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ABSTRACT. In this paper, by using the Leggett-Williams fixed point theorem and Five Func-
tionals fixed point theorem, we establish the existence of three positive solutions for m-point time
scale boundary value problems on infinite intervals. As an application, we also give some examples

to demonstrate our results.
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1. INTRODUCTION

We consider the following time scale m-point boundary value problem (BVP)
(p(=2(1)Y + S0 f (¢, x(t), z°(t) = 0, t € (0,00)r
2(0) = 7% ™ (i), limyer oo #2(t ) 0,

where T is time scale, f € C([0,00)r X [0,00) x [0,00),[0,00)), a; > 0 (1 < i <
—2),0<m<1n < <Moo <00,p: R — R is an increasing homeomorphism

(1.1)

and positive homomorphism with ¢(0) = 0. A projection ¢ : R — R is called an
increasing homeomorphism and positive homomorphism if the following conditions

are satisfied:

(i) If x <y, then p(z) < p(y), for all z,y € R;
(ii) ¢ is continuous bijection and its inverse mapping is also continuous;

(iii) e(zy) = p(z)p(y), for all z,y € Ry, where Ry = [0, 00).

We will assume that the following conditions are satisfied:

oo oo [e.9]

(1) 9 € C(0.00). 0.0). [ o) Vs<oe [ ([ o Tar< o

(H2) f(t, (14 t)u,v) < w(max{|u|, |v|}) with w € C([0,c0), [0, c0)) nondecreasing;
(H3) 0 < ~(01,62) = ming, o €L ke [%L 2] x [0,02] ft, (14 t)u,v), for 0 < b < y; and
(H4) f(t,(1 + t)u,v) € C([0,00) x [0,00) X [0,00),[0,00)), f(¢,0,0) # 0 on any

subinterval of (0, c0).
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Throughout the paper, let T (time scale) be a nonempty closed subset of R. We
assume that T has the topology which inherits from the standard topology on R. For
notation, we shall use the convention that, for each interval J of R, J will denote the

time scale interval, that is, J := JNT.

The study of dynamic equations on time scales goes back to its founder Stefan
Hilger [7] Theoretically, this new theory cannot only unify continuous and discrete
equations, but have also exhibited much more complicated dynamics on time scales.
Moreover, the study of dynamic equations on time scales has led to several impor-
tant applications, e.g., insect population models, neural networks, heat transfer and
epidemic models (see [3, 4] and references therein). Some preliminary definitions and
theorems on time scales also can be found in books [3, 4] which are excellent references

for calculus of time scales.

Much of the theory of time scale dynamic equations on finite intervals have been
presented in [1, 2, 6, 8, 9, 11, 12] and references therein. However there is significantly
less literature available on the basic theory of time scale dynamic equations on infinite
intervals (see [5, 10, 13, 14] and references therein). To the authors’ knowledge, no one
has studied the existence of positive solutions for m-point time scale boundary value
problems for an increasing homeomorphism and positive homomorphism on half-line.

The present work is motivated by recent papers [5, 13].

Guo, Yu and Wang [5] considered the following m-point boundary value problem

on infinite intervals

{ (pp (@' (£))) + d(1) f (¢, 2(t), /() = 0, 0 <t < +00
2(0) = X2 qu (i), limy o0 @/(£) = 0,

where ¢,(s) = [s|P7%s, p > 1, ¢ : Ry — Ry, f(t,u,v) : R3 — R, is a continuous

(1.2)

function, Ry = [0,400), a; > 0and 0 <m < my < -+ < Mg < 400 are given.
By using Avery- Peterson fixed point theorem, they obtained the existence of at least

three positive solutions under some sufficient conditions.

Zhao and Ge [13] considered the following second-order m-point boundary value

problem on time scales

{ (6p(u(®)))Y + q(®) f(u(t), u(t)) = 0, t € (0,00)r
U(O) = ﬁuA(n)a hmte']l’,t—n)o UA(t) = 0,

where ¢,(s) = [s|P7%s, p > 1, (¢,)"' = &, %—I—% =1,neT, g€R, >0, and
f € C([0,00) x [0,00),]0,00)). By using Leggett-Williams fixed point theorem [§],

they obtained the existence of at least three positive solutions under some sufficient

(1.3)

conditions.

Motivated by the above results, in this paper, we obtained the existence of at

least three positive solutions for the BVP (1.1) by using Leggett-Williams fixed point
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theorem [8] and Five Functionals fixed point theorem [2]. As an application, examples
are worked out finally. The remainder of this paper is organized as follows. Section
2 is devoted to some preliminary discussions. We give and prove our main results in

Section 3 and Section 4.

2. PRELIMINARIES

In this section we present some definitions and lemmas, which will be needed in

the proof of the main results.

Definition 2.1. Let B be a real Banach space. A nonempty closed set P C B is a

cone provided that

(1) w e P and X > 0 implies Au € P;
(2) u,—u € P implies u = 0.

Every cone P C B induces an ordering in B given by z < y if and only if y—z € P.
Definition 2.2. The map « is said to be a nonnegative continuous concave functional

on a cone P of a real Banach space B, provided that o : P — [0,00) is continuous

and
altu+ (1 —t)v) > ta(u) + (1 — t)a(v),
forall u,ve P, 0 <t < 1.

Similarly, we say the map v a nonnegative continuous convex functional on a

cone P of a real Banach space B provided that
Y(tu+ (1 =t)v) < ty(u) + (1 —t)y(v),
forall u,ve P, 0 <t < 1.
Let B be the Banach space defined by

A |£L’(t)| . A
2.1 B={reC~0,00): sup < oo, lim x7(t) =0},
( ) { [ ) te[07oo),]1, 1 t tET,t ( ) }

with the norm ||z|| = max{||z|1, ||z ||e }, Where

|z(?)] A A
|zlli = sup —=, [[27lc = sup [27(2)]
t€f0,00)r 1+t t€[0,00)
and let

(2.2) P ={xeB: zisnonnegative, concave, nondecreasing on [0,00)r}.

Lemma 2.3. Let y € C(]0,00)T, [0,00)) and/ y(t)Vt < oo, then BVP
0

p(z®(t)Y +y(t) =0, t € (0,00)r
> { 2(0) = 277 agw® (), limyer oo w2(t) = 0,
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has a unique solution

Z P / (s)Vs) + /Ot ¢_1(/smy(T)VT)AS.

Solving the BVP (1.1) is equivalent to finding fixed points of the operator T': P — B
defined by for ¢ € [0, 00)T

(2.4) )0 = 3 e (| S alr), #()Vr)

+/Ot ‘P_l(/:o (1) f (7, 2(7), 22 (7))VT)As.

Lemma 2.4. Forz € P, ||z]l; < M|22| s, where M = max{3 7> a;, 1}.

Proof. Since x € P, it holds

) _ L(/O 22 (s)As + Z_ozi:cA(m)) < fE2n alH Mloo < M||7°]| o

1+t 1+t — 14+t

The result is proved. U
Lemma 2.5. If (H1), (H2) and (H4) hold, then T : P — P is completely continuous.

Proof. We divide the proof into four steps.
Step 1: We show that TP C P.

For x € P, we have

(T2)4(0) = 0,

(so(Tx < DT = t)f(t x(t) WA (1)) <0,

(s / S (7, (), 24(7))V7) 2 0

(T2)(0) = T3 / S 2(7), 2> (7)Vr) = - (T2 (n) = 0

Hence Tz is nonnegative, concave, and nondecreasing on [0, OO)']T_, ie, TP CP.
Step 2 : We show that T': P — P is continuous.

Let x,, — x as n — 400 in P, then there exists ro such that sup,,ci (o ||z < 70
By (H2), we get that f(t, (1 +t)u,v) < w(ry), and we have

/0 T OO (T a) — (72,2 VT < 20(r0) / " 4(r)Vr

Therefore by the Lebesgue dominated convergence theorem, we have

[o(Ta) (1) = 9((T2)2(1)] = I/ 1) (7, 0, ) = f(7,2,2°) V7]

8 — f(r,z,2%)|VT
< / o) (50, 32) = f(7, 3, 22) |V
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— 0, n— oo.
Furthermore ||Tz, — Tx|| < M|(Tz,)> — (T7)*|lc — 0, as n — oo. So T is
continuous.

Step 3 : We show that T': P — P is relatively compact.
Let © be any bounded subset of P, then there exists K > 0 such that ||z| < K.
By (H1), for Vo € Q, we have

[(T2)2 oo = ™ /¢ (7), 22(7)V7) < / 6(r)V7)

Therefore, || T < M|[(T2)?]|o < 00. So T is uniformly bounded.

Now we show that (7°Q2) is equicontinuous on [0,00)r. For any R > 0,t1,ts €

[0, R]r, and for all x € Q, without loss of generality we may assume that to > t;.

| (Tx)(t) _ (T)(ta) |

1—|—T,1 1—|—t2
< S o ([ ot 20, O -
= pa v 0 ’ ’ 1+ 1+,

[ e[ st et @)vnssl o -
N z(7), (7)) VT)As

™ 11
K)o o0V -

o) [on o VT)AS|1+1&1 |

++1it2<p_l( / / P(T)VT)A

— 0, uniformly as t; — to,

[\

iMi -
Q +| =
~6 S~

o((T2)2(t1) = o((T)(t2))] = |/t2 o(7) f(r,a(r),2°()) V7|

w)l [ * 6(r)vr]

— 0, uniformly as t; — t».

So T2 is equicontinuous on any compact interval of [0, c0)r.

Step 4 : We show that T': P — P is equiconvergent at oo. For any x € (2,

CL .
i (F20) i L[ 0000000, ) 9

< My (w(K) Jim / 4(r)VT) =0,
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t—o0

i |(7a)0)] = Jim o[ () (ra(r), 2 () 97)

< ¢ lE) im ([ or)v) =0,

So T is equiconvergent at infinity. As a consequence of Step 1-4, we get T': P — P

is completely continuous. The proof is complete. O

3. MAIN RESULTS

In this section, we prove the existence of at least three positive solutions to the
BVP (1.1) by applying the Leggett-Williams fixed point theorem [8]. Applications of
the Leggett-Williams fixed point theorem can be found in recent papers (see Refs.[12]).

Let B = (B, |.||), P C B be defined as (2.1) and (2.2), respectively. Let a be a

nonnegative continuous concave functional on P and a, b, c > 0 constants. Define
P.={zeP:|z| <c},
P(a,a,b) ={z € P:a < a(x),||z] <b}.
To prove our results, we need the following fixed point theorem.

Theorem 3.1 (Leggett-Williams [8]). Let B = (B, ||.||) be a Banach space, P C B a
cone of B and ¢ > 0 a constant. Suppose that there exists a nonnegative continuous
concave functional o on P with a(x) < ||z||, for + € P, and let T : P. — P, be a
completely continuous map. Assume that there exist a,b,d with 0 < a < b < d < c,
such that:

(S1) {z € P(a,b,d) : a(z) > b} # 0 and a(Tx) > b, for all x € P(a,b,d);
(S2) ITz|| < a, for all x € P,;
(S3) a(Tz) > b, for all x € P(a,b,c), with ||Tz| > d.

Then T has at least three fized points x1,x9,x3 € P, such that

|lz1]| < a, a(za) > b, ||zs|| > aand a(zs) <b.

We define the nonnegative continuous concave functional a : P — [0, 00) by

k
a(u) = —— min |u(t)|, Yu € P,
() = g 2uin 1)
where % € T be fixed, such that 0 < k£ < co. It is easy to see that
k 1
afu) = () < [l

For convenience, we define

o= ([ o9
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k
A= Lo (4(b,0) / H(r)V7).

t e’}
M= SUD4e(0,00)7 lit - 1 a,gp / o(T)VT) + / (p—l(/ o(T)VT)AS).

Theorem 3.2. Assume that (H1)-(H3) hold. Let 0 < a < b < ﬁ(c)d <d<eg f

satisfies the following conditions:

(B1) f(t,(1+t)u,v) < QO(M—) for all (t,u,v) € [0,00)r x [0,a] x [0, al;
(B2) f(t,(1+t)u,v) < cp(M—) for all (t,u,v) € [0,00)r x [0, ¢c] x [0, ],
(B3) f(t, (1 +t)u,v) > (%) for all (t,u,v) € [1, k] % [ ,d] x [0, d];
(B4) 0 < p

Then boundary value problem (1.1) has at least three positive solutions uy,us and ug
such that

|ui|| < @, a(ug) >0b, |us||>a and a(uz) <b.

Proof. We first show that T': P, — P,. If (B2) holds, then f(t, (14 t)u,v) < e(35)
for all (t,u,v) € [0,00)r x [0,c] x [0,c]. In fact, by Lemma 2.5, we have TP, C P.
Furthermore, Vu € P.li, we have 0 < |lu| < ¢. By Lemma 2.4 and (B4), we have

1 Tull = max{||Tully, [|Tu® o}

< M|Tub = Mo~ / " $(r) £ (ryu(r),u (7)) V)

c > c c
< M— _1/ O(T)VT)=—-0<—pu=c.
T (0 (T)VT) LU=k

Hence TP. C P,.. In the same way, we can show that if (B1) holds, then TP, C P,.
Hence ||Tu|| < a, Yu € P, and so (S2) of Theorem 3.1 holds.

Next, we show that (S1) of Theorem 3.1 holds. To check that the condition (S1)

of Theorem 3.1, we choose

b+d
u(t) = g (1+1), t € [0,00)r.
It is easy to see that u(t) € P(«,b,d) with a(u) > b. So {u € P(a,b,d) : a(u) > b} #
0. Moreover, Yu € P(a,b,d), we have £ < %9 < d t e [L K]y, |ju] <d. By (B3),
we have

k k 1
Tw) = " min (Tw)(t) = ——(Tu)(~
o(T) k+h$ﬂﬁ“x> Ft 1

= k—il(; aiQO_l(/njo o(T) f(1,u(t), u>(1))VT)

/0 gt / " () u(r), wB (1) V7))
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ko1 R
k—+1(k; (], o)) 7))V )

k

~ )\k;+1 /q5 V) =b.

Finally we show that (S3) of Theorem 3.1 holds. For u € P(a,b,c) and ||[Tu|| > d,

we have

A%

ps i <ot [k ful <
By (H3) and (B4), we have
o(Tu) = 1<Tu><%>
=7 _k; : Z i / o( P (7)V7)
- / E a / S ulr), (7)) V) 25)
> k—H oot WAV
>

I / o(r) £ (r, u(r), u (7)) V7)

+1‘p
k
> e 00,0 [ o)
k
“((b.c) / o(7)V7)

(O (SUPseos0ye (532 tiom / o(r)Vr) + / o / 6(r)Vr)As))

xw(e)( sup thw ([ ot / ([ otnvnas)

te[0,00)T
)\ A
= pw (e )teﬁ}g 1 e / o V)
/ / o(r B (r)V7) As)
A
= T > gz

To sum up, all the hypotheses of Theorem 3.1 are satisfied. The proof is complete. [

Example 3.3. Let T = {5 :n € Ng} U[2,00), 1 = 2, Ny = , ar=ay =1, M =2,
é(t) = et and ¢(x) = 22 in the boundary value problem (1. 1). Now we consider the
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following problem

(3.1) (0(u?))¥ () + e f(t,ut),u(t)) = 0, t € (0,00)r
u(0) = u®(3) +ut(3), limeer—oou®(t) =0
where
(32) S (1t )= eGPt ), u<1,0< v, teT
’ ’ (6 x 102+ ;45), u>1,0<v,teT.

Choose a = %, b=3, k=2, d=1000, ¢c =2x103. Then by simple calculations,
we can obtain that

v(b,c) = 7(3,2x10%) = 240, 6 = 0.895, A = 3.11, 1 = 0.913, w(c) = w(2x10%) = 300.5.

1
0< 5 < 3 < 11.33 < 1000 < 2000.

(1) f(t, (L4 t)u,v) < 0.0045 < p(57.), for (¢, u,v) € [0,00)r x [0, 1% [0,4];

(2) f(t,(1+t)u,v) <300.5 < go(MLu), for (t,u,v) € [0,00)7 % [0,2x10%] x [0,2 x 103];
(3) f(¢, (1 + t)u,v) > 240 > (%), for (¢,u,v) € [5,2]r x [2,1000] x [0, 1000];

(4) 6= 0.895 < u = 0.913.

Therefore the conditions of Theorem 3.2 are all satisfied. So BVP (3.1) has at

least three positive solutions uq, us and uz such that

1 2 1
= 3 < a(u) = sua(z), |lusll >

2 1
5 3 5 Oé(Ug) = —U3(§> < 3.

Jus] < :

57
4. MAIN RESULTS

We will use the Five Functionals fixed point theorem due to Avery [2] (which
is the generalization of the Leggett-Williams fixed point theorem [13]) to prove the
existence of at least three positive solutions to the BVP (1.1). An application of

the Five Functionals fixed point theorem can be found in recent paper (see Refs.
6,9, 11, 12]).

Let ~, 3,60 be nonnegative continuous convex functionals on P and «, 1 be non-
negative continuous concave functionals on P. Then for nonnegative real numbers

l,a,b,d and ¢ we define the convex sets

P(v,c) ={ue P:~(u) <c},

P(v,a,a,¢c) ={u e P:a<a(u), y(u) <c},
QM. B,d,c) ={ue P:fu) <d, y(u) < }
P(v,0,a,a,b,c) ={u e P:a<a(u), O(u) <b, y(u) <c},
QM. 8,4, 1,dc) ={ue P:1<¢(u), Bu) <d, y(u) < c}
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Theorem 4.1 (Five Functionals Fixed Point Theorem [2]). Suppose there exist ¢ > 0
and r > 0 such that
a(u) < B(u) and [lul] < ry(u)

for all w € P(v,c). Suppose further that T : P(y,¢) — P(v,c) be a completely
continuous operator. If there exist nonnegative real numbers a, b, d and | with 0 <
d < a such that

(i) {u € P(v,0,,a,b,¢) : a(u) > a} #0 and o(Tu) > a foru € P(v,0,a,a,b,c);
(i) {u € Q(v,5,v,1l,d,c) : B(u) <d} #0 and B(Tu) < d foru e Q(v,5,v,1,d,c);
(ili) a(Tu) > a foru e P(y,a,a,c) with 0(Tuw) > b;

) B(Tu) < d forue Q(y,p,d,c) with v(Tu) <.

Then T has at least three positive solutions uy,us and ug in P(v,c) satisfying

(iv

Blur) <d, a(u) >a, d< p(us) with a(us) < a.

Let 0 < k < o0, % € T be fixed, [ = 0, » = 1 and define the nonnegative, contin-
uous, concave functionals o, 1 and the nonnegative, continuous, convex functionals

v, 3, 8 on P by
k

@) alw) =g Pln)TU(t) V(u) = B(u) = 0(u) = |[ull, ¥(u) =0.
In addition to this a(u) < f(u) and ||u|| < 7 v(u) for u € P.
Set
k 00
(42) = ([ oV N = ovnl

Theorem 4.2. Let 0 < .7 > a; = € < 1. Assume that (H1) and (H4) hold. Suppose
that there exist positive numbers 0 < d < a < ¢ such that

(D1) f(t, (1+t)u,v) > o(E502) for all (t,u,v) € [, Klx x [¢,d] x [0,d];

(D2) f(t,(1+t)u,v) < go( Y for all (t,u,v) € [0,00) x [0,d] x [0,d];

(D3) f(t, (L +t)u,v) < @(5F) for all (t,u,v) € [0,00)r x [0, ¢] x [0,¢]

Then boundary value problem (1.1) has at least three positive solutions uyi,us and ug

such that

|ui|| < d, a(ug) >a, d<||us|| with a(uz) < a.

Proof. The conditions of the Five Functionals fixed point theorem (Theorem 4.1) will
be shown to be satisfied. Let B, P and T be defined as in (2.1), (2.2) and (2.4),
respectively. From Lemma 2.5, 7 : P — P.
Let u € P(v,c), then v(u) < ¢, this implies 0 < %2 < 0 <ub(t) < cfor
€ [0,00). We obtain by Lemma 2.4 and (D3),

YTu) = ||Tull = max{||Tulls, | Tu®lo}
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= M ([ o) u () < e ([ envr) =

Therefore T : P(v,¢) — P(v,c¢). In the following, we shall show that the conditions
of Theorem 4.1 are satisfied with b = c.

We take u(t) = S2(1 +1t), t € [0,00)r. It is easy to see that u(t) € P, ||ul| =
e < ¢, a(u) = £ > a. That is,

{uEP(fy,G,oz,a,b,c):oz(u)>a}:{uEP:L min  u(t) > a, ||u]| <c} #0.
[:00)

k—i_ltEEOOT
For u € P(v,0,a,a,b,c) we have, by condition (D1),
k k 1
Tu) = — min (Tu)(t) = ——(Tu)(~
o(Tw) k+1te{§}£h< W(0) = o (Tw)(p)

_ R Z * [T ot () V)

B

w

+
\
AN

*(/ (1) (ryu(r), u (7)) V) As)

> S / B0 u(r), u (7)) V7))
_ k#“go ([ 6 ulr), ub () 07)
> k:%l— k+1 /gb VT —a

So,

(4.3) a(Tu) > a

Hence, condition (i) of Theorem 4.1 holds.
We take u(t) = 4. It is easy to see that u(t) € P, 0 =1(u), |jul| = ¢ < d. That
is,
{ueQ(,8,¢,1,d,c): B(u) <d} ={ue P:lul <d} #0.
By condition (D2) and Lemma 2.4, we get for u € Q(v, 5,¢,1,d, ),
B(Tu) = |Tull = max{||Tully, |Tu|} < M[|ITu® |l = MTu®(0)
- 00 AN - 00
= M ([ o (ruln)ut ()9 < ML [ o)) = d
0 0
Thus, condition (ii) of Theorem 4.1 is satisfied.

Since

k
P(v,a,a,c) ={u € P: —— min u(t) > a, ||ul| <c},
(rva,) = (w€ P gy min u(t) 2 o, ful < o)
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we get a(Tu) > a for u € P(v,a,a,c) according to (4.3). Therefore, condition (iii)
of Theorem 4.1 is satisfied.

Finally, as far as (iv) is concerned, we omit the condition (iv) since ¥(Tu) <1 =0

is impossible. Since all conditions of Theorem 4.1 are verified, the BVP (1.1) has at
least three positive solutions such that

k
|ui|| < dy, —— min wus(t) > a, d < ||usl],

. min u3(t) < a.

te[L,00)r +1t[ o0)T
0

Example 4. 3 Let T = [0,5]U{6,7,8,9} U[10,400), r =1, I =0, my = 3, 0o =
2 == =1, ¢(t) = e, p(x) = 2? in the boundary value problem (1.1).
Now we con81der the followmg problem
o { (p(u)7 (1) + e f(t,u(t), (1)) =0, ¢ € (0,00}

u(0) = su”(3) + 3u”(2), limer oo u”(t) =0
where

(45) f(t, (1 —+ t)u’ U) — { 1+t2

1+t2

(3 x 103ub +
(3 x 10% +

u<1,0<0, teT
u>1,0<0v, teT.

2><103)

2><103)7

Choose a =5, d = 10, k =3, ¢ =2 x 10%. Then by simple calculations, we can
obtain that

h=0816, N =1,

1
— 2 x 103.
0<10<5< x 10

(1) f(t, (1 + thu,v) > 900 > (T — (2 = 600, for (t,u,v) € [3,3]r x
(2,2 % 10%] x [0,2 x 10%];

(2) f(t, (1+t)u,v) <0.0015 < () = 0.01, for (t,u,v) € [0,00)7 X [0, 15] X [0, &];

(3) f(t, (1+t)u,v) < 1500.5 < p(5F) =4 x10°, for (¢, u,v) € [0,00)r x [0,2x 10%] x

0,2 x 10%].

Hence, by Theorem 4.2, the BVP (4.3) and (4.4) has at least three positive
solutions uq, us and uz such that
1 3 1

3
ull| < —, — min wus(t) > 5, ||luz|| > -—, - min wuz(t) <5.
lull < 35 1. 2(t) lusll > 75 1. 3(1)
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