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Abstract: Taylor's decomposition a2n points is presented(2n — 1)-step difference
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1 INTRODUCTION

Modern computers allow the implementation of highly acteirdifference schemes for
differential equations. Hence, a task of current intereshe construction and investiga-
tion of highly accurate difference schemes for differdngiguations. Difference schemes
generated by Taylor's decomposition at several pointsernumerical solutions of the
linear differential equations of second, third, fourth ersl have been studied extensively
(see [1]-[3] and the references therein).
The present paper is devoted to the construction and igat&tn of the new high order of
accuracy difference schemes for the approximate solutbtise boundary-value problem
of the form
T Fa(t)y(t) = f(1),0 <t <T,
yD(0) =y, i=0,1,...,n—1, (1.1)
yNT)=yh, i=0,1,...,n—2

and of the initial-value problem of the form

2n—1
yD(0) =yl i=0,1,...,2n — 2

(1.2)
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and of the nonlocal boundary value problem of the form

dz;i’?) +a(t)y(t) = f(t),0 <t < T,
y(0) = y(T),i=0,1,...,2n — 2

(1.3)

assuming:(t) and f(¢) to be such that problems (1.1), (1.2) and (1.3) have a unigoeth
solutions defined ofv, T7).
The uniform grid space

0,7, ={tx =k1,0< k< N,Nt =T}

is considered for the construction of thn(— 1)-step difference schemes for the approx-
imate solutions of problems (1.1), (1.2) and (1.3). It iskelown that applying the ap-
proximation ofdi;;?ﬁt)on 2n poiNtStyyn, tre; € [0,7],, ¢ = 0,1,...,n — 1 we cannot

construct better than the following first order of accuratfedence scheme

( 2n—1
7D S i (—1)FCPT e a(ty)ug = ft),
i=0
7 .
—1<kE<N— ) = T ) - ‘ __12(72
n <k< n,uy =y(T), T Z:ZOU( ) i (1.4)

| i o
:y(])(())’ j:0717...,71_1,7—_qu]\/—@'<_1>20§
=0

\ =y9NT), j=0,1,...,n—2

for the numerical solution of the boundary-value problemi)lthe following first order of
accuracy difference scheme

(

2n—1
O N (<1 CE ot = F(t),
=0
J o
n—1<k<N-n, 779> u(—1)'C} = (1.5)
=0
yD(0),5=0,1,...,2n —2

for the numerical solution of the initial-value problemZ)and the following first order of
accuracy difference scheme

( 2n—1
TS (1P + alte)ur = f(t),
i=0
o J .
n—1<k<N-n77> u(-1)C/ = (1.6)

1=0

- J o
79N uy_i(—=1)C, j=0,1,...,2n—2
i=0

\
for the numerical solution of the nonlocal boundary-valuelyem (1.3). HereC!" =

n .
i) (n—m1"
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In the present paper Taylor's decompositior2atpoints is presented. The use of this
formula gives the Zn — 1)-step difference schemes ofi-th order of accuracy for the
approximate solutions of problems (1.1)-(1.3). Numereamples are given.

2 TAYLOR’S DECOMPOSITION AT 2n POINTS

The utilization of Taylor's decomposition at points in the construction of thé — 1)-
step difference schemes of tBe-th order of accuracy for the approximate solutions of
problems (1.1), (1.2) and (1.3) is based on the followingtamm.

Theorem 2.1 Let the functior(¢) (0 < t < T') have a {n — 2)-th continuous derivative
andtyn, tyy; € (0,7, fori =0,1,...,n —landw;, i = 0,1,...,2n — 1 be a unique
solution for the following system

2n—1 (n . 7, 2n— 1 j+2n 1 T
o = — nesm—, 5=0,1,...,2n— 1. 2.1
%; §jj+2n_1< )Gt n (2.1)
Then the following relation holds:
2n—1 2n—1
77N () (1O DY 0P () = o7, (2.2)
i=0 Jj=0

Proof. First, we will prove the unigqueness of (2.1). The correspogadnatrix form of
(2.1)is

Ao = Bwhered = (aj;) with aj; = (n —i)?, B = (b;) with

2n— 1 ]+2n 1 S
by = —j! Z j+2n—1 ( 1)'C;" " anda = (), 7=0,1,...,2n — 1.
It is clear thatA is a Vandermonde type of matrix.Thus,
2n—2 2n—1
det A= [ [ (s—4) #0.
s=0 j=s+1

ThenA is invertible and above system has a unique solution.
Second, using Taylor’s formula, we get

2n—1
N by (<1)
i=0
2n—14n—2 (])(t  \G g
om v (te)(n — i) i ~2n— n
) 3§ (DO e
=0 j=0
and
2n—1 2n—12n—1 _(op_14m) _ ;\ym, m
_ v t)(n T n
Z (20 1)(tk+n—j>aj _ ( 7122'( J) a; + o(T*")
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The use of Taylor’s formula gives

2n—1 2n—1
7_—(2n—1) Z U<tk+n_i)(_1)ici2n—1 + Z U(zn_l)(tk+n—j)aj
i=0 =0
_(en—1) nldns 21)(] (tr) n—Z) 7 i v2n—1 2n
SRR 3D (G ™)
=0 j5=0
2n—12n (2n—14m) — q)ymem
U tr)(n T
N ( k>'< DT o
j=0 m=0 "
2n—1 4n—2 6)( _ \iri—(2n—1)
DD

|
— m!
2n—1 2n-2 G)( _ \iri—(2n-1)
v (tg)(n — i) T i o
=> 1> , (-
=0 7=0 J

1l
j=2n—1 J:
2n—1 (2n—1+m)( _ \m,m
v t)(n— i)™t .
+ Z - a; |+ o(T™)
m=0
2n—12n—2 ( N " — N\ji—(2n—1) '
_ Z Z (te)(n .'Z) T (—1)ic2n-1
i=0 j=0 J:

2n—1 An—2

(J — $)iri—(2n-1) ,
+ Z Z v tk)(” 7’) T (_1)zCi2n—1

|
=0 j=2n-1 J:

2n—1  (9n—1+m) t S\ M
v n 7 T

‘ m!
2n—12n—2 NG i (2n—
_ vl )(tk)(n _.'Z)]TJ @n-D) (_1>iq2n—1
i=0 j=0 J:
2n—12n—1 N N
: : n — )/l : (n —1)
+ TIp@n=14) (1) [—( , (—1)'C ! 4 —qy
ZZ:; ]Z:; (j+2n—1)! 4!
2n—12n—2 " —
Sy Y P IR e
=0 7=0
2n—12n—1 . '+2n_1 . ]
3. (2n—147) (n—i) q\i2n—1 (n —1) ,
I <tk)[(j+2n—1)!( DO+ a
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2n—12n—2

Sy Y P IR e

=0 7=0

2n—1 2n—1 (n . Z’)j'f‘zn—l

. s i 2n— n— i) n
+ Z; 720 1+J)(tk) Z; {m(—l) CZ-Z L ( j! ) az} + 0(7'2 )
Jj= =

Using system (2.1), we get

2n—1 2n—1
+—(2n-1) Z 'U(tk-',-n—z’)(_l)iclzn_l + Z (2= 1)(tk+n ])a] (2.3)
i=0 Jj=0

T XL 0D () (n — i) i D)

> . -1y
— = J!

=0 j=
2n—1 2n—1 N 2n—1 N
. . n — Z)]—i—?n—l ) (n o 7/)‘7
IR (R DY (n =7 (Cpyigent 3 ;| +o(r™)
) — | i 1l
pard par (j+2n—1)! —~ !
— v ( ]'C)(n '7’) g (_1)zci2n—l + O(TZn)‘
i=0 j=0 J:
We claim that
v ( I'C)(n .7’> T (_1)202n—1 (24)
| i
i=0 ;=0 J:
22 6) (1)) 2L |
_ v ( k)T' (_1>zCi2n—1<n - i)y —0.
j=0 J: i=0

2n—1
Y (-1 C T (n—i)* =0foralla=0,1,...,2n — 2.
=0
2n—1 2n—1
(_1)chn—l(n_ Z»)a Z CZn 12 yca a— ]Z]
=0 =0
a 2n—1
= Z(—l)j();n“—j Z (-1)ic? i =oforalla=0,1,...,2n — 2.
§=0 i=0
Therefore, it suffices to show
2n—1
> (-1icti =oforallj=0,1,...,2n— 2. (2.5)
=0

Consider the function -

f() (1+x2n1 2027111
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It is clear that formula (2.5) fof = 0 follows from f(—1) = 0. Using the formula

2n—1

vf () =2(2n —1)(1 +2)* % = Z iCE gt

=0
for x = —1, we can obtain formula (2.5) for = 1. The proof of (2.5) forj > 2 is based
on the strong mathematical induction. Actually, we will peo(2.5) fork + 1 under the
assumption that (2.5) holds fgr= 1, ..., k < 2n — 2. We have that

k) (2n — 1)

[f(z )](k) [(1 +x)2n—1]( m(l + )2n—1—k
2n—1 k
= > [IG-pecita
i=0 j=0
From that it follows
(2n —1)! Yn=i=h gkl g 210
(2n—1—k5)<1+ zz;jl_[ol 7)C;

Applying the formuIaH( g) =ikt + Z i" 2, We get

7=0 m=0
(2n —1)! (1+ x)2n—1—kxk+1 _ %ik+lc2n—lxi n zk: . s imeen=1,i
(2n —1—k)! B ’ " ’ '
i=0 m=0 i=0
Puttingz = —1, in the last formula, we get
2n—1 k 2n—1
0= Z ik+lci2n—1<_1>z + Z 2 chfn—l(_l)z
i=0 m=0 i=0
Then, from
2n—1
> (e tim=0form =0,1,...,k
i=0
it follows
2n—1
Z ,L'k-i—lC(iZn—l(_l)i _ 0
i=0

So, formula (2.5) is proved for any=0,1,...,2n — 1. Formula (2.2) follows from (2.4)
and (2.3). Theorem 2.1 is proved.

3 2n-th ORDER OF APPROXIMATION DIFFERENCE SCHEME OF THE
BOUNDARY-VALUE PROBLEM (1.1)

The construction of the2@ — 1)-step difference scheme of the-th order of accuracy for

the approximate solution of problem (1.1) is based on T&ybecomposition a&n points

(2.2) and on th@n-th order of approximation for(*)(0) for s = 0,1, ...,2n — 3.
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Theorem 3.1 Let the function(¢) have a n+s)—th continuous derivative); be defined

as
2n—2

ZB for]_Qn—l 2n,....2n—1+s, (3.2)
where B;, i = 0, 1,...,2n —2andC;, i = 0,1,...,s be the unigue solutions of the
following systems

2n—2 .
, 0 forj=0,1,...,s—1 1,...,2n—2
ZBZZJZ{ | .] = ) S 75_'_ ) , 24T ) } (32)
P —slforj =s,
s 'l" 2n—2
e I 2n—1+1 .
;Cyj = iMop_115 = T ; B, (k) fori=0,1,...,s. (3.3)
Then the following relation holds:
2n—2 s
+77° Z Byv(it) + 721 ZU(Q"_U(Z'T)C,- = o(T%"). (3.4)
=0 =0

Proof. It is clear that (3.2) and (3.3) are systems with Vandermandgix.Thus, there
are a unique solution of systems (3.2) and (3.3). Consiaefalfiowing formula

2n—2

+ E B’U ZT + § (2n— 1+2 )\2n 1+Z7_2n—1+z_

Using Taylor’s formula, we obtaln

2n—2 s

+ E B’U ZT + E ’U (2n— 1+2 )\2n 1+Z7_2n—1+z

2n—2 2n—14s U(j) (0)(@)37]

= v(0) + Z B; Z i + o(7)
, o
_I_Zv(zn 1+z )\% 1+Z7_2n—1+i
2n—2 s—1 U(j N " 2n—2 ;s
=Y B . ONEPT | ey (0) 1+ZB@
=0 7=0 =0
2n—2 (]) j j 2n—2 2n—1+s () 0)(i G 2n—1+s
v T v 1) T -
I S L S L S
i=0 j=s+1 j=2n—1 J: j=2n-1
2n—2 iz s—1 2n—2 (Z)J
2n+s s, (s j
+o(72) = o (0) |14 )Y Big| + v 0)r7 Bi7
i=0 §=0 i=0
2n—2 2n—2 (Z)J 2n—1+s 2n—2 (Z)J
+ 00 B+ Y W0 A+ Bi | + o7 ")
j=s+1 =0 j=2n—1 =0
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Applying (3.2) and (3.1), we get
2n—2

+ Z BU ZT + Z (2n— 1+z )\2n 1+Z7_2n—1-|—i _ 0(72n+8). (35)
Now, we will show the following |dent|ty

Z 7_2n—l—i-j,U(2n—1—i-j) (0))\2n—1+j _ Z 7_27L—1,U(2n—1) (]T)Cj + 0(T2n+s)

5=0
forj=2n—-1,2n,...,2n—1+s.

Using Taylor’s formula, we obtain

S
2n—1+j,,(2n—1+47) 2n—1_.(2n— 1
E T 2 7) 0)A2n—14; E T ! ]T)C

Z 7_2n—l—i-j,U(2n—1—i-j) (0>)\2n—1+j

»

s T2n—1+iv(2n—1+i) 0 N _
— - ( )C](]) +0(72+)

2n—1+j,U(2n—1+j) (0>)\2n—1+j

7_2n—l—i-iv(2n—1—i-i)(O> Z Cj (])Z + 0(T2n+s)

7!
i=0 7=0

2=ty (20— 140) () [)\%_Hi _ Z Cj(])

s

Z! 4 O<T2n+s>.

1=0

Using (3.1), we get
ZTZn—l-‘rjv(Zn—l-‘rj )\271 " 27_271 1 (2n 1 ]T)C ( 2n+s)

for j :2n—1,2n,...,2n—1—|—s.
Then from the last formula and (3.5), it follows (3.4). Thewr 3.1 is proved.

J=0

Theorem 3.2 Let the functiony(t) have a ¢n+s)—th continuous derivative,; be defined
as

Lo 1+j+ZM< ') =0 forj=2n—1,2n,....2n—1+s, (3.6)
j!

where M;, i = 0, 1,...,2n —2andN;, i = 0,1,...,s be the unique solutions of the
following systems

2n—2 .
, 0 forj=0,1,...,s—1 1,...,2n—2,
Z Ml'l] :{ .] P 78 78_'_ ) , 21 } (37)

P —sl(—=1)*for j = s,
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s 2n—2

NG - 2n 1+2
E: NJ(—j) —Z!Lgn_1+i = 271,— 1+ ' E forZ—O,l,...,S. (38)
Then the following relations hold:

2n—2

7% Z Mu(T —ir) + 72 1s Z V(T —ir)N; = o(7?). (3.9
i=0

Proof. In a S|m|Iar manner proof of the theorem 3.1 systems (3.7) (@) are with

Vandermonde matrix. Thus, systems (3.7) and (3.8) havequarsolution
Consider the following formula

S

2n—2

s(s +ZMU T +Z (2n— 1+2

L2n 1+27-2n_1+i-
Using Taylor’s formula, we obtain

2n—2 2n— 1+s

LEDRTD I Dy

+ o(72"F%) (3.10)

+ Z U(Zn—l-l—i) (T)Lgn_1+i72n_1+i

s—1 (]) T o ] ] 2n—2 Y
v 1)°T 1
= M, ( )(' ) + 750 (T) |1+ Z Mz( ')
=0 7=0 J i=0 s
2n—2 2n—2 (J)(T)( )J j
v T
S P
=0 Jj=s+1
2n—2 2n—1+s ) (T) (_ ')j j 2n—1+s
v )T . .
+1Y oM Y i + 3 V(D)7 Ly
1=0 j=2n—1 j=2n—1
ot s . 9 2n—2 ( s s—1 2n—2 (—’L)J
+o(T7"7F) = T5N(T) 1+ZM —|—ZU T)r? M;~—
i=0 j=0 i=0 J:
2n—2 - 2n—2 2n—1+s 2n—2 (—Z)j
+ Z oU(T)7d z 7| Lon-145 + M;— ]
, ; J!
j=s+l i=0 j=2n-1 i=0
+0( 2n+s).

Applying (3.6) and (3.7), we obtain

2n—2

+ 3 Mpo(T —ir) + Y 0 (T) Ly r 21 = o(r?F9). (3.11)
=0 i
Now, we will show the following identity

ZT2n—1+j,U(2n—l+] LG 14 ZT2n 1, (2n—-1) _jT)Nj+0(T2n+S) (312)
=0
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forj=2n—1,2n,...,2n—1+s.

Using Taylor’s formula, we obtain
Z 7_2n—1+jv(2n—1+j)(T)L2n_1+j _ Z 7_2n—1,U(2n—1)<T i jT)Nj + O(T2n+s>
§=0 =0

— Z 7_2n—1+j,U(2n—1+j) (T)L2n—1+j
7=0

s .S 2n—1+1i,,(2n—1+17) (T) )
T v -\ n+s
3 D gy ol

s

,7_2n—1+jv(2n—l+j) (T)LZn—l—i-j _ Z 7_2n—1+i,U(2n—1+i) (T) NJ(_.]>Z
=0 =0 =0

u . . *  N.(—7)
_|_0(7_2n+s) _ ZTZn—l-HU(Zn—l—H) (T) L2n—l+i _ Z ](Z' j) + 0(7_2n+s).
i=0 j=0
Using (3.8), we get (3.12). Formula (3.9) follows from (3 Bhd (3.12). Theorem 3.2 is
proved.
Applying Taylor's decomposition &n points (2.2), formula (3.4) and equation (1.1), we
get

2n—1 2n—1

TN Y (i) (1) CI T = i)Y (b))
i=0 7=0
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Neglecting the last small terms in the last two formulas, véam the2n—th order of
accuracy difference scheme

( 2n—1 ) 2n—1
;} Uppn—i(—1)'CP" " — 201 2_: a(th+n—j) Uk +n—j Ol
2n—1
= —g2n—1 z:o f(than—j)oj, te =kt,n—1 <k <N —n, up =y(0),uy = y(T)
j

2n—2

20— 12(]@(@7) Z Biu; = 75y (0) + 7271 3" Cy f (i7)
i=0
fors: 1,2,...,n—1,
Tsy(s)(T) + ,7_2n—1 E f(T _ ZT)NZ = 7-2"_1 Z uN—ia(T — ZT)NZ
i=0

1=0
2n—2
— Z MZ‘UN_Z'fOI'S: 1,2,...,n—2

\ =0

(3.13)
for the approximate solution of problem (1.1). For numdrigaalysis we consider the
boundary-value problem

LU | (80 + 28012 + T4)y(t) = (3267 + 240 + 236t) exp(£(t — 1))
= f(),
0<t<1,y0)=19(0)=-1y"(0)=3,y(1) =1Ly (1) =1

for the fifth order differential equations with the exactigadn

y(t) = exp(t(t — 1)).
For approximate solutions of this boundary-value problesm,use the first order of accu-
racy difference scheme (1.4) and the sixth order of accudiftgrence scheme with dif-
ferent values forr, namelyr =
is

30, 50, 70 The sixth order of accuracy difference scheme
Upers + Ukso(—5 + 5:7°a(tks2)) + wpr1 (10 + Br5a(ty44))

+up(—10 + 27%a(te)) + w1 (5 + 5 7°a(ty—1))

—tg—o = T (g7 f(tera) + 30.f (tesr) + 53 f (t) + 57 (1)),

te=kr,2 <k <N —3,u9=0, uy = 1, up(52 + 22a(0)) + u1(4 — Za(r))

—3ug + 3uz — sus = 7 (f(0)& — f(7)3),

uo (33 + %T%(O)) +ur(—% + Brla(r )) +ua(3 + 157°a(27))

—uz’y + jpus = 7°(555.f (0 ) 5 (T) 10/ (27))

(B + 27%a(T))un + (=4 — 37°a(T — 7))un—1 + Bun—2 — 3un—2 + FuN—3

(=T (FA(T) = 3£(T —7)).

(3.14)
The errors of the numerical solutions defined as

Exn = te) —
N Oggvly(k) ug|
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are given in the following table.

Difference schemes Esq Es Eq
Difference scheme (1.4)| 0.00124321] 0.00077113 0.00023673
Difference scheme (3.14)0.00000106 0.00000078 0.00000026

Thus, the sixth order of accuracy difference scheme (34.#4)are accurate comparing
with the first order of accuracy difference scheme (1.4).

4 2n —th ORDER OF APPROXIMATION DIFFERENCE SCHEME
OF THE INITIAL-VALUE PROBLEM (1.2)

The construction of the2¢q. — 1)-step difference scheme of tRe-th order of accuracy
for the approximate solution of problem (1.2) is based onldrs decomposition agn
points (2.2), on the formula (3.4) and on the-th order of approximation for (0) for
1=0,1,...,2n — 2

( 2n—1 ) 2n—1 2n—1

7=GrD) ZO Ui (—1)'CF" 7 = ZO (Epgnj ) U sn—j0j = — ZO S (tegn—s),

i= 7= i=
ty =kr,n—1<k<N—n, ug=y(0), 7253 Cial(it)u;
i=0
2n—2 s

—77° Y By = y®(0) + 1Y Cif(ir) fors = 1,...,2n — 2

\ 1=0 =0

for the approximate solution of problem (1.2).
For numerical analysis we consider the initial-value peoil

Lol | (3247 4 120t)y(t) = exp(—12)160¢3
= f(t),
0<t<1,90)=1,4(0)=0,4"(0) = =2,4"(0) = 0,y (0) = 12

for the fifth order differential equations. The exact sauatbf this problem is

y(t) = exp(—t?).
The sixth order of accuracy difference scheme is

Upers + Unyo(—5 + 570 (teto)) + w1 (10 + 270a(tyr1))

+up(—10 + 27%a(te)) + w1 (5 + 5 7°a(ty—1))

—up—g = 77 (55 f (tes2) + 31 f (trs1) + 53 (tk) = f(te-1)),

tk:k72<k<N 3,up = 0, up(5Z + 2Za(0 ))+u1(4—% a(t))

—3uy + U3 lU4 = 75(f(0)12—5 - f(T);l),) UO( 180 70 a(0)) + w1 (— 26 + 27'5@(7'))
Fus(F + 15 7°a(27)) —uss + us = 7(355£(0) + B f(7) + 80f(27'))

uo(5 — 57°a(0)) + ui (9 — Z7°a(r)) + us(—12 — %7561(2 ) + us(7 — £ 7°a(37))
| —Sua=—"(5f(0) + ()33 +f(27)120+f(37)15)

p

(4.1)
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uo(1+ 75%a(0)) (=4 + 75%a(7)) +us(6 + 7514—561(27'))
+uz(—4 + %TSCL(?)T)) + ug(1 — 1—2075a(47'))
95 307 4 103 3
= 75(%1%0) + %f(ﬂ + ﬁf(QT) + %f(?ﬂ') - ﬁf(‘”))-

For approximate solutions of this initial-value problemne wse the first order of accuracy
difference scheme (1.5) and the sixth order of accuracgmdiffce scheme (3.14) with dif-
ferent values for-, namelyr = 4—10, %, % The errors of the numerical solutions are given
in the following table.

Difference schemes m FEeo FEgo
Difference scheme (1.5)0.07492100 0.06683200Q 0.048370000Q
Difference scheme (4.1)0.00040349 0.000003211 0.000000351

Thus, the sixth order of accuracy difference scheme (4.h)age accurate comparing
with the first order of accuracy difference scheme (1.5).

5 2n — th ORDER OF APPROXIMATION DIFFERENCE SCHEME OF THE
NONLOCAL BOUNDARY VALUE PROBLEM (1.3)

The construction of the2q — 1)-step difference scheme of tBe-th order of accuracy for
the approximate solution of problem (1.3) is based on T&y/becomposition a&n points
(2.2), on the formulas (3.4) and on tBe-th order of approximation for®(7") where
i=0,1,...,2n—2.

Applying formulas (3.4), (3.9) and (2.2), we obtain

2n—1 2n—1
7= Z Y(tryn—i)(=1)'CP 7 — Z a(trrn—i)Y(trrn—i)ey
i=0 Jj=0
2n—1
== flthpn-g)oy +o(7"), 1 <k < N -2,
=0
2n—2
y(0) =y UT) = 77* Y [Mw(T — i) — Byy(ir)]
i=0
rn—l=s Z [y(Q"_l)(T —iT)N; — y(Z"_l)(T — iT)C’Z}
i=0
2n—2 s
=7° [Myv(T — it) — Byy(it)] + 72" 17¢ Z{—y(T —i7)a(T —iT)N;
i=0

1=0

+f(T —it)N; + Cia(it)y(it) — C; f(iT)} = o(T*").
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Neglecting the last small terms in the last three formulas,obtain the2n-th order of
accuracy difference scheme

4 2n—1 ) 2n—1

7~ (n=l) Z% Upn—i(—1)'CF" 7 — EO A(thsn—j)Uktn—j

1= j=
2n—1

= - Z f(tk-l-n—j)ajatk - k771 S k S N — n, up = un,

2n—2 =0 s (51)

Z (Myun—_; — Biw;) + T2l Z(—UN—z‘a(T —i7)N;

i=0 1=0

+Cia(it)u;) =75 (Cif(it) — f(T —iT)N;) fors =1,...,2n — 2
\ =0

for the approximate solution of problem (1.3) .

Now, for numerical analysis we consider the nonlocal bouypsalue problem
T | exp(t0)y(t) = t3(t — 1)3 exp(t10) + 120¢3 — 180¢2 + 72t — 6,
{ 0<t<1,y(0)=y(1),y(0)=y'(1),y"(0) =y"(1)
for the third order differential equations. The exact salniof this problem is
y(t) =3 (1 —t)%.

The fourth order of accuracy difference scheme is

(773 (s — Btpr + 3wk — up—1) + 3a(ti)un + Sa(tps g
Tf) + 2 f(thsn), 1 <k <N — 2 Uy = Un,

(=3 — L73a(0))ug + (2 — 1r3a(7))us — Sus
3
5

( 5 L3a(T))uy — (=2 — 17%a(T — 7))uy—1 — Sun—o

( (T) = £(0)) + 17 (F(T — 1) — f(7)), (5.2)
( 3a(0))ug + (=2 + %TSCL(T))Ul +(1— i 3a(27))us
—(1 = 37%a(T))uy — (=2 = 37°a(T — ))UN—l

—(1+ 5;7%a(T = 27))un—o = T*{Z(f(T) + f(0))
(| H3(f(T = 7)+ f(7) = 55 (f(T —27) + f(27))}.
For approximate solutions of this nonlocal boundary-vadueblem, we use the first or-

der of accuracy difference scheme (1.6) and the fourth arfleccuracy difference scheme
(5.2) with different values fot, namelyr =

tions are given in the following table.

20, 40, 60 The errors of the numerical solu-

Difference schemes FEso FEip FEeo

Difference scheme (1.6)1.6191000000 0.74250000000 0.47580000000(
Difference scheme (5.2)0.0000029109 0.00000018214 0.000000035982

A=

Hence, the fourth order of accuracy difference scheme {$12pre accurate when com-
pared with the first order of accuracy difference scheme)(1.6
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It is known that (see, for example, [4]-[7]) various boundaalue problems for the
partial differential equations can be reduced to the bopndaue problem

2O LAyt = f(1),0<t<T,
yO(T) =yi,i=0,1,...,n—2

and the initial-value problem

2n—1
Gttt + Ay () = £(1),0 <t < T, 5.4
yD(0) =yl i=0,1,...,2n —2
and the nonlocal boundary value problem
EU - At)y(t) = F(1),0 <t <T, 55
y@D(0) = yO(T)fori=0,1,...,2n — 2 '

for the differential equations in a Hilbert spaég with the self-adjoint positive definite
operatorsA(t). The use of Taylor's decomposition 2t points permits to construct the
difference schemes of th-th order of accuracy for the approximate solutions of prob-
lems (5.3)-(5.5). Operator method of [8]-[11] permits tdaddish the stability of these
difference schemes.
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