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HYBRID DIFFERENCE SCHEMES FOR A SINGULARLY
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ABSTRACT: In this paper, two hybrid difference schemes for singularly perturbed second order
ordinary differential equations with a small parameter multiplying the highest derivative with a dis-
continuous convection coefficient are presented. Parameter-uniform error bounds for the numerical
solution and numerical derivative are established. Numerical results are provided to illustrate the
theoretical results.
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1. INTRODUCTION

The theory of singular perturbation is not settled in any direction in mathematics
and the path of its development is a dramatic one. In the intensive development of
science and technology, many practical problems, such as the mathematical boundary
layer theory or approximation of solution of various problems described dy differen-
tial equations involving; large or small parameters, become more complex. In some
problems, the perturbations are operative over a very narrow region across which the
dependent variable undergoes very rapid changes. These narrow regions frequently
adjoin the boundaries of the domain of interest, owing to the fact that the small
parameter multiplies the highest derivative. Consequently, they are usually referred
to as boundary layers in fluid mechanics, edge layers in solid mechanics, skin layers
in electrical applications and shock layers in fluid and solid mechanics.

In particular, boundary-value problems (BVPs) of the form

(1.1) eu’(z) + a(x)u'(z) — b(x)u(z) = f(x), xe€Q=(0,1),
(1.2) —u'(0) =4, wu(l)+ed/(1) =B,

and

(1.3) eu’(z) + a(x)u'(x) = b(x,y), =z €L,

(1.4) —u'(0) = A, wu(l)+eu/(1) =B,
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arise in the study of adiabatic tubular chemical flow reactors with axial diffusion [1]. In
[1], O’Malley obtained asymptotic solutions of the BVPs arising in chemical reactor
theory. It may be noted that the asymptotic solution constructed in [1] converge
uniformly to the solution of the reduced problem of the given problem throughout
the interval [0,1] while the derivatives generally converge nonuniformly as ¢ — 0
either at = = 0(a(z) > a > 0) or at x = 1(a(x) < a < 0). There is vast literature
dealing with numerical solution for the above type problems; see [2, 3, 4] for a survey.

Various methods for finding numerical solutions for problems involving singularly
perturbed second order ordinary differential equations with non - smooth data (dis-
continuous source term/convection coefficient) using special piecewise uniform meshes
(Shishkin mesh and Bakhvalov mesh) have been considered widely in the literature
(see [6]-[12] and references therein). While many finite difference methods have been
proposed to approximate such solutions, there has been much less research into the
finite-difference approximation of their derivatives, even though such approximations
are desirable in certain applications. It should be noted that for convection-diffusion
problems, the attainment of high accuracy in a computed solution does not automat-
ically lead to good approximation of derivatives of the true solution.

In [13], for singularly perturbed convection-diffusion problems with continuous
convection coefficient and source term estimates for numerical derivatives have been
derived. Here the scaled derivative is taken on whole domain where as Natalia
Kopteva and Martin Stynes [14] have obtained approximation of derivatives with
scaling in the boundary layer region and without scaling in the outer region. It may
be noted that the source term and convection coefficient are smooth for the prob-
lem considered in [13, 14]. R. Mythili Priyadharshini and N. Ramanujam [16], have
determined estimate for the scaled derivative for a singularly perturbed reaction-
convection-diffusion problem with two parameters.

In [8], the authors have obtained bounds on the errors in approximations to the
scaled derivative in the whole domain in the case of discontinuous source term. In
[9], the authors have obtained bounds on the errors in approximations to the scaled
derivative in the whole domain in the case of discontinuous convection coefficient us-
ing hybrid difference schemes. R. Mythili Priyadharshini and N. Ramanujam [10],
have derived estimates for the scaled derivative in the boundary layer region and
non-scaled derivative in the outer region for the boundary value problems with Robin
type boundary conditions and discontinuous convection coefficient and source term.
In [5], the authors have suggested a modified upwind scheme for singularly perturbed
two-point boundary value problems with smooth data and showed that the scheme
is superior to the standard upwind scheme. Zhongdi Cen [6] has suggested a hybrid
finite difference scheme for singularly perturbed convection - diffusion problem with
discontinuous convection coefficient and Dirichlet type boundary conditions. As far
as author’s knowledge goes, only few works have been reported in the literature for
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finding approximation to scaled derivatives of the solution for problems having dis-
continuous convection coefficient for both upwind and hybrid finite difference schemes
on Shishkin mesh. In this paper, we present two hybrid difference schemes which are
of higher order convergent for the singularly perturbed second order ordinary differ-
ential equations with a discontinuous convection coefficient on a Shishkin mesh. The
method is shown to be parameter uniform convergent. Since the derivatives are re-
lated to flux or drag in physical and chemical applications, we obtain approximations
not only to the solution but also to its derivatives.

Note: Through out this paper, C denotes a generic constant (sometimes sub-
scripted) is independent of the singular perturbation parameter ¢ and the dimension
of the discrete problem N. Note that C' can take different values at different place,
even in the same argument. Let y : D — R, D C R. The appropriate norm for
studying the convergence of numerical solution to the exact solution of a singular
perturbation problem is the supremum norm || y ||= sug ly(x)]. We also assume

S

that ¢ < CN~! as is generally the case for discretization of convection-dominated
problems.

2. CONTINUOUS PROBLEM

Consider the singularly perturbed second order ordinary differential equation with
discontinuous convection coefficient and source term on the unit interval 2 = (0, 1).

Findu € Y =CHQ)NC?*Q~ UQT) such that
(2.1)  Lu(z) = eu’(x) + a(z)u'(z) — b(x)u(z) = f(x), ze€Q UQ"
(2.2) Bou(0) = —u/(0) = A, Byu(l) =u(l) +eu'(1) = B,

—af <a(r) < —a; <0, for z>d, ab>a(x)>a >0 for z<d,
b) >4 >0, zeQ la(d)]<C [[fl(d]<C,

where 0 < ¢ < 1 is a small positive parameter, Q = [0,1], d € Q, Q =
(0,d), QF = (d,1). For the functions a(z) and f(z) we assume they are suffi-
ciently smooth on 2~ U Q" and have a jump discontinuity at x = d. Further it is
assumed that f(z) and a(x) have right and left limits at x = d. Note the sign pattern
of the coefficient a(x) of the first derivative which is negative to the left of the point
of discontinuity and positive to the right of this point. In general, there is an interior
layer in the vicinity of the point of discontinuity z = d. We denote the jump at d in
any function with [w](d) = w(d+) — w(d—).

The sharper bounds on the derivatives of the solution are obtained by decompos-
ing the solution u = v+ w, into regular component v and an interior layer component
w [7, Lemma 4]. Thus the function v is defined by

(2.3) Lu(z) = f(z), z € Q- UQH,
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(2.4)  Bov(0) = Bou(0), v(d—) = vo(d—) + ev(d—) + 2vy(d—) + 3v3(d—),
(25) U(d"—) = Uo(d"—) + €U1(d+> + 52’02(d+) + 53U3(d+>, Bl’U(l) = Blu(l)

Now, we define the function w as

(2.6) Lw(z) =0, ze€Q UQ",
(27)  Bow(0) =0, [w](d)=~[](d), [w](d)=~[v](d), Biuw(l)=0.

Hence w(d—) = u(d—) — v(d—) and w(d+) = u(d+) — v(d+).

Lemma 2.1. For each integer k, satisfying 0 < k < 4, the solutions v and w of
(2.3)—(2.5) and (2.6)—(2.7) respectively satisfy the following bounds:

lvl<C, || v® |g-var< C(1+37H),
)], WD), [[")(d)], [[v"](d)] < C
Cgl—ke—(d—x)al/e’ = Q—’

and  |w®(z)| <
Cel=ke=(@=daz/e 4 c OF,

Proof. Using the technique adopted in [7] and applying the argument separately on

each of the subintervals [0, d] and [d, 1], the present theorem can be proved. O

3. DISCRETE PROBLEM

A fitted mesh method for the problem (2.1), (2.2) is now introduced. On Q a
piecewise uniform mesh of N mesh intervals are constructed as follows. The domain 2
is subdivided into the four subintervals [0, d —o1]U[d— 0y, d|U[d, d+ 02)U[d+ 09, 1] for
some 01, 0 that satisfy 0 < o7 < %l,
mesh with N/4 mesh intervals are placed. The interior points of the mesh are denoted
by OV ={z; : 1<i< T -1}U{x; : §+1<i<N—-1}. Clearly zy/» = d and
oY = {x;}¥V. Tt is fitted to the singular perturbation problem (2.1), (2.2) by choosing
o1 and o5 to be the following functions of N and e : o1 = min{g, % InN} and o9 =
min{45%, 2 In N} where o = min{ay, as}. For our analysis we assume that oy = 05 =

0< oy < 1%‘[. On each subinterval a uniform

o= % In N, since otherwise N~! is exponentially small compared with . Then the
mesh widths are

HFW, i=1,... N/,
hi = h:%“, i=N/4+1,...,3N/4— 1,
4(1—-d—o ,

HQZ¥, Z:3N/4,,N
We discretize (2.1) using the central difference approximation

2e U1 —U; U —U Uit1 — Ui
3.1 LNU, = hs — + a; - b,U; = fi,
(3:1) ¢ h; + hi+1( hiy1 h ) +a hi + higa i
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whenever the local mesh size allows us to do this without loosing stability, but we
employ a second order upwind scheme otherwise:

(3.2)
2¢ Uit1-U; U;—U;_1 _
ILNU, = hi+hi+1( hivi hi ) +ai 1/2 —bi- 1/2U fi- 1/2, ifa; <0,
w v 2 Uit1-U; U;—U;— U;
hi+;z’+1( f+L;+1 - hs; 1) + Qit1/2 +1 o bH‘l/QU f1+1/2’ ifa; >0,

where U; = Ul(x;), U; = %, Qio1jo = a((xi_l + x;)/2) and a;11/0 = a(z; +
IZ+1)/2), similarly for bi_l/Q’ bi+1/2, fi—1/27 fi+1/2- At the pOil’lt IN/2 = d, we shall use
the difference operator
—Unj242 +4Unjo41 —3Unj2 Unja—z — 4Unja—1 + 3Unyo

2h 2h

(3.3) LYUyjo =

From equation (3.1) we get

Unja—2 = m(fzvp 1+ (h2 + bnj2—1)Unja—1 — (52 + aN/2 —)Uny2),

Unjay2 = m(fN/%—l + (5 + byjo—1)Unjo—1 — (55 — LL21)Unpo).
Inserting the expression for Uy/s—s and Upy/o4o in (3.3), we get

1 2h?2 2 1 2h2

N " = 6= (="
t Unj2 = 2h( (25 — haN/2_1)(h2 +bn/2-1))Unj2-1 2h(6 2% hanyss
£ AN 2h? € an/241 1 2h?
Gz =) 2+ hayjor’ h2 2h NUnp2 + 54 (2€+haN/2+1)

9 hfnja—1 hiny21
=< U = :
(52 *onj2+1))Unyzer = 5= hanjs1 | 26+ hayja

Thus, we have

(3.4) U, =f;, for i=1,...,N—1,

(LNU, for i=1,...,N/4,3N/4,...,N —1,

where, LNU; = {LNU;, for i=N/4+1,...,N/2—1,N/2+1,... 3N/4—1,
LU, for i=N/2

(fi_l/g, for i=1,...,N/4,

fir1pe, for i=3N/4,... N —1,

fi, for i=N/A+1,...,N/2—1,N/2+1,... 3N/4—1,
hfnja—1 hfnj21
\ 2e — hCLN/Q_l 2e + hCLN/2+1’

and f; =

for i= N/2.

We now approximate the boundary conditions (2.2) in two different ways. First we
approximate the first derivative by centred finite difference operator:

ByUy=—-D°Uy=A and ByUy =Ux+eD°Uy = B.

This is now modified as follows.

(3.5) I Sl Wy (or) U_y = Uy +2H, A,
2H,
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U —Un_ 2H.
(3.6)Un + 5%2]\[1 =B (or) Uny1 = —72

where U_; and Uy, are the functional values at x_; and zy;. The nodes z_; and

2H.
Uy +Un_1+ 723,

xn+1 lie outside the interval [0, 1] and are called fictitious nodes. The values U_; and
Un~1 may be eliminated by assuming that the difference equation (3.2) holds also for
1 =0 and N, that is at the boundary points x5 and zy. Substituting the values U_;
and Uy from (3.5) and (3.6) into the equations (3.2) for i = 0 and i = N, we get
respectively

Billy = (;_512 B agf) n b(;o)) Uy — < 2 a(wo) M) U

2~ H 2
7 (@) _ blao)
— £ _ @)  No) ) _
_2HA<H12 A 5 ) f_/2
and
. _ (2 _alzy) blan) 2 2a(zn)  blzn)Hs
BNUN—<H22+ T, +—5 +H2+ . 5 Un
(2 | alzy) b(zn)
(3.8) <H22 + I, 5 Un-1
2HsB (¢ a(zy) b(zw)
=— 2 H, 2 — fNt1/2-
Therefore, the final form of the first difference scheme consists of
(3.9) LNU; = f(x;), for i=1,2,...,N—1,
(3.10) ByUy, ByUy.

Alternatively, we may not use the fictitious points x_; and zy;. In this case,
we may use the following approximation.

Oollo = —[2—;1(—3(]0 b AU, — Uy)] = A,
(3.11) implies 3Uy — 44U + Uy =2H, A
and  OnUy = Ux + a[QiHZ@UN AUy, +Uy_)] = B,
(3.12) implies (2H3 + 3e)Uy — 4eUn_1 + eUn_2 = 2H5B.

If we eliminate U, from (3.11) using the first equation of the set (3.4) and eliminate
Un— from (3.12) using the last equation of the set (3.4), we get respectively

a(ZEQ)Hl 4 b(l’o)H% a(l’o)Hl B b(LU(])H%

Uy = (2 -2
(3 13) 9ol (2+ € 2¢e Vo ( + € 2e U1
=2H1A - ?f1/2
and
(3.14)
b H?2 b H?2
}kVUN = (2H2 + 2 — a(:L'N)HQ + m)UN — (28 — a(:L'N)Hg — m)UN_l

= 2H,B — Hj fn_1)o-
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Therefore, the final form of the second difference scheme consists of

(3.15) LNU; = f(x;), for i=1,2,...,N—1,
(3.16) OyU(x),  ONU(zn).
Remark 3.1. The truncation error for (3.7) is given by
2¢  a(zo) = b(xo) 2¢  a(zo)  b(xo)
Bi(U — — (= - Uy — (=2 - B20) U
£ CL(SL’(]) b(l‘o)
— oH A(—, — ) g
Al g )Tl
2¢  a(zo) = b(xo) 2¢  a(zo)  b(xo) ,
< (£ A% )y (22 GE0) Us + HU,
_|(H12 H, y U (Hf H, JWo+ il
H? H} 3 e alxg)  b(zo)

- %(252/’(1’0) + 2a(zo)u’ () — 2b(wo)u(xo) + b(wo) Hyu'(20)

2 2
b(x(;)Hl U”(ZL’Q) o EHlu(g)(ZL'Q) + a(xO;Hl u(3)

— a(wo)Hyu" (xg) —

b H3
(36’06) Ly® (o) +--+)| < CEH1|u(3)(x0)| < C’H12|u(3) (20)|-

Similarly, the truncation error for (3.8), (3.13) and (3.14) are respectively given as

(o)

BNV (U —u)(an)] < CeHofu®(zn)| < CHjlul (xn)),
05U —u)(wo)| < CH}u™(x0)],
and  [O8(U —u)(ey)| < CH|u®(zy)].

Further, we have from [15, §4],

(
eHy | u® || +Cap e HE( w® || + || w® ),
i=1,... N/4,
ILN(U = u)(@)| < S eh? | u® ||+ [ a || h? || u® ||, i=N/4+1,...,3N/4—1,
eHy || u® || +Cpap e Ha (I u® || + || «® ),
i=3N/4,... N —1.

\

Note that Cjq, /) is @ positive constant that depends on || a || and || a’ ||.

In this paper, we present the theoretical results and error estimate for the differ-
ence scheme (3.9), (3.10) and adopting the same technique one can obtain the same
theoretical results and error estimate for the difference scheme (3.15), (3.16).

To guarantee the monotonicity property of the difference operator LV, we impose
the following mild assumption on the minimum number of mesh points

*

(3.17) > 4max{%, a}, where o = min{a], a5}, a = min{ay, as}.

In N
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Lemma 3.2. Assume (3.17). Then the operator L~ defined by (3.9) satisfies a dis-
crete minimum principle, that is, if Z(x;), 1 = 0,1,..., N is a mesh function that
satisfies B{Z(xg) > 0, ByxZ(xn) > 0 and LNZ(x;) <0, for 1,...,N — 1, then
Z(x;) >0, foralli=0,...,N.

Proof. Define

1 -, 1 =0,
Low 4oy N
(3.18) S(z;) = % j 2
ol Nj2, . N1
2 4 + 47 ? / Y
| Zi 1= N.
Then S(z;) >0, x; € ",
. B b(xo) 2¢  a(xg)  b(xo)
BiS(xg) = ( 5 >_<F12_—H1 -5 (1 —x1) >0,
" - N b(LL’N) 2 2a(:cN) b(LL’N)Hg
BNS([L’N) = (H22 9 +F2+ - 9
2¢e  a(zy)  blxy)
— (ﬁ — 5 ) Ty_1 >0
o) p(r)s(a), e QVN(0,d
a,nd LNS([L'Z) — 8 (:C )8(.:(: ) x ( ? )
) p(y)s(x), we QVN(d1)

0, z€0VN(0,d)
0, z € oy N (d, 1)

—7Z
5 )(z;)}. Assume that the theorem is not true. Then

w >0 and (Z + pS)(x;) = 0. Further there exists a i* € {0,1,2,..., N} such that
(Z + uS)(x;<) = 0 and we consider the following cases.

Case (i): (Z + puS)(z+) =0, for i* = 0. Therefore,

We define g = max{ Zax, (—

0< B2 +S)ar) < (= S+ G 4 uS)(an)
(7~ = M52 ) i) <0,

which is a contradiction.
Case (ii): (Z + pS)(x+) =0, for 0 < i* < N.
Therefore, 0 > LY (Z + pS)(z;<) > 0, which is a contradiction.
Case (iii): (Z 4+ pS)(x;x) =0, for i* = N. Therefore,

2e a(:cN) b(SL’N) 2 2a(:cN) b(LL’N)Hg
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2¢e N a(zy)  b(zn)

(Z + pS) () — (Fg , 5

)(Z + IUS)(IZ*—l) < 07
which is a contradiction.

Hence the proof of the theorem. O
Lemma 3.3. Let U; be a solution of (3.9), (3.10), then

* * 1
U || < max{[ByUs|, [ ByUn|} + 5 171

where v = min{ %, %4 1.

Proof. Let Cy = C(max{|B{Us|, |BxUn|} + % | £ 1I). Define the mesh functions

where S(z;) is given in (3.18). Then we have BiU*(zo) > 0, By ¥*(zy) > 0 and
LNUE(z;) <0, x; € QY. By Lemma 3.2, we get the required result. a

Using the technique adopted in [6, pp 695], we can decompose the discrete solution
as U(x;) = V(x;) + Wi(x;).

Lemma 3.4. At each mesh point x;, the reqular component of the error satisfies the

estimate
I+ .
C +IN_2, for i=0,...,N/2
(3.19) (V—v)(a)| < 474
C N=2  for i=N/2+1,...,N.

2—d
Proof. Let us now consider the truncation error at the mesh points. As given in
Remark 3.1, we can prove that

1By (V —v)(z0)] < CN2[v®(2)] < CN72,
1By (V —v)(zn)] < CN2o®(ay)] < ON72,
(
eHy || v || +Cpapan HE (] v& || + || v@ ),
i=1,..., N/4,
e | oW ||+ al A2 [ v® |, i=N/4+1,...,3N/4—1,
eHy || v || +Cpapan H3 (] v& || + || v@ ),
i=3N/4,... N —1,

LYV —v)(@)] <

A\

\

< CN72 4=1,...,N—1.
Consider the two mesh functions ¥*(z;) = ®(z;) £ (V — v)(z;), where

(C(1—2)N"2  for i=0

ol Ty for i=1,...,N/2—1
O(z)=4 4+4d
CTdZN_2 for Z:N/2+1,,N—1

| Ca; N2 for = N.
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Then, we have

2¢ afzo) | blzo)

B*\Ifi = — —_— — 7 N_2 — _ _ 1— N—2
V) = Ol =g+ —5) 7y i RAC )
+B5(V —v)(z0)
B 2¢  a(mg)  b(xg) _ _
> 2 <€ alZo) 2 2
> Ob(xg)N™= + C'(H12 T, 5 JoyN~* £ CN~= > 0,
LNUE(z;) < 0, for x; € QY
2¢ alzy)  blzy) 2 2a(xy)  blzn)Ha,
B U+ = — = _ N2
ven) = Clpt ==+ 5t > )
2¢ alzy)  b(zy) 5
—(C(— — 1N+ B; —
2 2a(:cN) b(LL’N)Hg )
> Tl . N
= C(b(ZL’N) + H2 + - 9 )
2¢ alry)  bry) —2 —2
— — HyN—*+CN
ClE g, y CNT >0
Applying Lemma 3.2, we get ¥*(x;) > 0. Thus, we get the required result. O

Lemma 3.5. At each mesh point x;, the layer component of the error satisfies the

estimate

(W —w)(x;)| < CN"?(InN)?, for i=0,...,N.

Proof. As given in Remark 3.1, we have

2NT—2

By —w)(an)| < CHHu® () < T < ONHn NP,
2NT—2

B —w)aw)| < CHu®(an)| < “70— < ON“2(n N)2

Since |U(zn/2)| < C and with (3.19), we have |W(zy/2)| < C and for z; € Q¥ N
(0,d — o) and z; € Q¥ N (d + 0,1)

(3.20) (W —w)(z;)] < |[W ()| + |w(z;)| < CN"2 4 Ce /s < CN~2.
Applying the procedure adopted in [6, Theorem 1], we have

Ch2c=2 exp(—(d — x;)ay /e), for i=N/4+1,...,N/2 -1,

LYW —w) ()| <
Ch2e=2 exp(—(x; — d)az/e), for i=N/2+1,...,3N/4—-1

and at the mesh point zy/, = d,

hfnja—1 hfnjas

LYW (z — —
| ( N/2) 2e — haN/2_1 2e + haN/2_1

| < Ch%e™2
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Consider the two mesh functions ®*(z;) = ¥(z;) £ (W — w)(x;), where

ll—i-(d—a)—xi, for z;=d—o,
Co®:N 2 |1+x;—(d—o0o), for x;€ Q¥ N(d-o0,d),

g2 1+ (d+o0)—x, for x; € Q¥ N (d,d+ o),
|1+ 2 — (d—o0), for o, =d+o.

U(z;) =CN?+

Note that
. ,  Co?N72 2¢  a(xg)  bxo)
BO\If(d—O') > Cb(l’(])N 2+T(b(l’0)+Hl(Fl2—Tl— 5 )) > 0,
Co*N—2 N
25—y — OV (x;), 0, ;€QYN(d—o,d
LN\I/<,’L‘Z) S 262 72051 /8 (Zlf ) < x ( o )
_Ccr€]2V Qg — B\I](SL’Z), O, X; € QN N (d, d+ O')
2 2 b H. Co’N~2
ByU(d+0) > Cloan)+ =+ 22@n) damtyy oy  CoTNT o
H2 £ 2 g2
2 2&(1’]\[) b(!L’N)HQ 2e a(:)sN) b(!L’N)
il _ Ho (= _
+H2+ . 5 + 2(H22+ T, 5 ) >0

and LNU*(zy /) < 0. Applying Lemma 3.2 to ®*(x;), over the interval [d— o, d+ 0],
we get [(W —w)(z;)] < CN~%(In N)2. Thus, we get the required result. O

Theorem 3.6. Let u be the solution of (2.1), (2.2) and U be the corresponding nu-
merical solution generated by the difference scheme (3.9), (3.10) or (3.15), (3.16).
Then for each i, 0 < i < N, we have

(U — u)(a)| < CN~2(In N)2.

Proof. The proof of the theorem follows immediately, if one applies the above Lem-
mas 3.4 and 3.5 to U —u = (V —v) + (W —w). In the case of difference scheme
(3.15), (3.16) we obtain the same bounds using lemmas analogous to Lemmas 3.4 and
3.0. U

4. ANALYSIS ON DERIVATIVE APPROXIMATION

In this section, we approximate the scaled derivative eu’ of the solution of the
problem (2.1), (2.2) by the scaled centred discrete derivative e DU (z;) at all internal
points z;, ¢ = 1,..., N—1. We note that fori = 1,..., N—1, the error e(z;) = U(z;)—
u(x;), satisfies the equations LVe(z;) + b(w;)e(x;) = b(x;)e(x;) + truncation error,
where, by Theorem 3.6, b(z;)e(x;) = O(N~2(In N)?). In the proofs of the following
lemmas and theorems, we use the above equation. Hence the analysis carried out in
[13, §3.5] and [10] can be applied immediately with a slight modification where ever
necessary. Therefore, proofs for some lemmas are omitted; for some of the theorems
short proves are given.
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Lemma 4.1. At each mesh point x; € QN and for all x € Q; = [v;, 1441, we have
|e(Du(x;) — u'(2))] < CN~?In® N,

where u(z) is the solution of (2.1), (2.2).

Proof. Using the technique adopted in [13, Lemma 3.13], [10] and applying the argu-
ment separately on each of the subintervals QV N (0,d) and QY N (d, 1), the present
theorem can be proved. O

Lemma 4.2. Let v and 'V be the exact and discrete reqular components of the solutions
of (2.1), (2.2) and (3.9), (3.10) respectively. Then for all z; € QV, we have

|eD*(V — v)(z;)| < CN 2.

Proof. Using the technique adopted in [13, Lemma 3.14] and applying the argument
separately on each of the subinterval Q¥ N (0,d — o] and Q¥ N[d+ o, 1), we can prove
that

(4.1) eD*e(a;)| < ON72.

Similarly we can prove that |[eD~e(x;)| < CN~2.

Now we prove that |[eDTe(x;)| < CN~2 for all 2; € Q¥ N(d—o,d+0). Using the
result from (4.1), we have [eD%e(zy,4)] < CN~2 To prove the result for N/4+1 <
i < N/2—1,N/2+1 < i < 3N/4— 1, we rewrite the relation 7(z;) = LVe(x;),

1
in the form, eD%e(z;) —eDTe(xj_1) + Z($j+1 —xzj_1)a(x;)(Dre(x;) + Dre(x;_1)) =

1
5(3:]-“ —x;_1)[7(z;) + b(x;)e(x;)]. Summing and rearranging, we obtain
| &
eDTe(z)| < |eDTe(znp)l + 3 Y (i — x|+ (bl le(a)]]
j=N/4+1
] i
+ 7 D (@1 —z1)ala)(De(r;) + Dre(x; ).
j=N/4+1

We now bound each term separately. We have already bounded the first term. We
know that |7(z;)] < CN~% and so the second term is also bounded by CN~2. To
bound the last term we observe that

Tjy1 — Tj—1 Tj — Tj—2
(241 — zj-1)a(z;) D e(x;) = (= —a(x;)e(xjp) — ~——"—a(r;-1)e(r;))
Tjt1 — T LTy — Xj-1
Tj+1 — Tj—1 Tjr1 —Tj—1  Tj — Tj-2
— ——a\T;) — a\T;— e\r;) — — a\T;—_1)eE\T;
xjﬂ_xj((y) (]1>>(J) (SL’j+1—SL’j xj_xj_l)(yl)(J)
and
Tjy1 — Tj—1 Tj— Tj—2
(#j11 — xj1)a(z;) DT e(x;1) = (#a(%)e(l‘j) - %a(‘rﬂ'—l)e(%’—l))
j j—1 Tj—1 — Tj—2
xT; — T X; — Ti_ T; — Ti—
- M(a(%’) —a(zj-1))e(zj-1) — ( L e L2 Ja(zj—1)e(x;-1).

Tj — Tj—1 Tj — Tj—1 Tj—1 — Tj-2
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We now sum both side of these expressions. We observe that the terms in the first
bracket on the right hand side of each expression telescope and that the last bracket
on the right-hand side is non-zero only for j = N/4 + 1. It follows that

Titl — Ti—1 TN/4+1 — TN/4-1
> (@i —zioal@)Dhe(n;) = (L a(@)e(wi) - S aana)
J=NJAH1 Lit+l — L IN/441 — TN/4

clanye) — O I o) —afay a)ela) — (1 - S alengs)elenjin)
jeNjapr LT

and
i

> (w41 — mo1)alay) De(x; ) =

j=N/4+1
Tii1 — Ti_ ITN/44+1 — TN/4—1
<¥a(:ci)e(xi) ) ! a(SCN/4)€(SCN/4)>

Ty — Ti—1 ITN/4 — TN/4—1

N TR h
_ Z M(a(xj) —a(xj_1))e(xj_1) — <1 — F) a(xnya)e(Tnya)).

N Lj— Lj—1 1

j=N/4+1
Using the method of proof given in [13, Lemma 3.14] and the fact that |e(x;)| < CN 2
and |a(z;) —a(xj_1)| <|| & || (x; —x;—1), we get for all 4, N/4+1<i < N/2 -1,
N/2+1 <i<3N/4-1, |eDVe(x;)| < CN~2. Thus we have proved that |[eDTe(x;)| <
CN~2 z; € QV. Similarly we can prove that [eD~e(z;)| < CN72, z; € QY. This
implies that
(DT + D7 )e(x;)

2

|eD%(z;)| = | | < ON72,  2; € QY which completes the proof.

O

Lemma 4.3. Let w be the singular component of the solution of (2.1), (2.2) and W
the discrete singular component of the solution of (3.9), (3.10).

When o = 2 In N, we have
o

C(l—xi)N_2, xiEQNﬂ(O,d—a]
(4.2) (W ()| <
C(B—x)N2 z,cQVN[d—o,1)

and for z; € Q¥ N (0,d — o] and z; € Q¥ N [d — 0,1)
(4.3) |eDW (z;)| < ON 2.

Proof. To prove (4.2), use the barrier functions
-
W(d- o)l dx 2, € VN (0,d - o)

U (z) = ON2 + R N - W (o)

to get the required result.
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Finally, to prove (4.3), we use (4.2) and the procedure followed in [13, Lemma 3.15]
to get |[eDTW (z;)| < CN~2. Similarly it can be proved that [eD~W (z;)] < CN~2.
This implies [eDW (x;)| < e(|DTW (z;)| + | D~ W (z;)|)/2 < CN 2. O

Lemma 4.4. Let w and W be the exact and discrete singular components of the
solutions of (2.1), (2.2) and (3.9), (3.10) respectively. Then for all x; € QV, we have

|eDY(W — w)(x;)] < CN~2In* N.

Proof. Consider the case 0 = £ 1In N. For allz; € Q¥N(0,d—o] and z; € QVN[d+0,1)
using triangle inequality we have

eD°(W — w)(x)| < [e(D"W —w')(w:)| + |e(D"w — w') (7).

By Lemma 4.1, it is obvious to see that the second term is bounded. To bound the
first term, first we consider |e(DTW —w')(x;)| and using triangle inequality, we write
it as [e(DTW — w')(z;)| < |eDTW ()| + |ew'(x;)] < CN72. For z; = d — o and
r;=d+ o, weuse LNW(d—c) =0, LNW(d+ o) =0, the estimate obtained at the
points (d — o), (d + o) and the proof of Lemma 3.5, to obtain

(1+CN'InN)ON>4+CN2<CN?,
(1+CN'InN)ON>4+CN2<CN™2

€D+W(SL’N/4)

<
€D+W(SC3N/4—1) <

Now consider x; € (d — 0,d) U (d,d + o). For convenience we introduce the notation
é(r;)) = (W —w)(z;) and 7(x;) = LNVé(x;). We have already established that

(4.4) é(z;)] < CN2(InN)* and  |7(z;)| < Co’e 2N 2eold-ai/e,

We write the equation 7(z;) = LYVé(x;) in the form

D (6(y) (1)) (o) (=05 ) D) = a1 =y ) )~y )]

Summing and rearranging gives

1 3N/4—1

eDe(x;) = eDe(wsnja) + 5 > lalwy)(e(xj1) — é(wjo1)) — hlF(x;) — bla;)é(x;)]]
j=i+1

<eDTé(xsn/a-1) + al@snya—1)é(z3n/a) — a(w;)é(2isr)
+ a(w3n/a—1)e(T3nya1) — alx;)é(x;)

3N/4—1

- % > lalxy) — alwj—1)é(x;) + (alz;) — a(zj—1))é(zj1) — h(x;) + bz;)é(x;)].

J=i+1
Hence using the result at the point x3y/, and (4.4), we have

i 9 9 o ah/€
eD7é(z;) < ONT(I°N+—-——57

).
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But y = ah/e = 4N"'InN and B(y) = —L. are bounded and it follows that

l—e=¥

leDté(x;)| < CN~21n% N as required. Thus, we have

e(D* + D7 )e(x;)
2

leD%(x;)| = | | <CN2In® N.

]
Theorem 4.5. Let u be the solution of (2.1), (2.2) and U the corresponding numerical

solution generated by the difference scheme (3.9), (3.10) or (3.15), (3.16). Then for
each i, 1 <1 < N — 1, we have

sup || e(D°U(z;) — ) ||g, < CN2In* N,

0<e<1

where C' is independent of € and N.

Proof. From triangular inequality we have |e(DU(x;) —u'(z))| < |eD°(U —u)(z;)| +
|le(D%u(x;) —u'(z))|. From Lemma 4.1 we get |e(D u(z;) — /(7)) < CN~2In* N. To
bound |eD(U — u)(z;)]|, it can be written as

|eDY(U — u)(xz;)| < [eD°(V — ) ()| + |eD°(W — w)(z;)] < CN~?1In® N,

by Lemma 4.2 and Lemma 4.4. In the case of difference scheme (3.15), (3.16) we
obtain the same bound using lemmas analogous to Lemmas 4.2, 4.3 and 4.4. O

5. NUMERICAL RESULTS

In this section, an example is given to illustrate the difference schemes discussed
in this paper.

eu(x) + a(z)u/'(z) — b(x)u(z) = f(z), z€Q UQT

(5.1) ) )
—u'(0) =1/4, u(l)+eu'(1) =1,
where,
—4, x < 0.5, -2, x < 0.5,
a(x) = b(x)=1, 0<z<1 and f(x)=
4 z>05, 1, =>05

Let UY be the numerical approximation for the exact solution u(x) on the mesh QY
and N is the number of mesh point. For all integers N, satisfying N, 2N € Ry =
(32,64, 128,256,512, 1024] and for a finite set of values ¢ € R. = [10712,107}], we
compute the maximum pointwise two-mesh differences for the solution and the scaled
first derivative respectively as EY =|| UN — U? || and DY =|| e(D°UN — D°U?N) |.
From these values the e—uniform maximum pointwise two-mesh differences EV =

max EN DN = max DY are formed for each available value of N satisfying N, 2N €
EC e EE€EN:

Ry. Approximations to the e—uniform order of convergence are defined, for all
N,4N € Ry, by pV = log, % and sV = log, %. The results of the above procedure
are summarized in Table 1 and Table 2 for the solution and its scaled first derivative
generated by the difference schemes (3.9), (3.10) and (3.15), (3.16) respectively. In
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log, (1/¢) 0. 00 log, (1/¢)
og, N

log, (N)
36

FIGURE 1. Maximin pointwise error £ and DY as a function of N
and € to the problem (5.1) generated by the difference scheme (3.9),
(3.10) to the solution and the scaled derivative eu’ respectively.

Figs. 1, 2, the maximum pointwise errors are plotted as a function of N and €. Note
that for all value of € the error decreases steadily with increasing V.

TABLE 1. Values of EV, p¥ and DV, sV generated by the difference
scheme (3.9), (3.10) to the solution w and the scaled derivative eu/’
respectively.
€ Number of mesh points N
32 64 128 256 512 1024
EN | 3.1044e-2 | 1.1365e-2 | 4.2467e-3 | 1.4911e-3 | 5.2567e-4 | 1.9785e-4
pv 1.4497 1.4202 1.5100 1.5041 1.4098 -
DN | 1.1538e-1 | 6.8749e-2 | 3.2979¢-2 | 1.3578e-2 | 5.0634e-3 | 1.7833e-3
sV 0.7470 1.0598 1.2803 1.4231 1.5056 -
TABLE 2. Values of EN, p¥ and DV, sV generated by the difference
scheme (3.15), (3.16) to the solution u and the scaled derivative eu’
respectively.
€ Number of mesh points N
32 64 128 256 512 1024
EN | 3.1108e-2 | 1.1379¢-2 | 4.2506e-3 | 1.4916e-3 | 5.2630e-4 | 1.9785¢-4
pv 1.4509 1.4206 1.5108 1.5029 1.4115 -
DN | 1.1546e-1 | 6.8774e-2 | 3.2986e-2 | 1.3580e-2 | 5.0637e-3 | 1.7827¢-3
sV | 7.4746e-1 1.0600 1.2804 1.4232 1.5061 -

A singularly perturbed convection-diffusion problem with the discontinuous con-
vection coefficient and source term was examined. Due to the presence of non-smooth

6. CONCLUSION
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FIGURE 2. Maximin pointwise error EY and DY as a function of N
and ¢ to the problem (5.1) generated by the difference scheme (3.15),
(3.16) to the solution and the scaled derivative eu’ respectively.

data and because of the sign pattern of the coefficient of the first derivative, an inte-

rior layer appears in the solution. Two hybrid finite difference schemes with Shishkin

mesh was constructed for solving this problem which generates an e—uniform con-

vergent numerical approximation not only to the solution but also to the scaled first

derivative of the solution. Numerical results were presented, which are in agreement

with the theoretical results.
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