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ABSTRACT. In this paper, some existence theorems for the extremal solutions are proved for
an initial value problem of nonlinear hybrid differential equations via constructive methods. The
monotone iterative techniques for initial value problems of first order hybrid differential equations
are developed and it is shown that the sequences of successive iterations defined in a certain way

converge to the minimal and maximal solutions of the hybrid differential equations.
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1. INTRODUCTION

It is well known that the Banach contraction mapping principle is the only fixed
point theorem in the nonlinear analysis which provides a useful method for approx-
imating a unique solution for the initial and boundary value problems of ordinary
differential equations via successive iterations. However, to the best of our knowl-
edge, there is no such fixed point theorem or method developed so far for the hybrid
differential equations without further assumptions on the nonlinearities involved in
the equations. In this paper, using the ideas from Lakshmikantham and Leela [6] and
Ladde et al. [5], we establish some theoretical approximation results for extremal
solutions of the hybrid differential equations between the given lower and upper so-

lutions.

Let R be a real line and let J = [to,to + a] be a closed and bounded interval in
R for some ty,a € R, a > 0. Let C(J,R) denote a class of continuous real-valued
functions defined on J. A function f : J x R — R is said to belong to the class
C(J x R,R) of Carathéodory real-valued functions defined on J x R, if

(i) t~— f(t,z) is measurable for each z € R, and

(ii) z — f(t,z) is continuous for each t € J.
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Now, consider an initial value problem of first order ordinary hybrid differential
equations (in short HDE),

d [ z(t)
(1.1) dt (

where, f:J xR — R, \ {0} is continuous and ¢ : J x R — R is Carathéodory.
By a solution of the HDE (1.1) we mean a function x € C(J,R) such that

(i) the function t — is absolutely continuous for each x € R, and

t.x
(ii) « satisfies the equjz;(tio)ns in (1.1).

The HDE (1.1) is a quadratic perturbation of second type of an initial value
problem of first order nonlinear differential equations and has been discussed in Dhage
and Lakshmikantham [4] for existence theory for different aspects of the solutions.
The details of different types of nonlinear perturbations of a differential equation
appears in Dhage [3]. The specialty of the results of the present paper lies in our
constructive approach for the solutions to the HDE (1.1) on J.

The following hypotheses concerning the function f is sometime crucial in the
study of HDE (1.1).

(Ag) The function z — T 18 Injective in R, and

(Bg) The function g is bounded real-valued function on J x R.

Note that hypothesis (Ag) holds in particular if the function x — Flom) 15 increas-
ing in R. Again, hypothesis (Bg) is much common and widely used in the literature

in the study of nonlinear differential equations.

We shall also make use of the following result in what follows.

Lemma 1.1. Assume that hypothesis (Ao )-(By) hold. Then a function x is a solution
of the HDE (1.1) if and only if it is a solution of the hybrid integral equation (HIE),

Zo

(1.2) w(t) = [f(t,2(1))] (m+ /t g(s,x(s))ds), tel.

Proof. Assume first that x is a solution of the HDE (1.1) defined on J. Then, by defi-

% is absolutely continuous, and so, almost everywhere differentiable,

whence % [%] is Lebesgue integrable on J. Applying integration to (1.1) from

to to t, we obtain the HIE (1.2) on J.

nition, ¢t +—

Conversely, assume that the function x satisfies the HIE (1.2) on J. Since g(t, z)
z(t)
ftz(t))
for each z € C(J,Ry) and hence almost everywhere differential on J. By direct

is bounded, it can be proved that the function ¢t — is absolutely continuous
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differentiation of the HIE (1.2), we obtain the HDE (1.1). Again, substituting t = ¢,

in the HIE (1.1) yields
I(to) ZTo

fto, z(to)) — f(to, xo)

Since the mapping = — ﬁ is injective in R, we obtain x(ty) = x¢. Hence the proof

of the lemma is complete. O

In the following section, we prove an existence result for the HDE (1.1) in a
closed set formed by the lower and upper solutions under some suitable conditions

via a hybrid fixed point theorem due to Dhage [1, 2].

2. METHOD OF LOWER AND UPPER SOLUTIONS

In this section we prove an existence result for the HDE (1.1) in a closed and
bounded subset given by lower and upper solutions. A construction result is also

obtained at the end of the section.

Definition 2.1. A function v € C(J,R) is said to be a lower solution for the HDE
(1.1) defined on J if

(i) t — % is absolutely continuous, and
(i) 4 [%] < g(t,u(t)) ae. t € J, u(ty) < xo.

Similarly, a function v € C(J,R) is said to be a lower solution for the HDE (1.1)
defined on J if

(i) t — f(:%)) is absolutely continuous , and

(11) % |:f(;»),g)t()t))i| > g(t,U(t)) a.e. t € J, ’U(to) > xg.

A solution of the HDE (1.1) is a lower as well an upper solution and vice versa.

If we know the existence of lower and upper solutions of the HDE (1.1) such that
u(t) <wo(t), t € J, then we can prove the existence of a solution of the HDE (1.1) in
the closed set

Q={zecFE:ult)<z<uv),tcJ}

We place the problem under study in the space C(J,R) of continuous real-valued
functions defined on J. Clearly, C'(J,R) is a Banach algebra with respect to the norm
| - || and the multiplication “ - ” defined by

]l = sup |=()]
te]

and
(- y)(t) = (zy)(t) = z@)y(t), te

We consider the following hypotheses in what follows.
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(A1) The function = — Fim 18 increasing in R for all ¢ € J.

(Ag) There exists a constant L > 0 such that

[f(t,2) = f(t,y)] < Lz —y]

forallt € J and z,y € R.
(By) There exists a constant K > 0 such that

lg(t,z)| < K
for all t € J and for all z € R.

The following existence result is proved in Dhage and Lakshmikatham [4] via a

fixed point technique formulated in Dhage [2].

Theorem 2.1. Assume that hypotheses (A1 )-(Az) and (By) hold. Further, if

(2.1) L <)f(ti°x0)‘ —|—Ka) <1,

then the HDE (1.1) has a solution on J.

Theorem 2.2. Let u,v € C(J,R) be lower and upper solutions of HDE (1.1) satis-
fying u(t) < w(t), t € J and let the hypotheses (A1 )-(As) and (By) hold. Suppose also
that the condition (2.1) is satisfied. Then, there exists a solution x(t) of (1.1) in the
closed set Q, that is, u(t) < z(t) < wv(t), t € J.

Proof. Define a function p: J x R — R by
(2.2) p(t, ) = max {u(t), min{z(t), v(t)} }.
Then §(t,x) = g(t, p(t, x)) defines a continuous extension of g on J x R satisfying
9, 2)| = lg(t,p(t,2))| < K ae t e

for all x € R. Hence by Theorem 2.1, the HDE

i{ x(t)
(2'3) dt f(t,x(t))

l’(to) =129 € R

} =qg(t,z(t)) ae. teJ

has a solution z defined on J.

For any € > 0, define

ue(t) u(t) ¢
(2.4) ftuct) — f(tult))
and

ve(t)  w(t)
(2.5) flto(t) — flto(t)
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for t € J. Then in view of hypotheses (A;), we obtain
(2.6) uc(t) <wu(t) and wv(t) < v(t)
fort e J.
Since
u(ty) < xo < w(to),

one has
(27) ue(to) < xg < Uﬁ(to).

Next, we shall show that

(2.8) uc(t) < x(t) <w(t), te.
Define X (t) = %, t € J. Similarly, define
) )
Y0 = ewy Y9 Feu)
and
) o
O=5i @ YT )
forallt e J.

If (2.8) is not true, then there exists a t; € (to, to + a] such that

x(t1) = ve(t1)
and
u(t) < x(t) <we(t), to<t<ty.
If x(t1) > v(t1), then p(ty, x(t1)) = v(t1). Moreover,
u(t) < plt, z(th)) < v(t).
Now,
VI(t) > g(ti,v(t)) = §(tr, () = X'(2)
for all t € J. Since
Ve(t) > V'(t)
for all t € J, we have that
(2.9) VI (t) > X'(t1).
However,
X(t1) = V()

and
X()=V(t), to<t<t

459
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together imply that

X(ti+h) = X(t) _ Velti+h) = Ve(th)
>
h h
if h < 0 small. Taking the limit as A — 0 in the above inequality yields

X'(t) 2 Vi)
which is a contradiction to (2.9). Hence,
x(t) < ve(t)
for all t € J. Consequently,
uc(t) <z(t) <wv(t), te.
Letting ¢ — 0 in the above inequality, we obtain
u(t) <z(t) <o(t), ted

This completes the proof.

O

The existence of lower and upper solutions is an essential ingredient in many

problems of nonlinear differential equations and which do exist for every differential

equation obviously. The following simple result gives the sufficient conditions that

guarantee the existence of lower and upper solutions for the HDE (1.1) defined on J.

We consider the following hypothesis:

(By) The function x +— ¢(¢, x) is nonincreasing in R for all ¢ € J.

Theorem 2.3. Suppose that hypotheses (Ay)-(As) and (By)-(By) hold. Further, if

the condition (2.1) is satisfied, then there exists a lower ug and an upper solutions vy

for the HDE (1.1) such that uo(t) < vo(t) on J.

Proof. Let y(t) be the unique solution of the HDE

i{ y(t)
(2.10) dt [ f(t,y(t))

y(to) =z, € R

} =g(t,0) a.e. t € J,

which does exist in view of condition (2.1). Define

w() oyl
(2.11) Fuo®) ~ flew) o 1€
and
(2.12) wit) v | p ey

f(tvo(t) [t y(t))
for some real number Ry > 0. Choose R so large that

Uo(t) S 0 S Uo(t)

2.13) Tt u@) == T (@)
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Since ¢(t,x) is nonincreasing in x, one has

w(t) __ylt)
Pt uol®) = 7t y(2)

S 9(t>uo(t))’ tedJ

and
wl) oy
f(two(t) — fty(t))

Also from (2.11) and (2.12), it follows that

> g(t,up(t)), te.

up(to) < @o < vo(to).

Thus, the functions ug(t) and vg(t) are respectively the desired lower and upper
solutions for the HDE (1.1) on J. Finally, from the hypothesis (A;) and the inequality
(2.13) it follows that ug(t) < vo(t) and the proof of the theorem is complete. O

Remark 2.1. Assume that all the hypotheses of Theorem 2.2 hold with € is replaced
with

Q={reR|ut) <x < wt), t € J}.

Then, by Theorem 2.1, there exists a solution for the HDE (1.1) in the vector segment
[ug, vo] in the Banach algebra C'(J,R). The uniqueness of x(t) is a consequence of

nonincreasing nature of g(¢, x) in x for each ¢t € J.

3. MONOTONE ITERATIVE TECHNIQUE

In this section, we describe a constructive method that yields monotone sequences
which converge to the extremal solutions of the HDE (1.1) on J. This method is
known as monotone iterative technique in the theory of nonlinear analysis and has
been employed by several authors for a number of nonlinear differential equations in
the literature. This method generates the sequences of successive iterations where
the first iteration is a solution of a certain linear differential equation which can be
computed explicitly. The advantage of monotone iterative technique lies in the fact
that it gives some qualitative information about the solutions of nonlinear differential
equation in question and the disadvantage is that unlike Picard’s iterations, it does
not give any information about the degree of approximation of the solutions, that is,
how far away the successive iterations are from the actual solution of the prolem in
question. The details of monotone iterative technique and applications appears in a
monograph by Ladde et al. [5]. Below we apply the monotone iterative technique
to HDE (1.1) under some suitable conditions for proving the existence of extremal

solutions.

We need the following hypotheses in what follows.
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(B3) There exists a real number M > 0 such that

gt z) —g(t.y) 2 —M { f<f r) f(f y>}

for each t € J and z,y € R with > y.
(B4) There exists a constant K > 0 such that

X

fo| ="

9(t, z)| = ‘g(t,x) +M

forall t € J and z € R.

Theorem 3.1. Let ug and vy be respectively the lower and upper solutions for the
HDE (1.1) satisfying ug(t) < vo(t) on J and let hypotheses (A1 )-(Az) and (Bs)-(By)
hold. Further if the condition (2.1) is satisfied, then there exist monotone sequences
{u,} and {v,} such that u, — w and v, — v uniformly on J, where v and v are

respectively the minimal and maximal solutions of the HDE (1.1) on J and

(3.1) ug <up <o Sy < - <vp <oy K.

Proof. For any n € C(J,R) with ug(t) < n(t) < vo(t) on J, consider a hybrid differ-
ential equation,

o [ =) ] _ #() 0
di [f(m(t))] = g(t,n(t)) =M [f(m(t)) = Famoy| e t€J

l’(to) = Ty, Uo(t) < Zo < Uo(t>.

(3.2)

Now the HDE (3.2) is equivalent to the problem
dt [ f(t, x(t)) f(t,x(t))

l’(to) = X2y.

} =g(t,n(t)) ae. t€J

Using the integration factor, the above equation can be put in the form
d [ eMix(t)
dt | f(t, z(t))

x(ty) = wo.

} =eMig(t,n(t) ae. t € J

By Lemma 1.1, the above hybrid differential equation is equivalent to he HIE

Xq e_M(t_tO)

x(t) = [f(t,x(t))] (m —I—/t e M=) g(s,m(s)) ds) , te

Since hypothesis (B,) and condition (2.1) holds, it is clear that for every n, there
exists a unique solution z € C(J,R) of the HDE (1.1) defined on .J in view of Banach

contraction mapping principle.

Define a mapping A on [ug, vo] by An = z. This mapping will be used to define

sequences {u,} and {v,}. Let us now prove that

(a) up < Aug and vy > Avg.
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(b) A is monotone operator on the sector
[ug, vo] = {x € C(J,R) | up(t) < x(t) <wvo(t), t € J}.

To prove (a), set Aug = uy, where u; is the unique solution of the HDE (3.2) on
J with n = up. Denote
) wl)  u)
ftpt)  ftu(t) [t uo(t))
for p € C(J,R). Then 2% _ > 0, and

to,p(to)) —

i{ p(t) };({t ui(t) }_i{ uo (1) }

(3.3)

# (0] @ [FEn®)] @ (7o)
> tua) = 0 | 500 - 00| gt
o p(t)
o0 - | )

This shows that f(zfzf()t)) > f(tzf;()(zo))e_Mt > 0 for all ¢ € J and hence from (3.4),

we obtain
w(t) o uo(?)
for all t € J. Since hypothesis (A;) holds, ug(t) < uy(t) for all t € J, or, equivalently,

ug < Aug. In a similar way, we can prove that vg > Avy.

To prove (b), let n1,m2 € [ug, vo] be such that n; <7y on J. Then one has

) - mt)  m)
(3.5) gt m(t) — g(t,m(t)) = —M () flt,ma(t))

forallt € J.
Suppose that z; = An; and x9 = Any and set
p(t) (1) 1 (1)

ft,p@)  fltaa(t) [t zi(t))

for some p € C(J,R). Then, f(tp ;‘)(t > 0, and

|| = i s | i ||
= g(t, n2(t)) — M[ wo(t) __m() }
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r() m@)
*M[fa,xl(t)) f<t,m<t>>]
{ p(t) }
Tt p0)]

As before, the foregoing inequality implies that x5 > x; on J which in turn

(3.6)

implies that An, > Any, proving (b).
Now, we define two sequences {u,} and {v,} by
U, = Au,_1 and v, = Av,_
forn=1,2,....
From the monotonicity of the operator A it follows that

U < U <ug < - < U, <vp, < -e- < vy < vp < 0.

It is easy to show that the sequences {u,} and {v,} are uniformly bounded and
equi-continuous on J. The sequences being monotone, they converge by Arzela-Ascoli
theorem, uniformly and monotonically on J to u and v respectively. Obviously, u and

v are the solutions of

d un(t) _ un(t) Un— (t)
i [f(t,un(t))] = g(t, una(t)) = M [f(t,un@)) - f(t,unL(t))}

(3.7)
un(to) = Zo,
and
d|_wm(® | _ _ () vaa(t)
(3.8) di [f(t,vn(t))] = g(t, vn(t) — M |:f(t,vn(t)) f(t,vn,l(t))]

’Un(t(]) = X9-
To prove that w and v are extremal solutions of the HDE (1.1) on J, we have

to show that if x is any other solution of the HDE (1.1) such that wuy(ty) < xo <
’Uo(to), t € J, then

uo(t) < wu(t) < x(t) <wv(t) <wl(t), t €

Suppose that for some n € N, u,, < x < wv, on J and set
p(t) _ =x(t) Un1(t)

fp)  f&x()  f(Eunna(t))

for some p € C(J,R). Then, f(t’;f;o(io)) =0, and
d

L] - A [ [ ]
Un1(t) Un (1)

= o(tn(0) ~ ot (0) — |10 el
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() ()
i [f(t,unﬂ(t)) f<t,un<t>>]

p(t) ]
3.9 =-M|—-—]|.
& Y
This implies as before that u,1(t) < z(t) for all t € J. Similarly, it is proved that

x(t) < v,aq(t) for all t € J. Since ug < z < vy on J, we have, by induction principle

that u, < z < v, on J for each n,n = 0,1,2,.... Taking the limit as n — oo, we
conclude that v < z < v on J. Hence u and v are respectively the minimal and

maximal solutions for the HDE (1.1) on J. This completes the proof. O

To state a special case of Theorem 3.1, we need the following hypothesis in what

follows.

(Bs) The function x — g(¢, x) is nondecreasing in R for each ¢ € J.

Corollary 3.1. Let ug and vy be respectively the lower and upper solutions for the
HDE (1.1) on J satisfying uo(t) < vo(t) on J and let all the conditions of Theorem 3.1
are satisfied with hypothesis (By) replaced with (Bs). Then the HDE (1.1) has extremal

solutions on J.

The proof of Corollary 3.1 follows from Theorem 3.1 by replacing the constant M
in hypothesis (B3) with M = 0. Next, we discuss the case when ¢(¢, z) is nonincreasing
in x almost everywhere for ¢t € J. Let ug and vy be respectively the lower and upper
solutions for the HDE (1.1) on J. Then, consider the two sequences u, and v, of

iterations defined as follows:

(3.10) % {#ﬁzm = gt un(t)) ae. t€J, unii(to) = uo;
and

(3.11) % [#ﬁ?m = g(t,vn(t) ae. t € J, vpi(ty) = uo;
forn=0,1,2,....

Below in the following we show that each one of the sequences u,, and v,, has two

alternating sequences which converge uniformly and monotonically to the extremal
solutions of the HDE (1.1) on J.

Theorem 3.2. Let hypotheses (A1)-(Az) and (Bs) hold. If the inequality (2.1) is
satisfied, then either,

(i) the iterates {u,} given by (3.10) and a unique solution = of the HDE (1.1)
defined on J satisfy

(3.12) g Sug <o Stgy S a(t) SUgpp <o Lug <



466 B. C. DHAGE

for all t € J, provided ug(t) < us(t), t € J. Furthermore, the sequences {usy,}
and {usni1} converge uniformly and monotonically to w, and u* respectively
satisfying u.(t) < z(t) < u*(t) for allt € J; or

(ii) the iterates {v,} gwen by (3.11) and a unique solution x of the HDE (1.1)
defined on J satisfy

(3.13) v <3< < gy < a(t) Swvgy < v < g <y

forallt € J, provided vo(t) < vo(t), t € J. Furthermore, the sequences {vs,} and
{vons1} converge uniformly and monotonically to v, and v* respectively satisfying
V(1) < z(t) < v*(t) forallt € J.

In fact, since the extremal solutions are unique, u, = v, = u and u* = v* =v on J
satisfying u(t) < z(t) <wv(t), t € J .

Proof. By Theorem 2.2, there exist a lower solution ug, an upper solution vy and a
solution x for the HDE (1.1) such that

up(t) < a(t) <wo, teJ

We shall only prove the case (i), since the proof of case (ii) follows with similar

arguments.

Assume ug < ug on J. We shall first show that

(3.14) up(t) <wua(t) < a(t) <wus(t) <ugt, ted
Set
(315) p(t> _ Uy (t) . UO(t>

ft,p@)  fltu(t)  f(t uo(t))
for t € J. Then,
df_p®) |_df_wm) |_df_ u)

dt
> g(to, uo(t)) — g(to, uo(t))

and p(ty) = 0. Hence,
(51 (t) > UO(t)

for all t € J. This further in view of hypothesis (A;) implies that () > u(t) on J.
Next, let

(3.16) —~
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for t € J. Then,

A w() }_g uo(t)]

ﬂm} ot {m dt [m

= g(t, x(t)) — g(t, uo(?))

and p(tp) = 0. This implies

o) wm)
Fta(®) = 7t (D)

for all t € J. Since hypothesis (A;) holds, one has z(t) < u;(t) on J. By using similar

arguments, we can show successively that
up(t) < z(t), wus(t) <wuyi(t), and x(t) < wus(t), teJ

Consequently, we have proved that (3.14) holds for ¢ € J.

To prove (3.12), we use the induction principle, i.e. assume that (3.12) is true

for some n and show that it holds for (n + 1). Consider,

p(t) uwsea(t) use(Y)

fp(t)  ftuonsa(t))  f(t uzni(t))

Then, by using the monotone character of g, we have

i 7]~ i v~ 7w

= g(t, uzni2(t)) — g(t, uan41(t))

and p(0) = 0. This shows p(t) < 0 and hence ug,12(t) < ugni1(t). By repeating

similar arguments we can get
ug S ug < - Sy S Ugpye ST S Ugpyy S Ugpg S Suz S

on J. Since (3.12) is true for n = 1, it follows by induction principle that (3.12) is
true for all n. It is easy to conclude that the sequences {us,}, {to, 41} are uniformly
bounded and equicontinuous and hence by Arzela-Ascoli theorem, converge uniformly
and monotonically to u.(t), u*(t) respectively and that u.(t) < x(t) < u*(t) on J. This

proves the assertion (i) and the proof of Theorem 3.2 is complete. 0

Corollary 3.2. In addition to the assumptions of Theorem 3.2, suppose that

B " B Ul(t> . u2(t)
(3.17) gt unlt)) =gt ualt) = =M Za= o = T @)

for allt € J, wherever uy(t) > us(t) on J. Then u(t) = v(t) = x(t) on J.
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We note that in the proof of Theorem 3.2, v and v are indeed quasi solutions for
the HDE (1.1) since we have that

(3.18) % {%} =g(t,v(t)) ae. teJ, u(ty) = zo,
and
(3.19) % {%] =g(t,u(t)) ae. teJ, oty =xo,.

4. MIXED MONOTONE ITERATIVE TECHNIQUE

From the discussion of the previous section, it is clear that if the nonlinearity
g(t,z) in the HDE (1.1) is either nondecreasing or nonincreasing in the state variable
x, then we can construct the monotone sequences of successive iterations that con-
verge to the extremal solutions between the given lower and upper solutions of the
related hybrid differential equation on J. Now we treat the case when ¢ is neither
nondecreasing nor nonincreasing in the state variable x. If it is possible to split the

function ¢ into two components as

g(t> [L’) =0 (t’ x) + gZ(ta x)

where, one component g;(t,z) is nondecreasing while another component gs(¢, x) is
nonincreasing in the state variable z, then in this situation we can also construct the

sequences of iterations that converge to the extremal solutions of the HDE (1.1) on
J.

Now, consider an initial value problem of HDE,

. || = (ta(0) + a0 e € 5
LL’(T,O) =1x9 € R

where, f € C(J x R,R\ {0}) and g1, g, € C(J x R, R).

In the following we develop a mixed monotone iterative technique and prove an
approximation result for the HDE (4.1) in closed sets formed by the lower and upper

solutions. Below we give different notions of lower and upper solutions for the HDE
(4.1) on J.

Definition 4.1. Let the functions o, 8 € C(J,R) satisfy the condition that the maps
t— f(f‘g()t)) and t — % are absolutely continuous on J. Then the functions

(cr, B) are said to be

(a) mixed lower and upper solutions of type I for the HDE (4.1) on J, if
d { a(t)
(4.2) dt | f(t, ot))

Oé(to) S Zo,

}Sm@ﬂm+mwmmaﬁteﬁ
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and
i ﬂ « a.e
(4.3) dt [f(t,g(t))] > g1(t, 8(t) + g2(t, a(t) ae. t € J,
B(to) = xo;

and

(b) mixed lower and upper solutions of type II for the HDE (4.1) on J if

d [ (t’(t) } < g1(t, B(1)) + ga(t, a(t)) ae. t € J,

(44) a(t))
a(ty) < o,
and
(4.5) di [ F(t (ﬂtzt))] > gi(t,a(t)) + g2(t, 5(t)) ae. t € J,

ﬂ(to) Z Zg.

If the equality sign holds in the relations of (4.2) and (4.3), then the pair of
functions («a, 3) together is called a mixed solution of type I for the HDE (4.1)
on J. Similarly, if the equality sign holds in the relations of (4.4) and (4.5), then the
pair of functions (o, 3) together is called a mixed solution of type II for the HDE
(4.1) on J.

We need the following hypothesis in what follows.

(Bg) The function ¢;(t,z) is nondecreasing in x and the function g»(¢,x) is nonin-
creasing in x for each t € J.

(B7) The functions (ayp, (o) are mixed lower and upper solutions of type I for the HDE
(4.1) on J with oy < fp.

(Bg) The pair («, 3y) are mixed lower and upper solutions of type II for the HDE
(4.1) on J with o < fp.

Theorem 4.1. Assume that the hypotheses (A1)-(As) and (Bg)-(B;) hold. Further
suppose that the condition (2.1) is satisfied. Then there exist monotone sequences
{a,} and {5,} such that o, — « and [, — [ uniformly on J, where (o, 5) are mized
extremal solutions of the type I for the HDE (4.1) on J.

Proof. Consider the following quadratic HDE,

i{ n1(t)
(4.6) dt | f(t, anta(t))

ant1(to) = o,

] = i(t, an(t)) + galt, Bult)) ace. t € J,
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and

. 4 L(fﬁ—%] = G1(t, Bu(®) + 0o(t, an(t)) ae. t €
/Gn-l-l(to) = To

for n € N.

Clearly, the HDEs (4.6) and (4.7) have unique solutions a,;; and (.41 on J
respectively in view of Banach contraction mapping principle. Now we wish to prove
that

(4.8) <o < <a, <G, <3<

onJ forn=20,1,2,.... Let n =0 and set
p(t) _ at) a1 (t)

ftp(®)  f(tao(t))  f(t en(D))

for t € J. Then by monotonicity of ¢; and g2, we obtain
d

AP0 ] A e | d[ a@
dt [f(tap(t))} { f(t, ao(t))} dt {f(t,oq(t))]
< g1(to, a0 (t)) + ga(t, Bo(t))
— g1(to, Bo(t)) + ga(t, ao(?))
—0

for all t € J and p(ty) = 0. This implies that

ap(t) < o (t)
[t ao(t) = f(t,an(t))
for all t € J. As hypothesis (A1) holds, one has ag(t) < ay(t) for all t € J. Similarly,
it is proved that §; < By on J. Again, setting

p(t) _ o (1) . Bi(t)

ft.p(6)  flton(t))  f(tBu(t))

for t € J. Then, by monotonicity of g; and go, we obtain

£ 58] 52 et

di [f(t,ﬂl(t))
< gi(to, aon(t)) + g2(t, Bo(t))
— g1(to, Bo(t)) — g2(t, an(t))

<0

for all t € J and p(ty) = 0. This implies that
o (¢) < Bu(t)
f(t0a(t)) = f(t, 5u(2))
for all t € J. As hypothesis (A7) holds, one has a;(t) < 1(t) for all t € J.
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Now we assume that for some integer k € N,

ap—1 < o < B < Bra
on J. We shall show that
o < a1 < B < B

Set
p(t)  a() pr1(t)

ftp)  fltawt)  f(t apa(t))

for t € J. Then by monotonicity of ¢; and g2, we obtain
d

_[ p(t) ] d [ a(t) ] i[ 41 (t) ]
dt [ f(t,p(t)) ftan@®) ] db | f(E akga(t))
< g1t axa (1) + ga(t, Bra (1))

— 01t ak(t)) = g2(t, Or(t))

<0

for all t € J and p(ty) = 0. This implies that

a(t) ()
for all ¢ € J. As hypothesis (A;) holds, one has ay(t) < agii(t) for all t € J.
Similarly, it can be proved that Gy, 1(t) < Bi(t)i, t € J.

Similarly, assume that the inequality

ap—1 < o < B < B

holds on J. We shall show that

ar < a1 < B < B

on J. Set
p(t)  _ ap() Bt

ft.p) [t ana(t)  f(t Bera(t)
for t € J. Then by monotonicity of ¢; and g2, we obtain
a [ﬂ] _d [O‘H—l(t)} _ 4B }
dt f(t,p(t)) dt f(tv ak-l-l(t))

dt {f(t, Br1(t))

< gi(t, aw(t)) + gat, Be(t))
91(t, Br(t)) — g2(t, ax(t))
<0

for all t € J and p(ty) = 0. This implies that

ag+1(t) Br41(t)
ft o (t) = F(E Bra(t))
for all t € J. As hypothesis (A7) holds, one has ay,1(t) < Bry1(t) for all ¢t € J.
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Now it is easy to prove that the sequences {a,,} and {3, } are uniformly bounded
and equicontinuous and so, have uniformly convergent subsequences on J. Since they
are monotone sequences, {a,} and {3,} converge uniformly and monotonically to «
and (§ on J respectively. Obviously the pair (a,3) is a mixed solution of the HDE
(4.1) on J. Finally, we show that («, ) is a mixed minimal and maximal solution of
type I for the HDE (4.1) on J. Let = be any solution of the HDE (4.1) on J such that
ap < x(t) < B(t) on J. Suppose that for some k € N, oy (t) < z(t) < Bi(t), t € J.
We shall show that agi1(t) < z(t) < Grri1(t), t € J. Setting

) _ _ aen(t) (1)

ftp®)  flt o) fta(t))
for t € J. Then, by monotonicity of g; and gs, we obtain
g{ p(t) ]:1{ a1 (t) ]_1[ x(t) ]
dt Lf(@&,p(t)]  dt [f(tawalt))] dt [f(t2())
< g1t aw(t)) + g2(t, Be())
— g1(t, (1)) — g2(t, (1))
<0

for all t € J and p(typ) = 0. This implies that
anl®) _ al)
ft, anga () = f(t x(t))
for all t € J. As hypothesis (A;) holds, one has ax,1(t) < z(t) for all t € J.
Similarly, it is shown that x(t) < Byy1(f) for all ¢ € J. By principle of induction

method, o, < z < 3, on J for all n € N. Taking the limit as n — 0o, we obtain
a<z<GonJ. Thus (a, ) are the mixed extremal solutions of type I for the HDE
(4.1) on J, that is,

df_a) |_ a a.e alty) =
i | s | = e a) + (e, 50 et e S alto) =
and
d B(¢) = a a.e =z
7 {m] = g1(t, B(t)) + q1(t, a(t)) aet € J, B(to) = o
This completes the proof. O

Corollary 4.1. If in addition to the assumptions of Theorem 4.1, we suppose that

for uy > ug, uy,us € 2, we have

_ U Ul(t) _ Ug(t)
gt ) = qibuelt) < N | 5 a8 = Fruay ) 70
and
B u [ w(t) u(t) ]
salton(O) = onlt el < % | 7 @)~ Fwmy ) 70

then a(t) = x(t) = B(t) on J.
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Proof. Since a« < 3 on J, it is enough to show that § < a on J. Define a function
p € C(J,R) by

Then, p(ty) = 0 and
-2 )

dt | f(t,p(t) ] dt [f(t,8(t)] dt | f(t alt))
= gl(tv 6(t)) - gl(tv Oé(t)) + 92(t7 Oé(t)) - 92(t7 6(t))
p) ot alt)  B@)
<3 (75~ 7ora@) (e ~ 7o)
B p(t
B v
This shows that f(f, S()t)) < 0 on J, proving thereby that § < a on J. Hence
a =x = (3 on J, completing the proof. O

Remark 4.1. As a consequence of Theorem 4.1, we have several important observa-
tions. It is noted that many interesting special cases can be derived from Theorem 4.1,
some of which are already studied in the earlier results. Below we list our remarks

concerning these observations.

(1) In Theorem 4.1, suppose that go(t,z) = 0. Then «g, y are natural lower and
upper solutions of (4.1) and with g(¢,z) nondecreasing, we get the monotone
sequences {ay,}, {3,} converging to minimal and maximal solutions of (4.1) re-
spectively, lying in the sector [ag, ol.

(2) However, if ¢;(¢,z) is not nondecreasing and g¢»(t,x) = 0, we can assume that

gi(t,z) + M f(fm) is nondecreasing in x for some M > 0 and still come to the

same conclusion as above, since the HDE
d x(t)
dt | f(t, =(t))

satisfies the conditions of Theorem 3.1.

}:@@@@aﬂél 2(te) = 2

When ¢;(¢, z) is not nondecreasing in z, we consider the HDE

d x(t) . x(t)
4.9 — | — | =0t,z(t) —M—-—"= aeteJ ty) =
49) g || = o) M wete el =
where g1 (t, ) = g1(t, x) + M7, M > 0 is nondecreasing in z. Note that HDE

(4.9) is same as (4.1) with go(¢, ) = 0. We see that it can also be seen as (4.1)
with gq(t,z) replaced by g1(t,z) and gs(t, x) replaced by —M i

t,x)”
get the same conclusions as of Theorem 4.1, since (¢, x) is nondecreasing in x

Hence we

and —M ﬁ is nonincreasing in z.
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(3) If g1(t,z) = 0 in Theorem 4.1, we obtain the result for nonincreasing go(t, x) in

x and the functions «y, 3y are mixed lower and upper solutions of the HDE

i ﬂ = z a.e a —
dt |if(t,$(t)):| 92(t7 (t)) e te J, (to) 0

with nonincreasing go(t, z) in z. In this case, the monotone iterates {c,}, {5,}

converge to «,  respectively which satisfy

d { a(t)

yr m] =g1(t,0(t)) ae. t € J, «fty) = o

and

d ﬁ(t) = Q a.e =T
4 [m} — oot alt) ae. t € J, Blto) = ao.

(4) Ifin (3) above, we suppose that g(t, z) is not nonincreasing in = and there exists
a N > 0 such that go(t,x) = go(t, ) — N 7 is nonincreasing in . Then, we
can consider the HDE

AT 2@ T o)) = ault e
it [Tt | ~ 50 =900 4 N st =

which is the same as HDE (4.1) with ¢, (¢, x) replaced by N Ttz Which is nonde-
creasing in x and gs(t, z) replaced by go(t, x) which is nonincreasing in x. Hence,
the present case, then reduces to Theorem 4.1 and the conclusion of Theorem
4.1 remains valid.

(5) Suppose ¢ (t,x) is nondecreasing but go(t,x) is not nonincreasing in x. Then,

consider the HDE
d [ z(t)
dt | f(t z(t))

where ¢1(t,z) = g1(t,z) + NW’ N > 0 is nondecreasing in x and §s(t,z) =

ga(t,z) — N %, N > 0, is nonincreasing in x. This results is same as Theorem
4.1 with g(t,x), g2(t, x) replaced by §1(t, z), g=(t, x) respectively and the con-
clusion of Theorem 4.1 holds. Note that g,(¢,z(t)) + go(t, z(t)) = g1(t, x)(t) +
g2(t, z)(t) and hence, HDE (4.10) is the same as the HDE (4.1).

(6) If g1(t, z) is not nondecreasing in x but go(¢, z) is nonincreasing in z, then con-

sider the HDE

(4.10) } = g1(t,x(t)) + g2(t, z(t)), ae. t € J,  x(ty) = zo,

(4.11) % {%} = q1(t,z(t)) + go(t, x(t)), ae. t € J,  x(ty) = w0,

where §1(t,x) = ¢1(t,z) + Nﬁ, N > 0 is nondecreasing and gs(t,z) =

go(t,x) — N Fimy M > 0 is nonincreasing in z. This results is contained in

Theorem 4.1 and so, the conclusion of Theorem 4.1 is valid. Again note that
HDE (4.11) is the same as (4.1) since g1(t, z) + g2(t, ) = g1(t, ) + go(t, ).
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(7) If g1(t, z) is not nondecreasing and go(t, x) is not nonincreasing, then for M >
0, N > 0, such that §;(t,x) = ¢:1(t,x) + M 74 is nondecreasing and go(t,z) =

g2(t, x) — 7(t77 s nonincreasing, we get the context of Theorem 4.1 with

g1(t, ), go(t, x) replaced by §1(t,z), go(t, x) respectively and hence the conclu-
sion of Theorem 4.1 remains valid.

Next, we consider the case of the mixed lower and upper solutions of type II
for the HDE (4.1) and prove the existence of sequences that converge to the mixed
extremal solution. Here, we need not assume the existence of mixed lower and upper

solutions, since it can be established with the given assumptions.

Theorem 4.2. Assume that the hypotheses (A1)-(As) and (Bg)-(Bs) hold. Further
suppose that the condition (2.1) is satisfied. Then, for any solution x(t) of (4.1) with
ag < x < Py on J, we have the iterates a.,, (3, satisfying fort € J,

apg S < Sag, ST <Ay S-S az <o,

Br < B3 <o < fBopy1 L < Poy, < oo < By < P,

(4.12)

provided oy < o and By < Py on J, where the iterates are given by

. %[ﬁ%g%%ﬂzm@@w»+mwmm»aﬂtei

i1 (to) = o,

and

i { 6n+1(t>
(4.14) dt [ f(t, Bns1(t))

Brt1(to) = xo

}:mmmﬁ»+mmmm>mwel

forn € N. Moreover, the monotone sequences {aan}, {aani1}, {Bon}, {Bons1} converge

uniformly to «, B, a*, 3 respectively and they satisfy

df a) ]_ )
dt {f(t,a(t))] g1(t, B(t)) + g2(t, (1)),

i[f(ﬁL

t, /B(t))] = q1(t,a(t)) + go(t, 5(t))

4] o * .
[( )J 01 (1, 3°(1)) + galt, 0 (1)),

J 011, (1)) + galt, (1))

< B*, te J, a(0) = 5(0) = a*(0) = 8*(0) = zo.

\_/
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Proof. In view of hypothesis (ii), it is easy to construct the mixed lower and upper
solutions for the HDE (4.1) following the method of Theorem 2.2. Hence, we proceed
by assuming that such mixed lower and upper solutions «y, 3y of type II exist. Assume
further that ay < ay and By < By, on J. We show that

ap <y <z < a3z <o,

Bi <PBs<x< [y < By

(4.15)

on J. Set
pt)  _ x(t) o«

ftp®)  fEx(t)  f(Eaa(t)

Using the fact that ag < x < fy on J, = being any solution of (4.1) and the

monotonic nature of the functions ¢g; and go, we obtain

i 7] ~ i 7] i o

= qi(t,z(t) + g2(t, 2(t)) — 91(t, Bo(t)) — ga(t, co(t))

for all t € J and p(ty) = 0. Hence, we conclude

x(t) < aq (t)
[t x(t) = f(t,au(t))

or z(t) < ay(t)

forallt € J.
Similarly, it can be shown that a3 < ay, f1 < z and as < z, by considering the
differences
) ) )
ftpt)  fltas(®)  flta(t)
p(t) L) =)
ftpt)  f(t5()  f(t2?))
and

Pt _aolt) ()
Ftp®) ~ Fltaa®)  F(ta®)

respectively. In each of these cases, we obtain < |2 ® ] < 0, for all t € J and

di [f (t:p(t))
the claim (4.15) is established. The rest of the proof is similar to Theorem 3.2 with

appropriate modifications. Hence we omit the details. O
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