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ABSTRACT. In this paper, for a third order differential equation, we will establish some new
inequalities of Lyapunov type. These inequalities give implicit lower bounds on the distance between
zeros of a nontrivial solution and also lower bounds for the spacing between zeros of a solution and/or
its derivatives. The main results will be proved by making use of the Holder inequality and some
generalizations of Opial and Wirtinger type inequalities. Some examples are considered to illustrate

the main results.
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1. INTRODUCTION

In this paper, we will establish some new Lyapunov type inequalities for the

third-order differential equation
!/
(1.1) (r®) 12" @ ") + g e 2ty =0, tel,

where we assume that I is a nontrivial interval of reals, v > 1 and r,q : I — R™ are
nonnegative continuous measurable functions. By a solution of (1.1) on the interval
J C I, we mean a nontrivial real-valued function x € C?(.J), which has the property
that () [”(t)|""" 2”(t) € C*(J) and satisfies equation (1.1) on J. We assume that

(1.1) possesses such a nontrivial solution on 1.

The nontrivial solution x of (1.1) is said to oscillate or to be oscillatory, if it
has arbitrarily large zeros. By the Sturm Separation Theorem, it is known that the
oscillation is an interval property, i.e., if there exists a sequence of subintervals [«;, 3]
of [tg,0), as i — 00, such that for every i there exists a solution of (1.1) that has at
least three zeros in [y, ;). For recent oscillation and nonoscillation results for third

order differential equations, we refer to the book [29].

Equation (1.1) is said to be right (left) disfocal in [a,b] (@ < b) if the solutions
of (1.1) with 2'(a) = 0, xz(a) # 0 (2/(b) = 0 and z(b) # 0) do not have two zeros

(counting multiplicities) in (a,b] ([a,b)). Equation (1.1) is disconjugate in [a, b] if no
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nontrivial solution of (1.1) has more than two zeros (counting multiplicities). So that
if equation (1.1) is disconjugate in [a, b], then it is right disfocal in [c, b] or left disfocal
in [a,c] for every ¢ € (a,b). Equation (1.1) is said to be nonoscillatory on [a, c0) if
there exists ¢ € [a, 00) such that this equation is disconjugate on [c, d] for every d > c.

Lyapunov type inequalities yield implicit lower bounds on the distance between
consecutive zeros of a nontrivial solution z and also give lower bounds for the distance
between zeros of a solution z(t) and/or its derivatives. The best known existence
result of this type for the second order differential equations is due to Lyapunov [14].

This result states that: If z(¢) is a solution of the differential equation
(1.2) 2" (t) + q(t)x(t) = 0,

with z(a) = z(b) =0 (a < b) and z(t) # 0 for t € (a,b), then

b N 4
(1.3) / (Dt > 7.

where ¢ is a real valued and continuous on a nontrivial interval of reals and ¢t =
max{q(t),0}. Since the appearance of this inequality various proofs and generaliza-
tions or improvements have appeared in the literature for different types of equations.
For contribution we refer the reader to the papers [4, 11, 13, 18, 19, 20, 21, 23, 24,

25, 26] and the references cited therein.

Our motivation for this paper comes from the papers of Parhi and Panigrahi
[16, 17], Yang [31] and Cakmak [9]. In [16] the authors proved that if  is a nontrivial

solution of the equation
(1.4) a"(t) + q(t)x(t) = 0,

with z(a) = 0 = x(b), z(t) # 0, t € (a,b) and there exists a d € [a,b] such that
x" (d) =0, then

’ 4
1.5 Hdt > —.
(15) et =
They also proved that if x is a solution of (1.4) with z(a) = z(a’) = x(b) = 0 and
x(t) # 0 for t € (a,b) and z”(t) # 0 for ¢t € (a,ad’), then

b 4
/a lq ()| dt > Boar

In [17] the authors used the concept of disfocality for third-order differential equations
and gave a better bound than in (1.5) in some cases. In particular they proved that
if = is a solution of (1.4) with z(a) = 0 = 2/(a), x(b) = 0 = 2/(b), and z(t) # 0 for
t € (a,b), then

b 16
/a O]t > =
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As a special case of the results proved by Yang [31] for higher order differential
equations, one can deduce that if x is a solution of (1.4) with z(a) = z(t2) = x(b) =0
and x(t) # 0 for t € (a,t2) U (ta,b), then

b
/a g (1) dt > —2@?&)2.

Also one can deduce for the results in [31] that if z is a solution of (1.4) with x(a) =
x(ty) = z(b) = 0 and x(t) # 0 for t € (a,ts) U (t2,b), then

/a g (8)] dt > 2(%@2

In [9] the author proved that if  is a solution of (1.4) with z(a) = z(t2) = z(b) =0
and x(t) # 0 for t € (a,ts) U (t2,b), then

/hz\ﬁ> )

In this paper, we are concerned with the following two problems for the equation
(1.1):
(i) obtain lower bounds for the spacing 5 —a, where x is a solution of (1.1) satisfying

z(a) =2'(a) = 2"(B) =0, or z(B) = 2/(6) = 2" () = 0,
(ii) obtain lower bounds for the spacing 5 —«, where x is a solution of (1.1) satisfying
2@ (a) =0 =29(3) for i =0,1,2.

In particular as a special case of our results, we will prove that if x is a solution
of (1.4) with 2®(a) = 0 = 2@ (b) for i = 0,1,2, and z(t) # 0 for ¢ € (a,b), then

(1.6) R

The paper is organized as follows: In Section 2, we will prove the main results by

employing a technique (different from the techniques employed in the above mentioned
papers) depends on the applications of the Hélder inequality and some generalizations
of Wirtinger Opial type inequalities. In Section 3, we will discuss some special cases of
the results to derive some results for the equation (1.4) and then give some illustrative
examples. To the best of the author’s knowledge this technique has not been employed

before for the equation (1.1) or even on the special case (1.4).

2. MAIN RESULTS

The Wirtinger type inequality and its general form have been studied in the
literature in various modifications both in the continuous and in the discrete set-
ting. It has an extensive applications on partial differential and difference equations,
harmonic analysis, approximations, number theory, optimization, convex geometry,

spectral theory of differential and difference operators, and others (see [27, 28]). Also
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the inequalities of Opial types are the most important and fundamental integral in-
equalities in the analysis of qualitative properties of solutions of differential equations.
For more details we refer the reader to the book [2]. In the following, we present the
Wirtinger type inequality due to Agarwal et al. [1] and some generalizations of Opial’s
inequality due to Beesack and Das [5] and Agarwal and Pang [2] that we will need in

the proof of the main results.

Theorem 2.1. For 1 = [, 3], 7 > 1 is a positive integer and a positive function
A € CY(T) with either N'(t) > 0 or N(t) < 0 on I, we have

B \v+1 p
(2.1) / fX(t)ﬂ? YO dt > ey | xnor .

for any y € CY(I) with y(a) = 0 = y(3).

Remark 1. It is clear that Theorem 2.1 is satisfied for any function y satisfies the
assumptions of theorem. So if y(t) = 2/(t) with 2/(a) = 0 = A\(B) or /() = 0 = A\ («),
or '(a) = 0 = 2/(B) and p(t) = N(t) we have the following inequality which gives a

relation between 2/(t) and z”(t) on the interval [, (].

Corollary 2.1. For 1= [a,f3], and v > 1 is a positive integer then we have

g s
(2.2) /a Ir(®)| 2" ()" dt > rll)“’“/a p(6)| 2/ () dt,

for any x € C*(I) with 2'(a) = 0 =r(B), or /() = 0 = r(a) or 2'(a) = 0 = 2/(3),
where r(t) and p(t) satisfy the equation

(2.3) (r@N(@)) = (v + Dp(H)A(t) =0,
for any function \(t) satisfyies N (t) # 0.

Remark 2. For illustration, we apply the inequality (2.2) with 2/(¢) = sint in the
interval [0, 7]. If p(t) = 1 and v = 1 and by choosing r(t) = t?, we see the equation
(2.3) is satisfied when A(t) =t. So one can see that

s 1 s
/ 2 cos? tdt ~ 5.9531 > 0.392 70 ~ 1 / sin® tdt.
0 0

Note also that the equation (2.3) holds if one chooses r(t) = p(t) = 1, where in this

case
1
1\ 1
A(t) = exp <—7 + )7 t.
Y

In the following, we present the Opial-type inequalities that we will need in the

proof of the main results.
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Theorem 2.2 (Beesack and Das [5]). If zis absolutely continuous on [a, 3] with
z(a) = 0 (or z(B) = 0), and = does not change sign in («, [3), then the following
inequality holds

B

B
@) [ BOROP O & < Km0 0" b

«

where m,n are real numbers such that mn >0 and m+n > 1, A and B are nonneg-

ative, measurable functions on («, 3) such that

t 1
/ (A(s))m-1 ds < oo,

m

1{@%n)::<n1:n);%;[LBBﬂTXwA—Za)(Zj@qs»mﬁ%wm)mﬂwlmIMM.

If we replace x(a) = 0 by x(B) = 0, then (2.4) holds where K (m,n) is replaced by

(2.6) N
o(f " (A ) o dt] o

K(m,n) = (n fm) ”*L’” [/j B (1) A-

Theorem 2.3 (Agarwal and Pang [2]). Assume that the functions p and q are nonneg-

3z

ative and measurable on the interval (o, 3), m,n are real numbers such that p/m > 1,
x(t) € C" Yo, B] be such that 2V (a) =0, 0 <k <i<n-—1(n>1), 2 V()

absolutely continuous on (o, 3) and ™ (t) does not change sign on (a, 3). Then

’ z m 8 L
en  [awlhol o< g | [ool0o)a
where
(2.8) Ki:= Gk L/ﬁ(¢%ﬂﬂ_m@»LWhm)Uﬁk@»KWJVW—mHﬁ]%#
(n—k—D |/, , |

t
Pl,k(t) = / (t _ S)(”_k_l)ﬂ/(ﬂ—l) (ﬁ(s))—l/(u—l)ds’

If we replace 29 (a) =0 by 2D(3) =0, 0 <k <i<n-—1(n>1), then (2.7) holds
where Ky 1s replaced by Ky which is given by

m
() ”

((n =k =1l

p—m
"

(2.9) K, := {/6 (qu(t)ﬁ—m(t))l/(“‘m) (Pg,k(t))l(“‘l)/(“‘m)dt}

where

B
P i(t) := / (s — t)(n—k—l)u/(u_l)(ﬁ(s))_l/(“_l)d&
t
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Remark 3. For equation (1.1), we see that if ¢(¢) > 0 and z(¢) be an eventually
positive solution of (1.1), then z(t) > 0, 2/(¢t) > 0, 2”(t) > 0, or z(t) > 0, 2/(t) < 0,
x”(t) > 0. Also, if z(t) is a solution of (1.1) with 2’(a) = 0, z(a) # 0, then z(¢) cannot
have a double zero in (a, b]. Indeed, if there is a t; € (a, b] such that x(t;) = 0 = 2/(¢1)
and (ty) > 0, t € [a,,), then (r(t) 2" ()" 2" (1)) = —q (t) |=(t)]" " 2(t) < 0, for
t € [a,t,), and hence r(t) |2”(¢)]" " 2”(t) is monotonic and decreasing. If there exists
a d € (a,t;) such that z”(d) = 0, then 2”(t) < 0 for t € (d,t;]. Hence, 2/(t) is
decreasing in (d,t], a contradiction because z'(t;) = 0. If z(t) < 0 for t € [a,t1),
then 2”(t) is increasing, and hence, z”(t) > 0, t € (d,t;]. Thus, 2/(t) is increasing.
This is not possible because z/(t;) = 0. Consequently, if ¢ (¢) > 0 and (1.1) is not
right disfocal in [a, b], then (1.1) has a solution z(t) with 2/(a) = 0, z(a) # 0 and z(¢)

has only two simple zeros in (a, b].

Now, we are ready to state and prove the main results by employing the inequal-

ities (2.2), (2.4) and (2.7). For simplicity, we introduce the following notations:

2
Y+

T Y 1/~
Ki@.r Pro) == (ﬁ) " {ff (%tl)(t)) (Pl,o(t))ydt} ,

T 1/y T
K;(Qa r, P2,0) = (ﬁ) o |iff (Q:ﬁ;)(ﬂ) (P270(t))ﬁ{dt:| ’
Y

(2'10) 2 y+1 1 Y ﬁ
Ki.@) = (2) 7 | 105 (12 () as) ]
2 pm 1o\ 1%
Ki(p,Q) = (%) {ff 2 U (ff (55) ds) dt] ,
pr (1) J
where

t g 1 B _ +1/y
- (t S)“Hr /v - (s t)'Y
Prott) = / a0 Pel)i= | e s

and r(t) and p(t) are positive real functions satisfying the equation (2.3) for any

positive function A(?).

Theorem 2.4. If x is a nontrivial solution of (1.1) which satisfies (o) = z'(a) =
2"(6) =0, then

(211) KI(Q)ﬁ P1,0)+7(7+1)7+1Kik(p7 Q) > 1a
where in this case Q(t) = ftﬁq(s)ds. If instead x(B) = o' () = 2" () = 0, then
(212) E3(Q.7, Poo) +7(y + 1) K5 (p,Q) > 1,

where in this case Q(t) = [* q(s)ds.
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Proof. We prove (2.11). Multiplying (1.1) by 2’ and integrating by parts, we have
B /
| (rler o) «wa
p 7 +1
—/ r(8) 2 (1) dt

Using the assumptions that 2'(«) = 2”(8) = 0, and Q(¢) ft s)ds, we get that

6 8
(2.13) / r(t) [ (B dt = / o(t) /()] ()| dt = / Q' (' (t) la(B)]" dt.

Integrating by parts the right hand side, we see that

/ Q' (1)'(1) | ()] dt

B
= Q(t)x’(t) |x(t)‘7|§ _ ’7/ Q(t) |x(t)"y—1 (SL’/(t))2dt
B
- [ @i o) a

Using the assumptions Q(3) = 0 and 2'(a) = 0, we see that
[ @wwwuora=— [ eolor o a
(2.14) - / Q) x(@)] [ (2)] dt.

Substituting (2.14) into (2.13), we have
(2.15)

B 41 B s 1 2
/ r(t) 2" (t)]” dtﬁ/ Q)] [z(t)[” |£B"(t)|dt+7/ Q)] [z(®)[" [2"(¢)]” dt.

Applying the inequality (2.7) on the integral

6
/ Q)| |=(®)]" |2 (1)) dt,

with q(t) = |Q(t)|, 9(t) =r(t), m=1,k=0,l=~,n=2and p =+ 1, we get
(note that x”(t) is of one sign and z(«) = 2'(«) = 0) that
B

B
210 [ QOIel" 0l dr < K@ R | [ ro 1 ],

where K;(Q,r, Pio) is defined as in (2.10). Applying the inequality (2.4) on the

integral

B
v [ 1@l ksor o de
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with B(t) = Q(t), A(t) = p(t), m =~y — 1 and n = 2, we see that
B

B
@)y [ Wl W OF d <vKiQu) [ b0

«

where K7(Q,r) is defined as in (2.10) where z(a) = 0. Applying the Wirtinger
inequality (2.2) on the integral

A 1
/ p(t) |/ (6" dt,

we see that

g 8
(2.18) / p(t) [/ (O dt < (v + 17 / r(t) | ()" dt,

where p(t) and r(t) satisfying the equation (2.3) for any positive function A(t). Sub-
stituting (2.18) into (2.17), we have

p 1 9 7 +1
(219) / Q) ()™ | (O dt < A(y + 1K@ r) / r(t) 2" (1) dt.

Substituting (2.16) and (2.19) into (2.15) and canceling the term [ff r(t) 2" ()] de |,

we have
Kf(erv Pl,O) + 7(7 + 1)7+1KT(Q77’) > 17

which is the desired inequality (2.11). The proof of (2.12) is similar using the in-
tegration by parts and the constants K;(Q,r, Pio) and K (Q,r) are replaced by
K3(Q,r, Pyp) and K;(Q,r) which are defined as in (2.10). The proof is complete. O

From Theorem 2.4, we have the following result which gives the implicit lower
bound of the spacing between 3 and a which satisfying 2 (a) = 0 = 2 (3) for
i=0,1,2.

Corollary 2.2. If x is a nontrivial solution of (1.1) which satisfies

=3
Q
~—
I
&\
£
I
8

0,
0,

=
@
~—
I
&\
A=
I
8
A=
I

then (2.11) and (2.12) hold.

In the following, we will use the maximum of |Q(¢)| on [«, 5] and establish a
new formula which is different from (2.11) and (2.12). The results will be proved by
making use of the Yang inequality [30] and the Cheung inequality [12]. The Yang

inequality is given by

B l m 1 A / m+l
(2.20) /h(t)lx(t)l \x’(t)lmdté—(ﬂ—a)/ h(t) [«'(£)]" dt,



APPLICATIONS OF OPIAL AND WIRTINGER INEQUALITIES 487
where [ > 0, m > 1, where h(t) is a positive, bounded and nonincreasing function on
[, B] and z(a) = 0, (or () = 0). The Cheung inequality is given by

'B !
e [ hol)

where [ +m > 1, h(t) is a positive, bounded and nonincreasing function on [, ] and
2@(a)=0,fori=0,1,....,n—1 (or z(B) =0, fori =0,1,...,n — 1) and

27 (#) ’m dt < p (B — )™ / ’ h(t) [2™ )™ at,

«

1
mlfﬁ (1 _ H-—m) (=)
Cn = :
()il +m) | n—
Theorem 2.5. Assume that r(t) is a nomncreasz'ng function. If x is a nontrivial
solution of (1.1) which satisfies z(«) 2"(B) =0, then
72
= 2) /2 2y \7
(229) U=l 07 Q)| 7 £2)/2) (= > 1,
Cr(B)  asi<p v+ 1 ['(y+2) 2741
where in this case Q(t) s)ds. If instead x(B) = 2'(58) = 2" (a) = 0, then
2
- T2 ((y+2) /2 2y 77
(223 LU=l 07 s (t)] 7+ )/)+< i ) > 1.
(B 2551 v+1 T(y+2) 27+1

where in this case Q(t)

Proof. We prove (2.22). Multiplying (1.1) by 2’ and proceeding as in Theorem 2.4 to

obtain
B ) 3
/T‘(t) ‘x//(t)h"‘ dt < / ‘Q(t)Hfb’(t)\”x”(t)\dt
B ) ,
(2.24) -|-fy/ Q(t) |CL’(t>|7_ ‘l’/(t)‘ dt
max [ 2] o iator 1o

Ty max |QU |/ 2O ) de,

a<t<p

where r(t) is a nonincreasing function. Applying the inequality (2.21) on the integral

B
| rolsor o),

with h(t) =r(t), m=1,1l=~>1 and n = 2, we see that

(t)
o e o
(225) / ‘T‘(t)| |$(t>|7 ‘x//(t” dt < (2 23/_ 1) (/6 _ 04)27 {/ T‘(t) ‘x//(t)"y-i-l dt 7

Applying the inequality (2.20) on the integral

[ o ok a
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Withl:’y—l m =2, p(t) =1 and z(«) = 0, we see that

ry

<b—a>;+F z LD [mya= [ o,

due to Agarwal and Pang [3] where y(a) = y(b) = 0, with y(¢) = 2/(¢) on the integral
fﬁ |2/ (t)|"*" dt, (note that z/(a) = 2/(3) = 0), we see that

— )2 B 1
(2.28) / o ta < P (71;2()(1(;)2)/2) /a r(t) 2" (1) dt,

where 7(t) is a nonincreasing function. Substituting (2.28) into (2.26), we have

[ o a

i (/6 — O‘)’Y—HIQ ((7 + 2) /2) 2y 7 " v+1
| T +2) () (B —a) /a r(t) |2" ()] dt.

Substituting (2.25) and (2.29) into (2.15) and canceling the term

I (o) ) .
we have

G L (492 (2 \F
() a<t<6|Q()| v+1 T(v+2) +(2v+1)

(2.27)

(2.29)

which is the desired inequality (2.22). The proof of (2.23) is similar. The proof is
complete. O

In the following, we apply an inequality due to Boyd [6] and the Holder inequality
to obtain results similar to Theorem 2.1. The Boyd inequality states that: if x €
C'la,b] with x(a) =0 (or z(b) = 0), then

v+n

20 [orore < sease-or ( [wora)

where v > 0,s>1,0<n<s,
(2.31)

N(v,n,s) =

(s —m) " otns U,:{v<s—1>+<s—n>}i
N I ) A G CE NP I

1 —(v+n+sv)/sv
-1
I(v,n,s) = / {1 + s(n )t} (14 (np— D]t/ "ar.
0

and
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Note that the inequality (2.30) has immediate application to the case where x(a) =
x(b) = 0. Choose ¢ = (a + b)/2 and apply (2.30) to [a, c] and [c,b] and then add we

obtain
1 b %
) ( / |x'<t>|8dt) |

Theorem 2.6. Assume that r(t) is a nonincreasing function. If x is a nontrivial
solution of (1.1) which satisfies v (a) = 29 (3) =0 fori=0,1,2, then

r (7+2) (3 >>"“
()" Ny 1y 1)

Proof. Proceeding as in Theorem 2.4 by multiplying (1.1) by 2/, integrating by parts

b _
e3) [ Or O < N (b

where N(v, 1, s) is defined as in (2.31).

B
(233) (5= )0 / () dt >

and using the assumptions that z”(«) = 2”(8) = 0, to get that

£ £
(2.34) /T’(t) |93”(t)|”+1dt=/ q(t) 2" (&) |z()]" dt.

Applying the Holder inequality

[iswaena<|[ b\f(t)\ldtr Ji b|g<t>|kdt]%,

on the term ffq(t) |2/ ()| |z(t)|" dt with Il =~ 41 and k = (y + 1)/, we see that

/j aOle@ Bl dt < </j )" dt) )
- " </j 26" 01 dt) v

Applying the Boyd inequality (2.32) with v = (y+ 1), n=(y+1) /vy and s = v+ 1,

we obtain
/\x @1 dt

v+1 /G—CY( ) ’ / +1
(2.36) SN(7+1,T,7+1)(T)’7+1 (/a 12/ (t)]” dt)

Substituting into (2.35), we have

8
| e d

< (vo+1. 2 5 ) ([ gorear)

(2.37) « / () dt.

(y+1)
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Applying the Wirtinger inequality (2.27) with y(t) = 2'(¢) on the integral faﬁ 2 ()" dt,
(note that /(o) = 2/(8) = 0), we see that

B — )2 B 1
e oo < P (71;2()(1(;)2)/2) | o a,

where 7(t) is a nonincreasing function. Substituting (2.38) into (2.37), we have

B
| e @ d

1 1 v+1 ;%T
< (Nw FLE @ - 0 (3) )

1

e <(7(;)2) 2 (/j lq(t)[* dt) o

2L (v+2)r
B
(2.39) X / r(t) 2" (6) dt.
Substituting (2.39) into (2.34), we obtain
<2v+1r<w+2>r<ﬁ>>7“
T2((7+2)/2)

B
(2y+1)(v+1) 7+l
-« t dt > ,
(Kg ) l/z |q( >| — j\[w(’y +_ 17 3;$l7,y_+>1>

which is the desired inequality (2.33). The proof is complete. O

The inequality (2.30) has immediate application when n = s, to the case where
x(a) = x(b) = 0. In this case the equation (2.30) becomes

v+n

20y [oriora <ot ([ wora)

where

(2.41) Lw,y) = -1 < v )

v+n\v+n

n+1
r(n+

ene

and I' is the Gamma function. Follows the proof of Theorem 2.6 and applying the

SN

)

inequality (2.40) instead of the inequality (2.30), we have the following result.

Theorem 2.7. If x is a nontrivial solution of (1.1) which satisfies x (o)) = 29 (3) =
0 fori=20,1,2, then

(@ (7 + 2 r(B)""!
(r )" DG+ Ly

I¢]
(242) (8- )0 / ()" dt >

where L is defined as in (2.41).
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3. DISCUSSIONS AND EXAMPLES

In this section, we present some special cases of the results obtained in Section 2
and also give some illustrative examples. We begin by Theorem 2.1 and consider the
case when r(t) = 1, and p(¢) = 1. Using the definitions of the functions P; o and P,
and putting r(¢) = 1, we see after integration that

t
PLO(t) = / (t — S)(v+1)/vd8 — 11(15 _ Oé)(2y+1)/7’

B
Pyo(t) == t—s)0t/gs =
lt) = [ (=) R

This gives us that

KT(Q) 1aP1,0) = Uz, Kg(Qa ]->P2,0) = U3, Kik(laQ) = uia K;(LQ) = uza

where

Uy =

() () :
# <277+1)ﬁ <ﬁ>_ UjQV(t)(ﬁ—t)@””dt}“,
(

e (2T 0B —aya]
pr y—1 —
= (=) | @foe—aral
9 2 3 1
7+l v+l Y
= ——- =I(t — ) dt
w=(2) 7| [ e w-oal
This leads to the following results for the equation
-1 Y 1
(3.1) (le" 0"~ a") + o) e 2(t) =0, a<t<p

Theorem 3.1. If x is a nontrivial solution of (3.1) which satisfies x(a) = /(o) =
2"(B) =0, then

B
(3.2) up +y(y+ 1)l > 1, Q) = / q(s)ds.
If instead x(B) = 2'(B) = 2" (a) = 0, then

(3.3) b+ ) > 1, Q) = / 4(s)ds.

Remark 4. By using the maximum of |Q| on [«, 5] in (3.2) and (3.3) and integrating,
we have the following result.
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Corollary 3.1. If x is a nontrivial solution of (3.1) which satisfies z(a) = /(o) =
2"(6) =0, then

’Y2

5
(6 — 05)27 1\ v+t ol 7+1 9 .
1 - | = 1)725+1 —a)?
ol Gl r1) TroFUZEE-a)

/tﬁ q(s)ds|.

If instead x(B3) = 2/(6) = 2" (a) = 0, then

(3.4) X max

a<t<pg

(B-a) (1NT (4 \P PR
< |G Q)7 (Fh) T e rehe-ar
(3.5) xan<1ta<xﬁ/Qq(s)ds.

Remark 5. When v = 1, the conditions (3.4) and (3.5) reduce to

/tBQ(S)dS !

(B —a)+4
when z(a) = 2'(a) = 2"(B) =0, and

/a t q(s)ds

when z(4) = 2/(8) = 2”(a) = 0, where x(t) is a solution of the equation

(3.6) 2"(t) +qt)z(t) =0, a<t<p.

max
a<t<pg

>

1

V(5 )2 44

max
a<t<p

>

From Theorem 2.6, when v = 1 and r(t) = 1, we have the following result.

Corollary 3.2. If z is a solution of (3.6) which satisfies x(a) = 2'(a) = 2" (5) = 0,
1

then ;
[ a2 s e
If instead x(B3) = 2/(6) = 2" (a) = 0, then

/a t q(s)ds

where in this case Q(t) = fofq(s)ds.

max
a<t<p

1
(%w + %\/5\/3) (6 — a)z.

max
a<t<p

>

As a special case of Theorem 2.7, if r(t) = 1 and 7 = 1 and v = 2, we have the

following result respectively.
Corollary 3.3. Ifx is a nontrivial solution of (3.6) which satisfies v (o) = 20 (B) =
0 fort=20,1,2, then

B
) [ laora> 22
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Corollary 3.4. If z is a nontrivial solution of (1.1) which satisfies 2 (o) = 29 (B3) =
0, fori=0,1,2, then

s 5 4194304  7'2 1
(38) RIS HORCETE

One can also use Theorems 2.2-2.6 to get similar results and due to the limited

space the details are let to the reader. The following examples illustrate the results.
Example 1. Consider the equation
(3.9) 2" (t) + Acos® () x(t) =0, 0<t<m,

where A > 1 is a positive constant. If x is a solution of (3.9) with 2 (0) = 2@ (7) =0
for i =0,1,2, then

)\2/ cos* tdt = )\23—7T > @, for A > 1,
0 8 76
and (3.7) holds if A > 1.
Example 2. Consider the equation

/
3.10 2"())?) + Acos® (£) 22(t) =0, 0<t<m,
(3.10) (

where \ > 11is a positive constant. If z is a solution of (3.10) with () (0) = 2@ (7) =0
for i =0,1,2, then

m 4194 304 1
)\3/ cos® tdt = )\33% > 0430 18>
0 16 19 68373 (F (%))

for A > 1,

and (3.8) holds if A > 1. Note that

5 4194304 12 1
e = 0.95242 > 0.
16" 19683 (T (2)F 7"
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