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ABSTRACT. Monotone method combined with the method of upper and lower solutions yields
monotone sequences which converge uniformly and monotonically to minimal and maximal solutions
of the nonlinear systems, when the forcing function is quasi monotone nondecreasing. In this paper
we develop genearalized monotone method for IV system of Caputo fractional differential equations
when the forcing function is the sum of an increasing and decreasing functions. In generalized
monotone method we use coupled upper and lower solutions and the method yields two monotone
sequences which converge uniformly and monotonically to coupled minimal and maximal solutions.
This method is applicable to the Lotka-Volterra equation with Caputo fractional derivative of order
q when 0 < ¢ < 1. This provides an opportunity to provide better results or improve on the existing
results with integer derivatives. Finally, under uniqueness condition we obtain the unique solution

of the Caputo fractional differential system.
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1. INTRODUCTION

Nonlinear problems namely nonlinear dynamics systems occur as mathematical
models in many branches of science, engineering, finance, economics, etc. For example
the well known population model namely the Lotka-Volterra equation is given in the

form:

b
o = au (1 _ %) w(0) = up,
1

v = a (1 — bwkﬂ) , v(0) = .
2
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Here a;, b;, ¢;, k; are greater than 0. Also a;, b;, ¢;, k; can be continuous functions
of t. In general mathematical models or dynamic systems which arise in science and
engineering are nonlinear in nature. In the above system of differential equations
namely the Volterra-Lotaka model, integer derivatives are used. However, in practice
the use of fractional derivatives has been proven to be more useful and economical.
See [5] for details. Explicit solutions of nonlinear dynamic systems are rarely possible.
It is all the more true of nonlinear fractional dynamic systems. Hence in this work,
we develop generalized monotone method for N system of fractional differential equa-
tions. Also the forcing functions will have both increasing and decreasing components
of the unknown functions. See [3] for monotone method for many types of nonlinear
problem. In this work we develop generalized monotone method combined with cou-
pled upper and lower solutions [8, 9] for nonlinear fractional dynamic systems. The
method yields monotone sequences which converges uniformly and monotonically to
coupled minimal and maximal solutions. In order to prove the uniqueness of the
solution for the given nonlinear problem we have developed an auxiliary result which
is a comparison result. Using this comparison result we prove that the coupled min-
imal and maximal solutions reduces to the unique solution of the nonlinear Caputo
fractional differential system. Finally our method is applicable to the special case of
population model namely the Volterra-Lotka equation with Caputo fractional deriv-
ative of order ¢ where 0 < g < 1, in place of integer derivatives. For stability results

on Volterra-Lotka model with fractional derivative see [7].

2. PRELIMINARY AND AUXILIARY RESULTS

In this section we recall some definitions [2, 4, 6] and known results which are
needed to develop our main result. We will also prove a comparison result of cou-
pled lower and upper solutions of the related nonlinear Caputo fractional differential

system. This will be useful in obtaining the unique solution of the nonlinear problem.

Definition 2.1. The Gamma function I'(z) is defined as
I'(z) :/ (t)y* e =dt
0

Definition 2.2. The Caputo fractional Derivative of order ¢ of a function, f(t), is
defined

fDZf(t)zml_q) / (tf’_(s)) ds, (0<q<1)

a

Definition 2.3. The Mittag Leffler function is defined

Eop(At—to)*) = Fix;:ifﬁ (ar, B> 0).
k=0
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Forty=0,a=q and § =1, we get,

= (A"
Bl =3 ey @0

which 1s important in solving linear Caputo fractional differential equations.

Linear Fractional differential equation: Consider the linear Caputo fractional

differential equation of the form:
(2.1) “Dlu(t) = Mu(t) + f(1), u(to) = uo.

The solution of (2.1) is given by

t
) = B (N = 10)") + 75 [ (¢ =97 Byt = 97 ()
to
For details see [2, 4]. This proves that the solution of a simple linear equation requires
the computation of the Mittag Leffler function. However if A = 0, the computation
of the linear problem is simple. In this paper we use generalized monotone method
which requires the computation of linear problems where A is always zero, which
makes our method computationally efficient. If A\ = 0, in equation (2.1), then the
solution of (2.1) reduces to
t
u(t) = ug + ﬁ /(t — 5)17 f(s)ds.
to
Lemma 2.1. Let m(t) € C1([0,T],R). If there exists t; € [0,T] such that m(t;) =0
and m(t) <0 for 0 <t <T, then it follows that

Cqu(tl) Z 0.

The proof of this has been presented in [4] . However, they have used an additional
assumption that m(t) should be Holder continuous of order A > ¢. This assumption
in general does not hold good for the linear iterates which occur naturally in any

iterative methods. Thus our Lemma 2.1 is of practical importance. See [1] for proof.

Next we consider the system of N fractional differential equations with initial

conditions of the form:
(22) Cuni = fi(t,ul,u2,...,uN)+gi(t,u1,u2,...,uN), u2<0) = UQ;-

Here fi(t,ui,us,...,uy) and g;(t,us, us, ..., uy) € ClJ x RN RN] where J =
[0, 7). Further, f;(t,u) is nondecreasing in w; and g;(t, ) is nonincreasing in u; com-
ponents for ¢ = 1,2,..., N. This is a more general model than the Lotka-Volterra

equation, which is usually two systems with integer derivatives.

Here, and throughout this paper all the inequalities are component wise.
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Definition 2.6. Let v;,w; for i = 1,2,..., N be C[J, R]. Then v; and w; are called

coupled lower and upper solutions of (2.2) if they satisfy the following inequalities:
“Div; < fi(t, 01,09, ..., 08) + gi(t, w1, wa, ..., wy),  v;(0) < ugy,
Cqui > fi(t,wl, Wa, ... ,'LUN) + gi(t, V1,V2, ... ,UN), 'LUZ(O) > Ug;-

Theorem 2.2. Let (vy,vs,...,vn) and (wy,ws, ..., wy) be coupled lower and upper
solutions of (2.2). Further let

(i) fi(t,u) is nondecreasing in u; components and g;(t,u) is nonincreasing in u;
components fori=1,2,... N;
(ii) fi(t,u) and g;(t,u) satisfy the onesided Lipsicthz condition of the form.

N
fi(tvu)_fi(tvﬂ) SLZ(ZUZ—TIZ), Lz >0
=1

N
gi(t,u) — gi(t,u) > _MZ(Z up — ), M;>0
i=1
whenever w; > u;, for i = 1,2,...,N. Then v;(t) < w;(t), on J, for i =
1,2,...,N, provided v;(0) < w;0).

Proof. We will initially prove the result when one of the inequalities is strict. If the

conclusion is not true the set
[Z:teJ: wlt) <wv(t)

is not empty. Let ¢; = inft € Z. Then there exist an i such that v;(t1) = w;(t1),
v;(t) < w;(t) for t € [0,t1) and v;(t) < w;(t) ont € [0,¢], i # j. From Lemma 2.1 we
get “DIm;(t;) > 0 by setting m;(t) = v;(t) — w;(t). This implies that ©D9v;(t;) >¢
DYw;(ty) for t; € (0,T]. Hence, from the strict inequality of the coupled upper and
lower solutions we get

filtr, vi(te), v2(ty), ... wi(ty)., vn(te)) + gi(tr, wi(ty), wa(ty), . .., vi(t), wnty))

>C qui(t1>

> Dlw;(t)

> filty, wi(ty), wa(ty), ..., vi(te), wi(ty)) + ga(tr, vi(tr), va(te), vi(te), . . ., vi(t1))

> filty, vi(tr), va(th), .- s wi(ty)., vn (1)) + gi(tr, wi(ty), wa(ty), dots, vi(ty), vnt1))
using the fact that f; and g; are nondecreasing and nonincreasing in their u; compo-
nents. This is a contradiction. Hence, v;(t) < w;(t) on J.

To obtain the result for non-strict inequality, we consider

Vie(t) = vi(t) — €E, (N (Zi:(l}l + MZ)> + 1) t9)

1=1
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w; () = wi(t) + €E, (N (i(Li + MZ-)) + 1) t9)

i=1
foreachi=1,2,..., V.

Then using Lipschitz condition of f; and g; in u , we have

CDqUi,e < filtr,v1(ty), va(te), .. vi(tr), on(t1)) + gi(tr, wi(ty), wa(ty), . .., wi(t1), waty))

i=N i=
— (N _(Li+ My)) + DeEy (O (Li + M;) + 1)t9)
i=1 i=1
< filt, V16,096, - o, UNE) F Gilt, W1 e, Wae, Wine)
j=N i=N
—e(N( D (Li+ M))E((N(Y (L + M) + 1)t9)
(=1,) i=1
< filt, V16, V265 ..o, UNe) F Gilt, W1 e, Wa e, Wine)-

This proves that
CD%LE < filt,v16,V26, -, UNE) F Gilt, W1 e, Wae, Whe).
From the strict inequality result we have
Vie(t) < w; (%)
fori=1,2,...,N. Letting ¢ — 0, we can conclude v (t) < wpy(?). O
We note that the conclusion of the above result is valid under the weaker as-
sumption that f;, and g; are quasi-monotone nondecreasing and quasi-monotone non

increasing in u respectively. We also note that to obtain the result for non-strict

inequality result in the proof we can assume that
Uie(t) = vi(t) — eEg(N((L + M)) + 1)t%)

Wi (t) = wi(t) + eE,(N((L+ M)) + 1)t7)

where L = max;—12..,N LZ', M = max;—12..N Mz

In particular if f(¢,u) and g(¢,u) are linear then we can obtain the following

corollary as a special case of Theorem 2.2. For that purpose let
N
filt,u) =" Liju, fori=1,2,...,N

J=1

and

N
gi(t,u):Z—Miju]—, fOl"i:]_,Q,...,N.
j=1

Also, let p; = v;(t) — w;(t). Then we have the following result as a special case of
Theorem 2.2.
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Corollary 2.3. Let

Mz

“Dpi(t) (Lij + Mij)p;, fori=1,2,...,N.
]:1

Then we have p;(t) < 0, fori = 1,2,...,N, on J = [0,T], whenever p; < 0, for
i=1,2,....N.

3. MAIN RESULTS

In this section we develop generalized monotone method for the nonlinear frac-
tional differential system (2.2) combined with the method of coupled upper and lower
solutions relative to 2.2. We obtain monotone sequences which converges uniformly
and monotonically to coupled minimal and maximal solutions of (2.2). Finally, using
the special case of the comparison Theorem 2.2, namely its corollary and the one
sided lipschitz condition of f; and g; fori =1,2,..., N in its u components, we prove
that there exists a unique solution of the system (2.2). The next result proves the

existence of coupled minimal and maximal solution of (2.2).

Theorem 3.1. Let f;,g; € C[J x RN, RN] such that fi(t,u) is nondecreasing in u
and g;(t,u) is nonincreasing in u fort € J, and for each i =1,2,... N. Let vy, wy €
CYJ, RY] be coupled lower and upper solutions of (2.2), such that vg;(t) < we;(t)
fori = 1,2,N on J. Then there exists monotone sequences {v,} and {w,} which
converges uniformly and monotonically to coupled minimal and maximal solutions of
(2.2) such that v, — v and w, — w as n — oo, provided vy;(0) < u;(0) < wy;(0) for
i=1,2,...,N. Further if u is any solution of (2.1) such that vo; < u; < wy;, then

v<u<w onJ.

Proof. We define the sequences {v,} and {w,} as follows:

(3.1 D%ni = fi(t, vn—11: Vn-1,2: - - - Un-1,8) + Gi(t, Wn1,1, Wn—12, . . ., W1 N),
(3.2) Un,i(0) = ug;
(3.8 D%y = fi(t, w11, Wne12, - - Wpe1n) + Gilt, Vno1,1, Uno12, - -, Une1,N),
(3-4) wn,z'(o) = Ug;-
It is easy to observe that each vy;(t) and wy;(t) for each ¢ = 1,2,..., N are

solutions of scalar linear equation of the form (2.1) with A = 0. They can be computed
without involving Mittag-Lefleur function. The solution is unique as well. Now
continuing the process, the solution v,;(t) and w,,(t) for each i = 1,2,..., N, exists

and is unique for each n € N.

Initially, we prove that vy, < vy; < wy; < wg; for each ¢ = 1,2,...,N. For
that purpose, set p;(t) = vp;(t) — v1;(t) which implies that p;(0) = v;(0) — v4;(0) <
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up; — ug; = 0. From the construction of vy;, the definition of coupled lower solution

and the hypotheses we get,
“Dp;(t) < filt,vo1, Vo2, - - -, von) + Gilt, wor, Wz, - - -, WoN)
— fi(t,vo1, 002, - - ., Vo) + Git, wor, woz, . . ., won) = 0.

Thus, p; < 0 on J from scalar version of Corollary 2.3. This proves vy; < vy; on J
fori=1,2,..., N. Similarly we can prove w;; < wp; on J.
pz(t) = V1,4 — Wiy- Then pZ(O) = Ul,i(o) - wl,i(O) = 0. Since Vo; S Wo;, and by the

nondecreasing and nonincreasing nature of f; and g;, it follows that

Now we will prove v; ; < w;; on J for each i =1,2,..., N. For that purpose, let

“Dp;(t) < filt, vor, voz, - - -, von) + gi(t, wor, Wea, . . ., , won)
— fi(t, wor, woz, - - ., won) + gi(t, vo1, Voz, - - -, von) = 0.
Then from scalar version of Corollary 2.3, we have v;; <w;; on J, fori =1,2,..., N.

Let u; for i = 1,2,..., N be any solution of (2.1) such that vy; < u; < wp; on J,
then we can prove vy; < u; < wy;. In fact we can prove vy; < vy; < u; < wy; < W
We will prove vy; < u;, for ¢ = 1,2,..., N and the proof for u; < w;; follows on the

same lines.
Now let p; = v1; — u;. Then, we have p;(0) = 0. Also
Cqui(t) :C quli e uni
= fi(t, voi, Vo2, - - ., von) + Gi(t, woi, woz, - - ., Won)
- [fl(tu Uy, Uz, - - - 7u0N) + gl(t7 Uy, Uz, - - - 7u0N)] S 07

since vg; < up; < wp;. Thus we have “Dip;(t) < 0 and p;(0) = 0 which implies
pi(t) <0, on J. This proves that vy; < w; for i =1,2,..., N on J. Similarly we can
prove u; < wy; on J. Now it follows that vy; < u; < wq,, on J, for i =1,2,..., N.

From the result we have vy, < vy; < u; < wyy < wp; on J. Now we claim that
sequences defined by (3.1-—3.2) and (3.3—3.4) will satisfy.

Voi S V1 S V9 < Uy S Uy < Wy < Wa < Wiy < Wy

on J, fori=1,2,..., N, for all n. We will prove this by method of mathematical
induction. We assume that the inequalities above hold true for some n = k. Then we
will prove that is true for n = k + 1. Setting p;(t) = vk — Vg1, we have p;(0) = 0
Then
Cqui = CDqu,i - CDqu—i-l,i
= filt, V11, Vh—1,2, - - -, Vk—1,8) + Gi(t, Wh—1,1, We—1,2, - - -, Wh—1,N)

— [filt, o1, V2, - U N) + Gi(t W1, Wios - W N)] <0
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on J, since vp_1,; < vg,; and wit1,; < wy,;. Similarly we can prove wyi1,; < wy ;. Next

we prove vgiq,; < u;. Setting p;(t) = vpi1,:(t) — u;, we have p;(0) = 0. Then,

“Dpi(t) = “ Dyiy,; — € Dy
= fi(t, 01, Uk, -, UeN) + Gi(t, W1, Whay - .,V N)

— [filt,ur,ug, ... un) + gi(t,ug, ug,y ..., un)] <0

on J, since vg; < u; and w; < wy,; for i = 1,2. This implies p;(¢) < 0 on J, which
proves vgi1,; < u;. On the same lines we can prove u; < wyi1,. Since vy, ;(t) and

wy,i(t) are continuous functions on a closed bounded set on
Q= (t7u>|t S vao S (4 S Wo,

one can easily prove that sequences {v,;} and {w,;} are uniformly bounded. Using
the integral representation of v, ;(t) and wy, ;(t) we can show that the sequences {v,;}
and {w,;} for i =1,2,..., N are equi-continuous on J.

Hence by Ascoli-Arzela theorem there exist subsequences {v,, ;} and {wy, ;}
for i« = 1,2,..., N which converge uniformly and monotonically to p; and r; for

1 =1,2,..., N, respectively. Since the sequences are monotone the entire sequence

converges. This proves that

(35> Cqui:fi(t7p17p27"'7pN)+gi(t7rlvr27"'7rN) pl<0> = Up;

(36) CDq’f’i = fi(t,’l“l,’r’g, Ce ,T’N) +gz~(t,p1,p2, e ,pN) 7’,(0) = Ug;

for i =1,2,..., N. This also proves that p;(t) < r;(t) fori=1,2,...,N,on J. O

In the next result we prove the uniqueness of the solution of fractional dynamic

systems (2.2).

Theorem 3.2 (Uniqueness). Let the hypothesis of Theorem 3.1 hold. Further let f;
and g; satisfy the one sided Lipschitz condition as in Theorem 2.2. Then p; = u; = r;

fori=1,2,...,N, are the unique solutions of the system (2.2).

Proof. From Theorem 3.1 we have p;(t) < r;(t) on J, for i = 1.2,..., N. It is enough
to prove that r;(t) < p;(t) for i = 1,2,..., N, on J. This can be achieved by setting
pi(t) = ri(t)— pi(t), using the one sided Lipschitz condition on f;, g; and Corollary 2.3.
This enable us to prove that r;(t) < p;(t) on J, for i = 1.2,..., N. This concludes
the proof. O
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Conclusion: In this paper we have developed generalized monotone method for non-
linear fractional differential systems via coupled lower and upper solutions of type
1. The advantage of the generalized monotone method is that each component of
the iterates are scalar fractional differential equation whose solution is easy to com-
pute compared to computing the solution corresponding linear system. In addition,
when we use generalized monotone method the computation of the solution of these
scalar fractional differential equation is considerably easier, since we do not require

the computation of Mittag-Lefleur function.
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