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ABSTRACT. The application of the monotone iterative method to neutral differential equations
with deviating arguments is considered in this paper. We formulate existence results giving suffi-
cient conditions which guarantee that such problems have solutions. This approach is new and to
the Authors’ knowledge, this is the first paper when the monotone iterative method is applied to
neutral first—order differential equations with deviating arguments. An example is given to illustrate
theoretical results. One may apply a numerical method based on the proposed monotone iterative

method to obtain a numerical solution of our problems.
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1. INTRODUCTION

In this paper, we investigate initial value problems for first order neutral differ-

ential equations with delayed arguments of the form:
d(t) = f(t,2'(t),2'(B(1), z(t), x(a(t), teJ=[0,T],
(1.1)
z(0) = 0,
where
H:feClUxRxRxRxR,R), a,pecC(J,J)and a(t) <t, [(t) <tonJ.
If f does not depend on the second and third arguments, then problem (1.1) is
not of neutral type which was considered, for example, in paper [1].
Also in this paper, we discuss the following problem:

d(t) = g(t,2' ), 2" (B(1)), x(t), x(a(t))), teJ=1[0,T],

(1.2) o

where
H :9geC(JxRxRxRxR,R), a,8€ C(J,J) and a(t) >t, 3(t) >t on J.
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If g does not depend on the second and third arguments then problem (1.2) is
not of neutral type which was discussed, for example, in paper [2].

An interesting and fruitful technique for proving existence results for nonlinear
differential problems is the monotone iterative method (see, for example, [3] for de-
tails). We have many applications of this method both to initial and boundary value

problems.

We want to apply the monotone iterative method also to the neutral differential
problems of types (1.1) and (1.2). To apply it, we first make the substitution y(t) =
2'(t). Then problem (1.1) is equivalent to the following equation:

t a(t)
(1.3) y<t>=f(t,y<t>,y<ﬂ<t>>, / y(s)ds, / y(s)ds> = (Fy)(t), te

Similarly, problem (1.2) takes now the form:

T

(1.4) y<t>=g(t,y<t>,y<ﬁ<t>>,— / y(s)ds, - / y(s)ds)zwy)(w, te

®)

2. MAIN RESULTS

First of all, we investigate problems (1.3) and (1.1).
We say that v € C'(J,R) is called a lower solution of (1.3) if

u(t) < (Fu)(t), teJ,
and it is an upper solution of (1.3) if the above inequality is reversed.

Now we formulate conditions under which problem (1.3) has extremal solutions

in a corresponding sector bounded by lower and upper solutions of problem (1.3).

Theorem 2.1. Let assumption Hy hold. Let yg, zo € C(J, R) be the lower and upper
solutions of (1.3), respectively and yo(t) < zo(t), t € J. In addition, let us assume
that the following assumptions hold:

Hy : f is nondecreasing with respect to the last three variables,
Hs : there exists a constant K > —1, such that

f(tauavlaUZaU?)) - f(taaa 'Ula'UQaU?)) S K(ﬂ - U)
foryo <u < u < z.

Then problem (1.3) has, in the sector [yo, 20]«, minimum and mazimum solutions,

where

[Y0, z0]« = {v € C(J, R) : yo(t) <wv(t) < z(t), t € J}.



NEUTRAL DIFFERENTIAL EQUATIONS 319

Proof. Let
Yni1(t) = (Fyn)(t) = Klyna(t) —ya(t)], t€J,
Zni(t) = (Fzn)(t) = Klzpn(t) — 2a(t)], t€J
forn=0,1,..., with the operator F' defined as in formula (1.3).
Observe that functions y;, z; are well defined. First, we prove that
(2.1) Yo(t) < wyi(t) < zi(t) < 20(t), tEJ
Put p =yo — y1, ¢ = 21 — 29. It leads to
p(t) < (Fyo)(t) — (Fyo)(t) — Kp(t) = —Kp(t)
q(t) < (Fzo)(t) — (F20)(t) — Kq(t) = —Kq(t).
This shows that yo(t) < yi (), z1(t) < 2(t), t € J. Now, we put p = y; — 2. In view

of assumptions Hs, H3 we have
p(t) = (Fyo)(t) — (Fz0)(t) — K[y1(t) — yo(t) — 21(t) + 20(t)] < —Kp(?).
Hence, y1(t) < z1(t) on J. It proves (2.1).

In the next step we show that y;, z; are the lower and upper solutions of problem
(1.3). Note that
yi(t) = (Fyo)(t) — (Fy)(@) + (Fy1)(t) — K[y (t) — yo(8)] < (Fy1)(D),
za(t) = (Fa)(t) — (Fa)(t) + (Fz1)(t) — K[z1(t) — 20(t)] = (Fz1)(2),
by assumptions H,, H3. This proves that y, 2; are the lower and upper solutions of
problem (1.3).
Using the mathematical induction, we can show that
Yo(t) < yi(t) <+ S ynlt) S yn1(t) < 21 (t) < 20(t) <0 < 21(F) < 20(2)
forte Jandn=20,1,....
It is easy to see that sequences {y,, z,} converge uniformly and monotonically to

the limit functions y and z, respectively; where y and z are solutions of the following
problems:

y(t) = (Fy)t), te

z2(t) = (Fz)(t), telJ
with yo <y < 2 < 2.

Now, we need to show that y and z are extremal solutions of problem (1.3) in
the sector [yo, 20].. Let v be any solution of problem (1.3) such that yo < v < zy. Put
p=1y1 —v, ¢ =0 — z. Then, in view of assumptions Hy and H3, we see that

p(t) = (Fyo)(t) — Klyi(t) —yo(t)] — (Fo)(t) < —Kp(t),
q(t) = (Fv)t) = (F2)@) + Klz1(t) — 20(8)] < —Kq(?).
This shows that y; < v < z;. By induction, we can show that

Yn S U< 2y
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Now, if n — o0, then we have the assertion of this theorem. O

Our next theorem concerns the case when problem (1.3) has a unique solution.

Theorem 2.2. Let all assumptions of Theorem 2.1 be satisfied. In addition, we

assume that Assumption Hy hold, where

Hy : there exists nonnegative constants My, My, M3, My, —K < My such that

and

f(t,ur,vr,v9,v3) — f(t, U1, 01,00,03) < My(us — @) + Ma(vy — 07)
+M3(U3 — 173) + M4(’U4 — @4)

if yo(0) < @y < uy < 20(0), yo(B(t) < 01 < o1 < 20(B(1)), fot Yo(s)ds < vy < vy <
I3 z0(s)ds, foa(t)) yo(s)ds < v3 < w3 < foa(t)) 20(s)ds.

Then problem (1.3) has, in the sector [yo, zo|«, @ unique solution.

Proof. Theorem 2.1 guarantees that functions y and z are extremal solutions of
problem (1.3) and yo(t) < y(t) < z(t) < 20(t), t € J. We need to show that
y(t) = z(t), t € J Put p = z —y. Then p(t) > 0, t € J. Moreover, in view of

Assumption Hy, we get

0<p(t) = (F2)(t) — (Fy)(t)
< Mip(t) + Mop(B(t)) + My [y p(s)ds + My [ p(s)ds
< pmaxeey p(s),

maxp(t)(1 —p) <0

Hence, r?%xp(t) < 0. This shows that y(t) = 2(t), t € J, so the proof is complete. [
S

Theorem 2.3. Let all assumptions of Theorem 2.2 hold. Then problem (1.1) has, in

the sector [yo, zo|ws, @ unique solution xz, where

[Y0, Z0)sx = {v € C(J, R): /Ot Yo(s)ds < v(t) < /Ot 2(s)ds, te J} .

Proof. From Theorem 2.2, we see that yo(t) < y(t) < z(t), t € J, where y is the

unique solution of problem (1.3). This means that yy < 2’ < 2, so

/Ot yo(s)ds < x(t) < /Ot 20(s)ds, t € J,

where z is a unique solution of problem (1.1). O
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Example 2.4. Let My, M3, My >0, B> 0and o, € C(J,J), a(t) <t, f(t) <t
with J = [0, 7). Consider the following linear neutral differential problem:

2 (t) = Myx(6(t)) + Msx'(t) + Myx'(a(t)) + B, t € J,
e 0=

where P11 = My + (Mg + M4)T < 1.

In this case, we have

’ a(t))
(Fu)(t) = Mau(B(t)) + Mg/o u(s)ds + M4/0 u(s)ds + B.
Take yo(t) =0, 2(t) =a >0, t € J and
(2.4) all — p1] > B.

Then

(Fyo)(t) = B>0=yo(t), t € J,
(Fz)(t) = a[My+ Mt + Mat)]+B <api+B <a=z(t), teJ

in view of condition (2.4). This shows that all assumptions of Theorem 2.3 holds, so

problem (2.3) has a unique solution in the region [yo, 2o]xx-

Theorem 2.2 gives the sufficient conditions under which problem (1.3) has the
unique solution. Now, we are going to discuss again this problem giving another
sufficient conditions which guarantee that (1.3) has the unique solution. To do it,

first, we need some properties connected with delay differential inequalities.
Lemma 2.5. Let o € C(J, J), a(t) <t

) on J. Suppose that p € C'(J, R) and
{ /() < N@pla(t)), te
<

(2.5)
q(0) < 0,
where N € C(J, R;) and IRy = [0, 00).

/OTN(t)dt < 1.

Proof. We need to prove that ¢(t) < 0, t € J. Suppose that the above inequality is
not true. Then, we can find ¢, € (0,7 such that ¢(to) > 0. Put

In addition, assume that

Then q(t) <0 on J.

t > 0.
q(t) = %%ﬁ)

Integrating the differential inequality in (2.5) from 0 to t;, we obtain
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It contradicts assumption that ¢(to) > 0. This shows that ¢(¢) < 0 on J and the proof

is complete. O

Lemma 2.6. Let o € C(J,J), «a(t) < t on J. Suppose that K € C(J,R), L €
C(J,R,), q € CY(J,R) and

K(t)q(t) + L(t)g(a(t)), t € J,

(2.6) .

—
QR
—~

=S
S~— ~—
IA A

In addition assume that
Hy: [T Lt)e Jaw KM qp < 1,
Then q(t) <0 on J.
Proof. Indeed, the assertion holds if L(t) =0, t € J. Let fOT L(t)dt > 0. Put
p(t) = e o K@dsgy ¢ e .
This yields p(0) = ¢(0) < 0, and
p(t) = e KO K (1)q(t) + /(1)

SO

@) {p’(t> < Lty o KO pam), te J,
p(0) <

In view of Lemma 2.5, p(t) < 0 on J, by Assumption Hjs. This also proves that
q(t) <0 on J and the proof is complete. O

Remark 2.7. Note that Assumption Hj holds if:
T
/ L(t)dt <1 provided that K(t) >0, t € J,
0

and

T
/ L(t)e o K@dsgr < 1 provided that K (¢) <0, t € J.
0
We see that the above two conditions do not depend on «.

Remark 2.8. If we assume that K(t) = K, then Assumption Hj takes the form:
T
/ L(t)eXle®O=tgs < 1.
0

Remark 2.9. Let all assumptions of Lemma 2.6 hold with ¢ € C'(J,IR;) and ¢(0) =
0 instead of ¢ € C1(J,R) and ¢(0) < 0, respectively. Then ¢(t) =0 on J.

Theorem 2.10. Let all assumptions of Theorem 2.1 be satisfied. Assume that [ does
not depend on the third variable. In addition, we assume that Assumption Hg hold,

where
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Hg : there exists nonnegative constants My, M3, My, —K < My < 1 such that

(2.8) B/Te le®=tgr < 1
0
with v v
A:Tf%? B:1f%
and
(2.9) f(tur, v, v0,v3) —  f(t, 21, v1, 0o, 03)

S Ml(ul — ﬂl) + Mg(Ug — ’(_13) + M4(’U4 — ’(_14)

Zf yo( ) < ﬂl < Uy < ZO fO yo dS < Vg < V2 < fO ZO dS a(t)) y0(8>d8 < Us <
U3 <f0 o(s)ds.

Then pfr’oblem (1.3) has, in the sector [yo, z0)«, @ unique solution.

Proof. Repeating the proof of Theorem 2.2, we have

0<p(t) = (F2)(t) = (Fy)(®)
< Mlp( —|—M3f0 dS+M4 a(t) (S)dS,

SO

t a(t)
(2.10) 0<p(t) < A /0 p(s)ds + B /0 p(s)ds,

where p is defined as in the proof of Theorem 2.2.
Put [y p(s)ds = q(t). Then ¢(0) = 0, ¢'(t) = p(t). Now, inequality (2.10) is
replaced by

(2.11) {Osm < Ag(t) + Ba(a(t), t€ J,
q(0) = 0.

It yields ¢(t) = 0, t € J, by Remark 2.9. This proofs that fot p(s)ds =0 for all t € J,
so p(t) =0, t € J. It means that y(t) = z(t), t € J and the proof is complete. O

Now, we are able to formulate the following result.

Theorem 2.11. Let all assumptions of Theorem 2.10 hold. Then problem (1.1) has,

in the sector [yo, 20]sx, @ unique solution x, where

t t
[Y0, 204 = {v e C(J,R) : / yo(s)ds < wv(t) < / 20(s)ds, t € J} :
0 0
Example 2.12. Consider the following linear problem:

(2.12) {w’(t) = \(t) +yx(t) +6, teJ=[0,T],
z(0) = 0,

where A < 1, 7,0 > 0.
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Note that

(eat - 1) with a =

is the unique solution of problem (2.12).

Putting 2’ = y, we translate problem (2.12) into the following one

(2.13) y(t) = a/o y(s)ds+ b= (Fy)(t).

Let yo(t) = 0, zo(t) = be™ + ¢, where ¢ > 0 (if ¢ > 0, then we need to assume that
aT <1). Then

(Fyo)(t) = b>0=uyolt),
(Fzo)(t) = af(f [be® + ¢]ds + b < afot be®ds + b+ c = be™ + ¢ = z(t).

It proves that yy and zy are lower and upper solutions of (2.13), respectively. This
shows that all assumptions of Theorem 2.1 are satisfied with K = 0 in Assumption
Hs.

Note that condition (2.9) holds with M; = 0, M3 = a, M, = 0, so all assumptions
of Theorem 2.10 hold with B = 0 in condition (2.8). In view of Theorem 2.11, problem

(2.12) has a unique solution z and

t
0<z(t) < / 2o(t)dt = 2 (e —1) +ct, t e
0

Now we discuss problems (1.4) and (1.2).

For problem (1.4), we introduce the same definition of the lower and upper solu-
tions as for equation (1.3) with operator G instead of F. Note that in this case, we

assume that the upper solution is less than the lower solution of problem (1.4).

Theorem 2.13. Let Assumption H{ hold. Letyy, 20 € C(J, IR) be the lower and upper
solutions of (1.4), respectively, and zy(t) < yo(t), t € J. In addition, we assume that

the following assumptions hold:

Hg : g is nonincreasing with respect to the last three variables,
H; : there exists a constant K > 1, such that

g(t,u,v1,v9,v3) — g(t, 4, v1,v9,v3) > —K(u — u)

fOTZOSUS’EL 0-

<y
Then problem (1.4) has, in the sector [zo, Yol1, minimum and mazimum solutions,

where

(20, y0]1 = {v € C(J, IR) : zo(t) < v(t) <wyo(t), t€ J}.
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Proof. Now, we define only the sequences {y,, z,} by formulas:
Yne1(t) = (Gyn) (@) + Klynsa(t) —yn(t)], t € J,
faalt) = (Gz)(t) + Klzaia(t) = 2a(8)), t€J
for n =0,1,... with the operator G defined as in formula (1.4). We omit the proof,

since it is similar to the proof of Theorem 2.1. O

Theorem 2.14. Let all assumptions of Theorem 2.13 hold. Then problem (1.2) has,
in the sector [zg,vyol2, extremal solutions, where

t t

20, 50ls = {v €C(LR): / yo(s)ds < v(t) < / co(s)ds, t € J} |

T T
Proof. From Theorem 2.13, we see that 2o(t) < z(t) < y(t) < yo(t), t € J, where z
and y are minimal and maximal solutions of problem (1.4), respectively, in the sector
(20, yo)1. Hence:

20(t) < 2'(t) < X'(t) < yol(t), t e

where x and X are solutions of problem (1.2). Integrating it from ¢ to 7', we have

the assertion. O

Example 2.15. Consider the following linear problem:

/ o / . 2
(2.14) 2(t) = 2'(t)+a(t)+1, teJ=[0,T], T <2
z(T) = 0.
Note that
(2.15) X(t)=e't -1, teJ

is the unique solution of problem (2.14).

Putting 2’ = y, we translate problem (2.14) into the following one

(2.16) y(t) = 2y(¢) —/t y(s)ds+1 = (Gy)(t), te]

(see the definition of operator G in Section 1).
Let yo(t) =0, 2o(t) = —3, so zo(t) < yo(t), t € J. Then
(Gyo)(t) = 1>0=uyo(t),
(Gzo)(t) = —6+3 [ ds+1<-3=z(t).

This proves that yo, zg are lower and upper solutions of problem (2.16), respectively.
Moreover, Assumptions Hs, Hg hold with K = 2. Problem (2.16) has the minimal
and maximal solutions z,y and zy(t) < 2(t) < y(t) < yo(t), t € J, by Theorem 2.13.

Now, we need to show that problem (2.16) has the unique solution in the sector

(20, Yo)1- To do it we put p =y — 2, so p(t) > 0 on J. Then

p(t) = y(t) — 2(t) = (Gy)(t) — (G2)(¢) = 2p(t) — Q/t p(s)ds,
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SO

T
(2.17) p(t) = 2/ p(s)ds.
t
Put Q(t) = ftTp(s)ds. Then, equation (2.17) is replaced by

{ Q1) = —20(1). tel.
Q(T) = 0.

Indeed, Q(t) = 0, t € J is the unique solution, so ftTp(s)ds =0, t € J. Because
p(t) > 0, t € J, it proves that p(t) = 0 on J. Hence, problem (2.16) has the unique
solution in the sector [zg,yo];. Problem (2.14) has the unique solution in the sector
Q = [fOT yo(s)ds,ftT 20(s)ds], so @ = [0, 3(T — t)]. Note that the solution X of
problem (2.14) belongs to the sector ), where X is defined by formula (2.15).

Example 2.16. Consider the following linear problem:
') = ba'(t) —be*e®) + 4 te J=1[0,T], T<
z(T) = 0,
where o € C(J,J), a(t) >t and b > 1, d > b. By the substitution 2’ = y, in the
place of problem (2.18) we have

(2.19) y(t) = by(t) — bela® V&9 g = (Gy)(b).

Put yo(t) =0, 20(t) = —a, t € J with a = ;2. Note that z(t) < yo(t), t € J, and
(Cu)(t) = —b+d=0=ylt). te
(Gz)(t) = —ba—be T2 4 d < —ba+d=—a=z2t),tec.]

In view of Theorem 2.13, problem (2.18) has the extremal solutions in the region
[20, Yo]1- By Theorem 2.14, problem (2.18) has a solution in the sector [0, a[T" — ¢]].
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