theorem 3.2, if we set

e(t) = r(t) [ly®)] seny(t) — |y (@) *seny(e®)], ¢ Ry,

then y is the solution of (3.1) for which G is bounded from bellow by a positive
constant. The conclusion can be proved similarly to the proofs of Theorems 3.2 and

3.3 using Lemmas 2.2 and 4.2 instead of Lemmas 2.1 and 3.1, respectively. O

Since the hypotheses of the previous theorems are rather complicated, we will

apply our results to the case a = 1, i.e., to the equation
_ A
(4.25) (Iy'Py) +r()]y(e®))]" seny(e(t) = 0.

Corollary 4.8. Let A < p, r'(t) > 0 on Ry, condition (2.15) hold,

r'(t) o0 \r /
li =0
tirilo 7’1+a(t) ’ /0 Tp+1 7”1+a t

/Ooorg_ﬁ(t)(t—go(t))dt<oo, and /0 rA(t) dt = 0.

Then equation (4.25) is of the nonlinear limit-point type.

dt<oo,

Proof. This is a special case of Theorem 4.7. O

Example 4.9. Consider the equation

(4.26) (1y'7"") + |y (o)) seny(p(t)) =0, ¢>1,

where A < p, ¢’ > 0, andt—— <) <tforlarget. If0<s< 1 3 and v > 1+pﬁ s,
then (4.26) is of the nonlinear limit-point type by Theorem 4.7. On the other hand,
ifA<p, ¢ >e>0, 5 <, and v > 2+ [iﬁ + m} s, then Theorem 3.3 implies

equation (4.26) is of the strong nonlinear limit-circle type.

Example 4.10. Consider the equation

(4.27) (Jy/ 1Pty '), + Cts}y(gp(t))}ksgny(gp(t)) =0, t>1,

Where02[2471()61}a )\<p,—é§5<0 0<¢ <M, andt——<go(t)§t

for large t If either s € (—1,0] and v > 1 + mpf#, or s € [—E,—l) and

v > 1+ 25 + max{0, s;i\;\’l}, then (4.27) is of the nonlinear limit-point type by
Theorem 4.6( ).
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