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ABSTRACT. We consider a family of singularly perturbed elliptic problems in two dimensions. A
novel fitted operator finite difference method developed is proposed to solve this problems. Through a
rigorous convergence analysis, we show that the method is second order convergent in both variables.
Further attempts are made to improve the order of convergence via some convergence acceleration
techniques, namely the Richardson extrapolation. In turn, we achieve fourth order accurate results.
Error analysis after extrapolation is also presented. Furthermore, some numerical results confirming
the theoretical estimates are provided. We also compare our results with those obtained in the
literature (see, e.g., [R. Lin, Discontinuous discretization for least-squares formulation of singularly
perturbed reaction-diffusion problems in one and two dimensions, SIAM J. Numer. Anal. 47(1)
89-108.] and noticed that the error obtained by our approach is exponentially smaller than the one

obtained by their approach.
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1. INTRODUCTION

We consider the problem

(1.1) Lu = —eAu+b(z,y)u = f(z,y), in Q=(0,1)x (0,1),

(1.2) u=20, on .

where ¢ € (0,1] and b and f are sufficiently smooth functions in Q. It is assumed
that b(z,y) > a® > 0, in Q. Also, we impose the following compatibility conditions
[11, 13] which guarantee that the solution u(z,y) to problem (1.1)—(1.2) is a member
of C*(Q) N C?(Q), where Q = Q U O

f(O,O)If(O,l)If(l,O):f(l,l):O
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While singularly perturbed two-point boundary value problems are well studied
from different angles, their higher dimensional counterparts are not tackled suffi-
ciently. There were some attempts made to extend the approaches developed for
singularly perturbed ordinary differential equation but the success was very limited.
On the other hand, some researchers tried to solve these higher dimensional prob-
lems directly, for example, Li [6] proposed a quasi-optimal finite element method, Lin
[8] solved the above problem using Local Discontinuous Galerkin method via least-
squares formulation, O’Riordan and Stynes [11] designed a globally convergent finite
element method, and so on. Some other notable works include [2, 4, 9, 13, 14, 15, 16].

A careful reading of the work by Kadalbajoo and Patidar [5] indicates that there
are no extensions of any fitted operator methods developed for singularly perturbed
ODEs that can solve the singularly perturbed PDEs, in particular the elliptic ones.
To fill this gap, the first aim of this paper is to extend a FOFDM (which is developed
for singularly perturbed ODESs) to solve the elliptic singular perturbation problem.
Then, in order to achieve a higher order convergence, we perform the Richardson

extrapolation.

The rest of this paper is organized as follows. In Section 2, we presents some
qualitative features of the solution and its derivatives. Section 3 is concerned with
the construction and analysis of the numerical method. Section 4 deals with the
extrapolation of the method developed in Section 3. Numerical results to support the

theory are provided in Section 5. Some concluding remarks are provided in Section 6.

2. BOUNDS ON THE SOLUTION AND ITS DERIVATIVES

Lemma 2.1 ([3] Continuous maximum principle). Let (z,y) be any sufficiently
smooth function such that £(x,y) > 0 on 0. Then L&(x,y) > 0 on Q implies
that &£(z,y) >0, Y(z,y) € Q= 0Q U Q.

Proof. Let (z*,y*) be such that

§(a%,y") = min_¢(z,y)

(z,y)€Q
and assume that (z*,y*) < 0. Clearly, (z*,y*) ¢ 0Q2. We have
0
5.6\, = 07
art@ )|
0
a5 6\, = 07
Ay Nk (a*°)
o2
— >0
528 @Y)| . 2
and 52
—&(x, >0
EIERLAE ) P
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Therefore,
LE(a™, y") = —eAf(a™, y") + b(a™, y")é(z", y") <0,

which is a contradiction. O

The following lemmas provide bounds on the solution of the problem (1.1)—(1.1)
as well as those of its derivatives [7]. A suitable choice of barrier functions [6, 17|
may be made in the proofs. One may also note in the following that C' will denote a

generic positive constant which is independent of ¢.

Lemma 2.2. Let u(x,y) be the solution of problem (1.1)—(1.2). Then we have

(). Ju(r,y)] < O (1 - =o0-55) on )
(c). [u(r.)| < O (1— =) on 0,
(d). Ju(z,y)| < C (1 —e*0=9/VE) on Q.

Proof. (a). Using the barrier function

Bla,y) = C(1 = oV,

we see that
L(¢£u) =—eA(ptu)+bl¢p+u),
= a2 VD) L pO(1 — eV 4§,
=C(a® - ) (e(_‘m/\/g) — 1) +Ca® £ f.
Since
(a® —b) <e(_"x/\/g) - 1) >0,
we have

L(p£u) > Ca’+ f>0.

Using the maximum principle (Lemma 2.1) and the fact that (¢ 4+ u)|gsq > 0, we get
ul < ¢.

The proof of part (b), (¢) and (d) is done in a similar way by choosing the barrier

functions
Olw,y) = (1— 07V
or,y) = (1- V)
and
Oa,y) = (1= e o0
respectively. O

Now we have

Lemma 2.3. Let u(x,y) be the solution of problem (1.1)—(1.2). Then
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(a). |u.(x,y)| < Ce™V/? on 09,
(b). luy,(z,y)] < Ce™Y? on 0.

Proof. Using Lemma 2.2, we have

i 4 Y) — U(O,y)‘

z—0t xT

O(1 — e(—au/Ve)
< fm GU=€ ) _ o0&~
20+ x gl/2

|u=(0,y)| =

Applying the estimate in part (b) of Lemma 2.2, we get the estimate for u,(1,y).
Differentiating the given boundary conditions u(z,y) = 0 at y = 0 and y = 1 with

respect to x gives us u,(x,0) = u,(x,1) = 0. Similarly,

- 1 — o(—ou/ve)
i YY) u(a:,())‘ < lim C0—c€ )

y—0t Y y—0t Y

[ty (z,0)] = < Ce V2,

We get the estimate of u,(x,1) by applying the estimate in part (d) of Lemma 2.2.
Differentiating the given boundary conditions u(z,y) = 0 at + = 0 and z = 1 with

respect to y we get u,(0,y) = u,(1,y) = 0. This completes the proof. O

Lemma 2.4. Let u(x,y) be the solution of problem (1.1)~(1.2). Then we have
(a). Jua(z,y)| < C (1 — 7 2e0a/VE L g=1/2¢=0(=0)/VE) op barQ),
(b) |uy( )| <C (1 —8_1/26_0‘3//\@—]—5_1/2 —a(l-y)/\e ) on 0.

Proof. By choosing the barrier function
é(z,y) = C (1 _ V2pmam/VE | 6—1/2€—a(1—m)/\/§> 7
we obtain
L(¢ £ uy) > bC + (fr — byu) >0,

and since (¢ + u,)|aq > 0, the proof is completed by making use of the maximum

principle (Lemma 2.1).

The proof for the estimate in part (b) can be constructed analogously using the

barrier function

o(x,y)=C <1 _ e 2emoy/VE 4 5—1/26—04(1—3/)/\/5) ‘

Now, the following results for the bounds on the second derivatives hold:

Lemma 2.5. Let u(x,y) be the solution of problem (1.1)~(1.2). Then we have

(a). [tza(z,y)| < Ce™t on 0L,
(b). uyy(z,y)| < Ce™! on OQ.
(c). Juze(z,y)| < C (1 + e e o/VE 4 e7lemo=0)/VE) o Q,
(). |uyy(z,y)| < C(1+e e /VE 4 etem20=0/VE) on Q.
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Proof. (a). At y =0 and y = 1, we have u(z,y) = 0. Therefore, u,, =0 at y = 0 and
y = 1. Also, the fact that v = u,, =0at x =0 and z =1 leads to u,, =0 at z =0
and x = 1.

(b). The proof can follow similar lines as in part (a).

(c). Using the barrier function
o(z,y) =C (1 +elemom/VE 4 5_16_0‘(1_5‘3)/\/5) ,
we see that
L@biz@Q::bC—kCXb—cf)(a‘%fa”VE+a_%f““‘”“@):t(—aAuﬂE+bumJ
=bC + CO(b— a?) (6_16_(”/\/5 + 6_16_0‘(1_:”)/‘/5)
£ (fae — 2bptte — bygu)
> bC % (for — 2bpuy — bygu).

It follows that, for C' sufficiently large, L(¢ & uy,) > 0. Since (¢ + uzy)|oo > 0, the
continuous maximum principle (Lemma 2.1) concludes the proof.

(d). The proof follows the same lines as in part (c¢) with the barrier function
P(z,y) =C (1 +etemow/VE 4 g—le—a(l—y)/\/é> '

O

3. CONSTRUCTION AND ANALYSIS OF THE FITTED OPERATOR
FINITE DIFFERENCE METHOD

Let n and m be positive integers.

We consider the following partitions of the interval [0, 1]:
x9=0, m=z9+ith, i=11n, h=z—x,1, z,=1

Yo = Oa Yi = Yo +]k> ] - 1(1)m7 k= Yi —Yj-1, Ym = 1.

The tensor product of these two partitions gives the mesh grid

pnm) = {(z3,95),  1=0(1)n, j=0(1)m}.

In the rest of this paper, we adopt the notation W/ = W (x;,y;) and denote the

approximations of the uf at the grid points (z;,y;) by the unknowns vf )
Using the theory of difference equations for problems in one dimension, we con-
struct the following FOFDM (looking at one dimension at a time):

j g 1 iy -1

@Gr @)

with the discrete boundary conditions

(3.1) +bjv] = £,

(3.2) W=yl =v"=0vl=0 i=01)n, j=0(1)m,

7 7
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where
. . 2 J
(3.3) (61 = ¢ (h,€) == — sinh <@>
P; 2
and

(3.4) (0D = ¢l (k,e) = %.sinh (pik‘) ,

with pl = /b /.

Note that
3

¢l(h,e) =h+0 (h?), and ¢l (k,e)=k+0O (k_g)

£

For the sake of simplicity, we assume that h = k, and hence the common denom-
inator will be (¢7)%(= (¢1)?) = (¢?)?). Thus equation (3.1) becomes

vg — 2vf + vﬁ_ vt — 2u) o)t P ;
9 [ B i
which we rewrite as
(3.6) _W [vf+1+vf_1+vf+1+vg 1—4@5} + blv! = f].

The method consisting of (3.6) along with (3.2) is termed as the fitted operator finite
difference method (FOFDM).

One should note that, in the above we have considered h = k merely for the sake

of simplicity. However, in the analysis below, we keep the general set up.

In the discussion below, M may denote a different positive constant but is always

independent of € and the step-sizes h and k.

Following lemmas play a primordial role in the analysis of the method developed

above.

Lemma 3.1 (Discrete maximum principle). Let {&} be any mesh function satisfying
§20,6>0,i=11n—1;£>0,&>0,i=11)m—1;£>0,£ >0, & >0,
€ >0 and LEE > 0,7 =1(1)n—1; j = 1(1)m — 1. Then & > 0, Vi = 0(1)n,
j=0(1)m.

Proof. Let (s,t) be indices such that

¢t = r(mglg{, V (i,5) €{0,1,...,n} x {0,1,...,m}.
Z?]
Assume that & < 0. Tt is clear that
(s,) € {1,2,...,n— 1}y x {1,2,....m — 1},

or else, & > 0.
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We observe that

g —&>0, &, —¢>0 M -¢>0, and —-¢7>0.

Therefore
Lygt <0,
which is a contradiction. O

Lemma 3.2. If Z is any mesh function such that Z! =0 on (9Q)!, then there exists

a constant C such that

1 .
|1Z7| < — max |LEZI|, for0<I1<mn; 0<s<m.
o2 1<i<n—1;1<j<m—1 !
Proof. Let
1 .
M = max |LFZ7|

a2 1<i<n—1;1<j<m—1

and (UF)? be the mesh function defined by
(U = M+ 77.

It is clear that (UF)9 = (UF)" = (IF)] = (TF)) = M > 0. Also, for 1 <i<n—1
and 1 < j <m — 1, we have

M+Zl, —2M+Z)+M+27],
(@))7

M 7 oM+ 72+ M+ 77!

()7

Li(05)] = —¢

+0)(M + 7))

= M + LE 7!
J

b . .
= L max|LEZ!| £ L} 7).
a
Since b! > o2, we have
Ly(UF)] > 0.
Then, by the discrete maximimum principle (Lemma 3.1), we obtain

(T >0 for0<i<n, 0<j<m.
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3.1. Error estimate before extrapolation. From (3.1), we see that the local trun-

cation error of the FOFDM is
Ly (u] —v]) = {—e(Au)] + b]u]}

j gy i 1 iy -1
_ {_6 [uz’—i-l —2u; tuiy  wp = 2w

(63 (¢])2

. . . h4 )
= —&(Uae)] — (uyy)i + ((;.)2 {;ﬂ(um)g + E(umm)g +.. ]
i/h
€ 9 kA .
+ (be)i [k (Uyy)! + E(uyyyy)g + - ]

= _5(“m>g - 5(uyy)g
e b hA(B)?
K2 12 240¢
(e bl kb)) )

212 a0

This implies that

gy eh? RV, R - hA(b])?
h(uz Uz) 12 (U )z 12 (u )2 144 (U )2 + 240e (U )2
ek’ KA KA KB :
(3.7) + 12 (Uyyyy)i — 12 (uyy)] — 144 (Uyyyy)i + 2402 (Uyy)i + -

Using Lemma 2.5, we obtain

) ) h2 ]{72
mﬂw—mgh;M[m(1+z>+w¥<y+;)}

Then by Lemma 3.2, we have

. ) 2 2
(3.8) max max |u; —v!| < M [h2 <1 + %) + k2 (1 + %)} ,

0<i<n 0<j<m

Note that, if h = k, then we have the estimate

S 12
(3.9) max max |u] —v]!| < Mh? (1 - —) :

0<i<n 0<j<m £

4. EXTRAPOLATION ON THE FITTED OPERATOR FINITE
DIFFERENCE METHOD

4.1. Extrapolation formula. Let ji(2,2m) = {(%;,9;)} be the mesh with 7y = 0,
T,=1,9=0,9n=1,and ;— %, =h=h/2,i=1(1)2n,and §;—y;_, = k = k/2,
j =1(1)2m, and @g' denote the numerical solution computed on the mesh 112, 2m)-

On one hand, we have from (3.8),

i 2 n? 2 K m
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1<i<n-1, 1<j<m-1.

On the other hand, we have
' ' - 72 - 1.2
u — v =M [}f (1 - —) + kK <1 - —)} + R3™ (24, y5),
€ €
1<i<2n—1, 1<j<2m-—1.

In the above expressions, both remainders R™ and R2™ are O(h* + k*). Tt follows

that
Al — o)) — (ul —v!) = 4RI (@i, y;) — R yy) = O(R* + k%), (24,95) € Hpnm)-

Hence,

= O + k), V(xi,y;) € tnm)-

We therefore set

. 4@] — Uj
(,Ug)emt = 7 3 7

as the numerical approximation of u after extrapolation at the grid point (z;,y;).

4.2. Analysis of the extrapolation process. The local truncation error after ex-

trapolation is

. 4 - . 1 . .
(1) 2k (ul = (o)) = Skl — ) = ST — ).

While L¥ (u] —v) is given by equation (3.7), L%(uf — /) is obtained from L¥(ul —v))

by substituting h and k by h and k, respectively. It follows that

I (]~ () = 3 [%u) B gy
R 4 S i - B
D 1+ B
- [1—};@) Y =By
P 4 2t — 0
k(1) k)

(4.2) - ()] + -+

144 (uyyyy>i+ 240z
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Simplifying above, we obtain

_ . . b ht (b))2h4
Lk T—(v])) =2 TzTT - xx :
h (uz (Uz) ) 576 (u )z 960z (u )z
b kA AR .
43 e Y DR

Using Lemma 2.5 and its analogues for fourth order derivative terms, we obtain
(4.4) |Lf (ul — (v])*")| < M(h* + k*) (1 - %) .

By Lemma 3.2, we obtain

(4.5) ul — (u])*!| < M(h* + k) (1 + é) :

We summarize the results in the following theorem

Theorem 4.1. Let b(z,y) and f(z,y) be sufficiently smooth functions in the problem
(1.1)~(1.2) so that u(x,y) € C*(Q). Then the numerical solutions v and v°** obtained
via the FOFDM (3.1)~(3.2) before and after extrapolation, respectively, satisfy the

following estimates

; ) 2 2
(4.6) max max uZ—vf|§M[h2 <1+h?)+l{;2 (14_%)}

0<i<n 0<5<m

0<i<n 0<j<m

(4.7) max max |ui — (v?)“ﬂ < M(h* + k%) (1 + %) )

5. NUMERICAL RESULTS

In this section, we give some numerical results for a test example corresponding
to problem (1.1)—(1.2). In the implementation of the numerical method (3.1)—(3.2)
before and after extrapolation, we assume that the step-sizes h and k in z- and

y-directions, respectively, are equal.

Example 5.1. Consider problem (1.1)—(1.2) with b = 2,

e tVEp e UIIVE guVE ()

A T G
+2[1+e(@(l—2)+y(l—y) +ay(l —2)(1-y))].

The exact solution is

(e eUIVE | o=(-u)/VE
wey) = \1- =  lfeVE

+xy(l —x)(1 —vy).
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The maximum errors at all mesh points are calculated using the formulas

Ee, = max |uj —v]|, before extrapolation
M 0<ig<m
and
Ef" = max |ul — (v])*'], after extrapolation.
’ 0<i,j<m

The numerical rates of convergence are computed using the formula [1]
Tes = 10g2(En5/E2n5), s=1,2,...

where E stands for E., and Eff”,f, respectively. For the comparison purpose, we also

consider the following example from [8]:

Example 5.2. Consider problem (1.1)—(1.2) with b = 2 where the author chooses f

in such a way that the exact solution is

ulw,y) = y(1—y) (1— %) (1= e 0-1F)

+z(l —x) (1 — e_y/\/g) <1 — e_(l_y)/\/g) .

The numerical solution (and the error) obtained for this example using the pro-

posed fitted operator method is displayed in Figure 1.

TABLE 1. Maximum errors before extrapolation

€ n=—~a n=16 n=32 n—=64 n=128 n=256

271 | 3.59E-04 8.98E-05 2.25E-05 5.58E-06 1.27E-06 2.00E-07
272 | 8.98E-04 2.25E-04 5.64E-05 1.41E-05 3.41E-06 4.09E-07
273 | 2.26E-03 5.68E-04 1.42E-04 3.56E-05 8.81E-06 1.86E-06
271 14.52E-03 1.15E-03 2.89E-04 7.24E-05 1.80E-05 4.28E-06
275 | 6.71E-03 1.76E-03 4.46E-04 1.12E-04 2.80E-05 6.91E-06
276 | 1.10E-02 3.07E-03 7.88E-04 1.99E-04 4.97E-05 1.24E-05
277 | 1.95E-02 5.76E-03 1.51E-03 3.83E-04 9.61E-05 2.40E-05
278 1 2.65E-02 1.04E-02 2.91E-03 7.53E-04 1.90E-04 4.75E-05

6. CONCLUDING REMARKS AND FUTURE PLANS

This paper was concerned with singularly perturbed elliptic problems in two
dimensions. Our aim was to design a fitted operator finite difference method for
these problems and to investigate the effect of extrapolation on the convergence of this
novel method. The method showed to be second order convergent. The extrapolation
improves this convergence up to fourth order. Numerical results presented in tables

1-4 confirm the theoretical estimates given in (4.6)—(4.7).
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TABLE 2. Maximum errors after extrapolation

€ n==y§ n=16 n=32 n=64 n=128 n=256
271 1.10E-07 2.69E-09 4.17E-08 1.71E-07 6.89E-07 2.76E-06
272 | 8.69E-07 4.67E-08 3.25E-08 1.46E-07 5.90E-07 2.36E-06
2731 6.01E-06 3.74E-07 4.28E-09 1.12E-07 4.57E-07 1.83E-06
2741 2.96E-05 1.89E-06 1.01E-07 7.06E-08 3.15E-07 1.27E-06
2751 1.02E-04 6.77E-06 4.25E-07 2.41E-08 1.93E-07 7.82E-07
2761 351E-04 248E-05 1.60E-06 9.50E-08 1.07E-07 4.42E-07
277| 1.19E-03 9.31E-05 6.19E-06 3.92E-07 5.53E-08 2.37E-07
278 3.18E-03 3.40E-04 2.40E-05 1.55E-06 9.60E-08 1.23E-07

TABLE 3. Rates of convergence before extrapolation, n; = 8,16

£ T T

27212.00 2.00
27311.99 2.00
2741197 1.99
27°11.93 1.98
27611.84 1.96
277|176 1.93
27811.35 1.84

TABLE 4. Rates of convergence after extrapolation, n, = 8,16

9 71 9

272 13.99 4.00
273 13.98 4.00
2741396 3.99
275 13.91 3.98
276 13.82 3.95
277 13.68 3.91
278 13.23 3.82

We have also compared our results with those seen in the literature. See for
example Figure 1. In this figure, the numerical solution (and the error) obtained
using the proposed fitted operator method is displayed. One can compare these

errors with those obtained by Lin [8] (see, page 105, the right plot on their Fig 6).
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0.5

0.4

0.3

0.2

Numerical solution

0.1

<)
—
< o
]

FIGURE 1. Numerical solution and errors for h = 1/32 by the proposed

Error

FOFDM before extrapolation. (The right figure can be compared with

the one on page 105 in [8].)

TABLE 5. Comparison of the errors obtained by our method and those
in [8] for e = 1078 and n = 32

Maximum errors in [8]

Maximum errors obtained by our approach

~4x 1072

~2x 1078

87

As indicated in the Table 5 below, the error there is of the magnitude of 1072 where

as ours is of the magnitude of 1078.
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