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ABSTRACT. The recent high rate of globalization of new disease strains and infectious agents at
non-endemic zones is closely associated with complex human population structure and the large-scale
inter-patch connections human transportations. The complexities in the human population structure
create heterogeneities with respect to patch dwelling populations as well as endemic population
structure. We present a multi-group SIRS dynamic epidemic process in the context of scale structured
population. For simplicity we limit the scale to the value of two and define a multi-scale extension
algorithm for the epidemic process. We investigate the global uniform asymptotic stability of the
disease free equilibrium of the scale structured epidemic dynamic process and its impact on the
emergence, propagation and resurgence of the disease. The presented results are demonstrated by
numerical simulation results.
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1. INTRODUCTION

The rapid global dispersion of new disease strains and infectious agents of the
human speicies from disease outbreak zones is closely interrelated with the recent
advent of high technology in the areas such as communication and transportation
[4]. For instance, the 2009 HIN1 flu pandemic [23] is a result of the many inter-
patch connections facilitated human transportation of disease. A significant number
of mathematical models describing the dynamics of infectious diseases of humans have
been studied. Models describing the dynamics of insect vector born diseases [10, 36],
influenza [5], HIV [32, 33, 35] and AIDS [34] are studied.

There are studies [5, 6, 8, 9, 10, 15, 16, 11, 12, 26, 37, 38, 14] describing the
dynamics of human mobility and disease in meta-populations. Generally, these mod-
els can be called multi-group models as they describe the dynamics of diseases in a
network of the patches of a meta-population. These models can be further catego-
rized into two general classes based on the modeling approach, namely: Langrangian
(37, 38, 14, 10, 15, 16] and Eulerian [11, 12, 7, 8, 9, 5, 6] models. In addition, in-
dividuals in the population based on their residence and also their current location.
In Langrangian models, individuals do not change their residence, but are allowed to
visit other patches in the meta-population. The Eulerian models on the other hand
label individuals in the population based only on the current location. Moreover, this
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model can be considered to be migration models because only the present location of
individuals is important.

Many authors have investigated the dynamics of diseases described with SIRS
models. A significant portion of SIRS models study the dynamics of the disease under
variant incident rates [24, 25, 26, 27, 28, 29, 30]. Using Lypunov functions, the local
nonlinear and global stability of the equilibria is established [24]. By constructing
a Lypunov function based on the structure of the biological system [27, 17, 18], the
existence, uniqueness and global stability of the endemic equilibrium are investigated.
Furthermore, the bifurcation and stability analysis of the disease free and endemic
equilibria are investigated in [26, 29, 30]. SIRS epidemic models have also been
described and studied using complex network of human contacts [31]. In [42], a
special SIRS epidemic model is formulated with a proportional direct transfer from
the infectious state to the susceptible state immediately after the infectious period.

In more complex meta-population structures, the understanding of the dynamics
of infectious diseases is still in the infancy level. This is due to the high degree of
heterogeneities and complexity of spatial human population structures. Recently,
Wanduku and Ladde [1] characterized the dynamics of human mobility process in
scale structured meta-populations. They formulated a Langrangian type dynamic
model for the human mobility process.

In this paper we incorporate the human mobility process and the resulting het-
erogeneities described in [1] into a human epidemic model. We extend and expand the
single-scale network SIR epidemic model [14], into a two-scale network SIRS human
epidemic model for a metapopulation. The SIRS epidemic process is motivated by
the work [42]. The presented model of two-scale network human mobility process is
described by a large-scale system of ordinary differential equations.

The work is organized as follows. In Section 2 we describe the general SIRS
epidemic process under the influence of mobility process [1]. In Section 3, the model
validation is exhibited. The existence and asymptotic stability of the disease free
equilibrium is shown in Section 4. We present simulation results in Section 5. Finally
a few conclusions are drawn in Section 6.

2. LARGE SCALE TWO LEVEL SIRS EPIDEMIC PROCESS

We assume all assumptions and notations defined in [1] and make a few defini-
tions, subsequently.

Definition 2.1 (Endemic population decomposition and Aggregation). For
each r € I(1, M), let i € I](1,n,). The total population NJj of residents of site s] at
time ¢ is distributed among the sites in their intra and inter regional domain C(s}),
and it is partitioned into three general disease compartments namely, susceptible (S),
infectious (I) and removals (R) (those who were previously sick and have acquire
permanent immunity from the disease). That is, A} is the number of residents
of site s7 whose disease status is of type A, A € {S,I, R}, and are visiting to site
si,l € I1(1,n,) in region C,, where ¢ € I"(1, M). Furthermore, when r = ¢, A}} is
the number of residents of site s} with disease status A € {S, I, R}, and are visiting
to site sj, k € I7(1,n,) in their home region C,. Moreover, when k = i, A} is the
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number of residents of site s who have disease status of type A, A € {S,I, R} and
remain as permanent residents at their home site. Hence N/ is given by

rr __ Qrr rr T
(2.1) 0 = P T g T I,
where
M ng
rq T rq
(22) 20_ E : zk’ 20_5 :E :Izlw and iO_E :E :Rzk
q=1 k=1 q=1 k=1 q=1 k=1

Remark 2.1. We note that the effective population ef f(N]J') present at the site s}
at anytime is different from the census population or the total number of residents
N7 (2.1) with permanent residence site s]. At anytime ¢, the effective community
size of site s; is made up of the permanent residents of site s] and all visitors of to
site s7. This is as given below

M ng M ng
(2.3) ef F(NI) —ZZ FEY Y IE4Y S RE
q=1 k=1 q=1 k=1 q=1 k=1

ef f(IN!") represents the population that is at risk for infection at site s/ and it is the
population size resulted by the mobility process in the two-scale network structure.

Definition 2.2 (Disease Transmission Process). The disease transmission pro-
cess in any site s} in region C, in a mobile population necessitates: (1) a susceptible
person to travel from site s} in region C, to site s}, ( w = r and k = 7 if there is no
traveling), (2) an infectious person traveling from site sf in region C,, ¢ # r to site s/,
(3) the susceptible and infectious persons meeting at a contact zone z (which may be
the home, market place or recreational facility etc) in site s] with a probability p of
a person being at a zone z at anytime ¢, and (4) 3 is the probability of the infectious
agent being transmitted from the infectious person to the susceptible person knowing
that the contact between the susceptible and the infectious individual took place.

Let n,; be the number of contact zones denoted by 27 ,b € {1,2,...,n,} =
I(1,n,,) at each site sj.Furthermore, let p; be the probability that a member of
the effective population would be in a zone z] at a time ; in addition, we assume
that the events of visiting contact zones are independent, and the probability pj, of
being in a given zone z;, is independent of the permanent residence of the individual.
In each zone z] , there is random mixing and transmission of the infectious agent
from an infectious person to a susceptible person via a direct contact between the
two individuals. Moreover, let 5%’ be the probability that the transmission takes
place given that the contact occurs in any zone 2 ,Vb € I(1,n,,) in site s] between
a susceptible S} from site s} in region C, and an infectious individual I}?; from site
st in region C,. Then the infectious rate (average number of contacts per individual
per unit time required to transmit the disease), in zone z; between Spf and
I is given by

(2.4) o = (D5,) Bl
whenever v,u € I(1, M), and v # u. The infection process in zone z; s illustrated
by the following transition.

TUV*
ipkm>

TUVK
ipkm

(2.5) Sur . por W, qur o
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Hence, the net transmission rate of the infection process at the site s in region C, of
the meta-population with M regions is given by
(2.6) S S S sy
v=1 u=1 m=1 k=1 b=1
We set

n’,«i

ruv __ 2 TUV*
(27) tkm ipkm
b=1

We further assume that the disease status of an individual in the population does not
affect travel rates and the mobility pattern.

A diagram illustrating the disease transmission and mobility processes in the two
scale dynamic structure described in Definition 2.2 is exhibited in Figure 1.

’
Contact zone Z i
b

FIGURE 1. Shows the movement of susceptible (S%") and infective (1))
from arbitrary home site s in region C), and from site s’ in region C,,
to visit an arbitrary contact zone z] in site s, which is in region C,.
Disease transmission takes place in zone z] .

Definition 2.3 (Acquisition and Loss of Permanent Immunity Process). In
each site s] let = be the average active infectious period of infected individual (1) who
recovered from the disease and acquired permanent immunity (R),immediately after
the infectious period. Also, let L be the average infectious period of infected person in
site s}, who is recovered from the disease and become susceptible (5), immediately,
after the infectious period. Furthermore, let = o be the average immunity period
of removal person (R) in site s}, who has lost hlS/ her their immunity and become
susceptible (S) again immediately after the immunity period. The recovery process
of an infected person in site s; as well as the loss of immunity of a removal person is
illustrated in the following disease transition processes:

(2.8) S e g oL s
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forue I(1, M) and k € I(1,n,).

Definition 2.4 (Population Demography). Let B! be a constant birthrate of
the human population at site s} and at time . We assume that every new born is
a susceptible and becomes a resident of the site of birth. Let 4] be the per capita
natural mortality rate, and let d] be the per capita disease related mortality rate of
all members of the effective population at site s].

A compartmental framework illustrating the different process and stages in the
SIRS epidemic described above is exhibited in Figure 2. From Definition 2.1, the

5 4 n st |
-
(.
s = I = R
<=
gt o

FicGure 2. Compartmental framework summarizing the transition
stages in the SIRS epidemic process. All the parameters presented
in this figure are define in Section 2 for particular sites and regions.

derivation of the rate of change in the number of individuals of type A}, A € {S, I, R},
under the mobility process [1] are described by the following:

dAy
dt

= [no. of new arrivals of residents of site s}, at site s/
in region C]

+ [no. of births at site s/ and no. of new conversions to
disease class A}/

— [no. of residents returning home at site sj]

— [no. of deaths and conversions from disease class A}

(2.9) + [new transmissions].

where r,q € I(1,M), i € I(1,n,) and | € I](1,n,). The complete SIRS epidemic
model under the influence of a large scale two-level population mobility process [1] is
described by:
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(2.10)

[Br+2k 1PZIZ rr_'_Zq;érZa lpu[z]S;] :IZZT

+Of R — (4] + 0 + 008 = L Sk GRS L), for g = 0=
dS;q B [O.varsrr + n;]rr + OZTRTT _ (p” + 57")57“7"

R DD P ;::S:;f;;‘] for g =r1=74,5#1,
ViS5 + l[;q + o R} — (pif + 0])S],
=l o B 2"15;’] for g #r,
(2.11)

[Zk 1 pzklzrkr + Zq;ér Za 1 nglzrtg n:IZ;,T - Q:[z:r
—(v + o} +(5"+dr)l”’“+zu LD BrruSTI I, for g =1l =1
d]:lq B [ rr]rr _ nj]rr _ QJIT’T’ _ (ng + 57“ + dr)[rr

_ zy i
dt + 3ty Yok, B, forg=rl=j1# 7],
i L — lZ}q — oy — (' + & + df) I
_I— Zu 1 Za 1 ?ZZuS:lq]:;qu] fOI' q 7& r,

[Zk 1p:7" :l: + Zq;ﬁr Zl 1 pzquq :[z:r

(2.12) dR; —(v] + o] + af +07)R;]], forg=r,l=1
. dt [ rrRrr+ r[rr_(pw +Oé _|_5T>RT’T’] fOI'q:T,l:j,i%j,
h/zlqR:ZT + 0/ Ly — (py + o + 6 Ry, for g #r,

where i € I(1,n,),l € IT'(1,n,);r € I(1,M),q € I"(1,M). Furthermore, the param-
eters B, n¥, oY 0" and d! are nonnegative, and o is positive for r,u € I(1, M),
i€ I(l,n,), and a € I(1,n,). Also, at time t = ty, and for each r € I(1, M), and
i € I(1,n.), (S5 (to), Sij (to), Sy (to)) = (Siio, St Sig), (13 (to), I (to), 1 (o))

( 7,7,07’[7,]07]:[((1])7 (R:ir(t0>7R:;(t0)7Rglq(t0)> = ( ZE)? i R:l%) whenever .7 S ]T(l

150 n )
and [ € I7(1,n,). Furthermore, we denote n = "M n,.
We express the state of system (2.10)—(2.12) in vector form and use it, subse-

quently. We denote

vie = (S I Rid)T € R?

o= T Ty e R,

i = R R,

R I L e
(2.13) 0 = (a0, 23, ... a7 eR?’(Er 1"’)(2321%)’

where 7,u € I1(1, M), i € I(1,n,), a € I[(1,n,). Weset n =32 n,.

Definition 2.5.

1. p— norm in R3*: Let 239 € R*” be an arbitrary vector defined in (2.13), where
2 = (2rud orud T whenever rou € I(1,M), i € I(1,n,), a € I7(1,n,). The
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p — norm on R3" is defined as follows

M M n, ng 3 %
2.11) 181, = (zzzzz |z:;;°|p)

r=1 u=1 i=1 a=1 j=1
whenever 1 < p < oo, and

ru0

(2.15) z = 2ol = max |2iaj |

1<ru< M, 1<i<n,,1<a<n,,1<j<3
whenever p = co. Let

(2.16) k=k0 . = min |kie].

5T T00min Ty o <M 1<i<n, 1<a<n,,

2. Closed Ball in R3": Let 2)” € R*" be fixed. The closed ball in R*"* with center
at zg" and radius r > 0 denoted B,z (z5)"; ) is the set

(2.17) Brans (750 :7) = {200 € R : |20 — 280°llp < v}

3. MODEL VALIDATION RESULTS

In this section, we show that the initial value problem associated with the system
(2.10)—(2.12) has a unique solution. Furthermore, we also establish non-negativity of
solution process. These results would validate the correctness of the model. From
(2.10)-(2.12), define the vector y39 € R™ as follows: Fori € I(1,n,),l € I'(1,n,),r €
I(1,M) and g € I"(1, M),

Yia = Sia + 1+ R € Ry = [0,00)

i = (Wi i Yi) T € RYY,
oo = (Yo s Ys0 e Ung)T € R
v = T T T e Ry T,
(3.1) Yoo = (Woo +Yo0 s+ a0 )T € Rizﬁilnr)(szglnu)’
and obtain
(B 4 s PR+ Doy oy Pt
(32) dylt = — (v + ol + 00yl — di I dt, forg=ri=i
Z ot ys — (P + 07)yif — djIi7]dt, for g =r,a=j and i # j,
[vivir — (o + 0 )yy' — di 1] dt, for ¢ # r,y;'(to) > 0,

We now show the existence of a unique nonnegative solution of the system (2.10)-
(2.12) in the following theorem.

Theorem 3.1. Given any initial condition x33(ty) € R3, there is a unique nonneg-
ative solution of the system (2.10)—(2.12) in Ri"Q, fort > tq.

Proof. We observe that the rate functions of the system are nonlinear, continuous in
their argument variables, and locally Lipschitz continuous with respect to z3). This
implies the existence of a unique local solution. The unique global existence follows
from the extension results about local solutions in [44]. The nonnegativity of the
solution follows from Lemma 3.1.
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In the following, we exhibit that the solution of the initial value problem (3.2) is
nonnegative. That is for all ¢ > 0, y/*(¢) > 0 is nonnegative, whenever y/*(to) > 0. O

Lemma 3.1. Let r,u e I(1, M), i € I"(1,n,) and a € I'(1,n,). For allt > ty, from
(3-1), if yig'(to) = 0, then yig'(t) = 0.

Proof. 1t follows from (3.1) and (2.10)—(2.12) that the system (3.2) is of the form
u = A(t,u)w(t,u),u(ty) > 0, in [19, equation (8)] and satisfies the quasimonotonicity
condition. Furthermore, from Remark 4 in [19], we assert that this system (3.2) has
nonnegative solutions whenever y;’(0) > 0, Vi € I(1,n,),l € I'(1,n,),r € 1(1, M),
and ¢ € I"(1, M). O

Remark 3.1. From the decomposition described in (2.1), we observe that yl*(t) =
NIv = Sre(t) + I7(t) + Ri“(t). Furthermore, that Nj = S°M S gre. There-
fore, Lemma 3.1 established that for any nonnegative initial endemic population, the
number of residents of site s] present at home, vy, or visiting any given site s]* in
any other region C,, y!*, is nonnegative. This implies that the total population of
residents of site s] present at home and also visiting sites in regions in their intra
and intraregional accessible domains, NJj(t), is nonnegative. Moreover, Lemma 3.1
exibits that the effective population at any site in any region given by (2.3) is non-
negative at all time ¢ > t5. Furthermore, Rf ={y e R :y >0} is a self-invariant
set with respect to (3.2).

In the following lemma, we use Lemma 3.1 to find an upper bound for the solution
of (2.10)~(2.12)

Lemma 3.2. Let p1 = minj<y<pi<a<n, (02). If

U=V, L S0

33) )PP ) 92

r=1 u=1 i=1 a=1 rlzl

then

(3.4) ZZ yi ZB for t>0,

r=1 u=1 i=1 a=1 7‘121

55 YL ar-3y

r=1 u=1 i=1 a=1 r=1 =1

From (2.10)—(2.12) and (3.5), one can see that

B6) SN = [Z S-S de::‘)] i

=1 i=1 u=1 a=1

dyi —i—Zdy +ZZdy]

aF#i uFr a=1

From Lemma 3.1, and (3.6), we have

(3.7) {ZZiZy} [iw: —Ni iZy]

r=1 u=1 i=1 a=1 r=1 =1 r=1 i=1 u=1 a=1
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for a nonnegative differential of ¢. We note that (3.7) is a first order deterministic
differential inequality [43], and its solution is given by

M M n. ng 1Mnr M nr M ny
CUEED BB IACESD IS DI BHIP BAL)] Cas
r=1 u=1 i=1 a=1 r=1 i=1 r=1 i=1 u=1 a=1
Therefore, (3.4) is satisfied provided (3.3) is valid. O

Remark 3.2. From Lemma 3.2, we conclude that a closed ball in R¥” under the
sum norm with radius r = % Zfil >oir, Br is self-invariant with regard to a two-scale
network dynamic of human epidemic process that is under the influence of human
mobility process [1].

4. ASYMPTOTIC BEHAVIOR OF DISEASE FREE EQUILIBRIUM

In this section, we study the asymptotic behavior of the disease free equilibrium
state of the system (2.10)—(2.12). The disease free equilibrium is obtained by solving
the system of algebraic equations obtained by setting the rate functions of the system
of ordinary differential equations to zero. In addition, conditions that I = R =0 in
the event when there is no disease in the population. We summarize the results as
follows.

For any r,u € I(1,M),i € I(1,n,) and a € I(1,n,), let

nr rr __rr M ny T ATU
4.1 Dl =~ +o0] +6 — Y —— —E —a > ().
(4.) ! el R T = TR

Furthermore, let (S;*, I7**, Ri'**), be the equilibrium state of the system (2.10)-

wa )T )

(2.12). Ome can see that the disease free equilibrium state is given by E[ =
(S, 0,0), where

wa )

( B ; »
—_— (0) = a =
Dr ru=r, 7,
Br ot

4.2 Srux = 2 Y foru=r,a#i,

( ) a Dzr p:]r _'_5;“ %
Br A
—— _ foru#r.

\ D5 pia + 04 7

The asymptotic stability property of E7" will be established by verifying the con-
ditions of the Lyapunov second method given in [45]. In order to study the qualitative
properties of (2.10)—(2.12) with respect to the equilibrium state (S[**,0,0), first, we

wa )

use the change of variable. For this purpose, we use the following transformation:
Uid' = Sig' = Sia”

(4.3) Vi = I
Wi = Ry,
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By employing this transformation, system (2.10)—(2.12) is transformed into the fol-
lowing forms

(4.4)
([0, S, UL + Vi + ot Wi
(Y ol UL — oM ST grre(SEre 4 U )V|dt, for g =1 =1
qUT [ag‘;U;" + Vi A+ W — (o + 65)ULT -
' — > Y JZa“(SZf* + UV, forg=rl=j,j#1,
hzquW + Vit + Wit = (pit + ) ) U/
|-l X Bl Sy L dt, for ¢ #r,
(4.5)
([0 S gVt — (i 4 0f 4+ of + 67+ W
M S B (S 4 U Ve dt, forg=rl=1
avo — [a{j”‘/ﬁz\[ (m + 0§+ pif + 05+ d) VT -
2 umt Do Bia (S + U”)V“’“]dt forg=rl=j,j#1,
ViV = (nf + of + P + & + di)Vy"
| oty oy B (S + UV dt, for ¢ # 7,
and
(4.6)
(S, S P W+ VT — () + of + ol + 6)Wr]dt, for g =1l =i
AWt = [ TWE+ oV — (pif +af + (V)W”]dt forg=rl=7j,7#1
[%z Wi+ ol Vi = (pif + af + )W dt, for ¢ # r

We state and prove the following lemmas that would be useful in the proofs of
the stability results.

Lemma 4.1. Let V : R¥ x R, — R, be a function defined by

(4.7 VE =333 S v

r=1 u=1 i=1 a=1

where,

(4. VIEE) = (S S I R+ (R
Too = (UL Vi, Wi and g > 0.

Then V € C*'(R* x Ry, Ry), and it satisfies

(4.9) b(l|Zgoll) < V(Zne(t)) < a(lZnoll)

where

et = LSS SS S e e+ 0

r=1 u=1 i=1 a=1

(4.10)

o) Z8]) = max 2} 3OS S (W + (VR (W

IST7’U‘SM71SZSn’I‘71SaSnu
r=1 u=1 i=1 a=1
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Proof. From (4.3), (4.7) can be written as
V(i) = (Un' + Vi) + el (Vi) + (W)?
= (Ui + 205V + (cig + D(Vie")* + (W)

1 ru
= (U + (et + 1) (Vie')? + 2 750'?“ (\/ 1+ ;“ “) + (Wi)?
1 _I_ uz
1 ru
=|-—=+1) (U + (— (1 + cﬂ) + 1) (V)2 4 (W2
14+ 2
2

1

U’f‘u _'_ ( 1_'_ z2a ’f‘u)
/1+ za

Therefore, by nothing the fact that min{1 — j’ 2 , 1} we have
+ a

_|_

CT‘U

i KW)MWHWﬂ

a

Hence from (4.11) we have

LIRS 35 3) ) g (RIS

r=1 u=1 i=1 a=1

(4.12) > b(l|Zg0ll)-
On the other hand, it follows from (4.7) that
V(gi) = (Ug)?* +2U5'V" + (cia + D(Vi")* + (W)
2(Ui)* + (cia +2)(Vig")* + (Wi)?
(4.13) (cha +2) [(UR)* + (Vie")* + (Wi')?]
Thus, from (4.11) and (4.13) we have

VER®) < SOSTSTSOE 4 2) (U 4 (VIR + (W]

r=1 u=1 i=1 a=1

(4.14) < a(llzgll)
Therefore from (4.7), (4.12) and (4.14), we establish the desired inequality. O

<
<

Remark 4.1. Lemma 4.1 shows that the Lyapunov function V' defined in (4.7) is
positive definite (4.12), decrescent ((4.14)) function [45].

We now state the following lemma

Lemma 4.2. Assume that the hypotheses of Lemma 4.1 are satisfied. Let

T nR2
drr . rrv( Su B )
i~ 17iib rr rr
:uzz /"LZZ
¥ 2
- rrv( S B )
ia — Maib rr

T
lu’ia lu’ia
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U urv Sru* B2
dz’a = Faib ( ru ru)
Hiq Hig
M ny
(4.15) =33 o
v=1 b=1

for all ryu € I"(1, M),

for some positive numbers c.
Furthermore, let

2[17
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i€ I(l,n) and a € I7(1,n,).

(4.16)
( M Ny U ( ) (7:;1)2
2 Zu:l Za:l Hig + lu’u + Za;éz 7’7’ + Ea;ﬁr 2 MT‘T
L " foru=ri1=a
(0 +o7 + 5:)
(pm)
yre = + i + tig
L Mo ) foru=ra#1
| gpm +07)
Pm T
L Hia , oru #r,
\ (pza + 6u) f %
(4.17)
* 1 T
Zu lza 1 21uza _'_Zv 1 Zb 1 2 LZU(STT ) 2du
, fora=i,u=r
m+&+%+q+&+ﬂ
m?ju — :um + Ev 1 ZZUI 2 g;“g)(srr* 7“7“) + 2d:; )
ia 7 fora#iu=r
na+@a+p""+57+d"
1 Uz urv rUu* U
:um + Zv 1 Zb 1 2 aib (S ) 2dm
, foru #r.
\ na+@a+pm+5“+d“
and
(4.18)
( r\2 rr\2 ru)\2
I ™ nu  ru (af) 1 (07a) j nr(%‘a)
o Zu:l Za:l Hiq + rr 22 ;+ 5 Za;éz 7’7’ + 5 Zu;ﬁr Za:l "
2 1 2 2 /"LZZ
(%"‘Uz“i‘az"i‘ézr) 7
foru=ra=1,
[ (7T 2 1 1 ar 2
= |Gl Zu g+ L
— o 2 oru=ra#1,
(Pia + o+ 07) f 7
(1 (pr 1 1 o
5—“’2%3 G Gk S }
L Hig , fOT u 7& r
\ (Pia + ot +6%)

for some suitably defined positive number plt, depending on 8, for allr,u € I"(1, M),

i€ l(l,n) and a € I7(1,n,).

exist positive numbers @I, It and @l

ia ?

Assume that U7 < 1, 0" < 1 and 20, < 1. There
such that the differential operatorV associated
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with the system (4.4)7(4.6) satisfies the following inequality

V(ag) < ZZ i (U)o (Vi")* + o (Wi)7]

r=1 i=1
=S VR + eV
a;éz
(4.19) - ZZ o (Ui + 03 (V') + @l (WEDT| -
uFr a=1
Moreover,
(4.20) V(@) < —cV (0

where a positive constant ¢ is defined by

U,/ TU
m1n1<r u<M,1<i<n,, 1<a<nu(¢ia s Yia s (pm)

(4.21) ¢ = ——=ruslisis

MaX1<pu<M,1<i<n, 1<a<n, 1Cia + 2}

Proof. The computation of differential operator [45, 46] applied to the Lyapunov
function V in (4.7) with respect to the large-scale system of ordinary differential
equation (2.10)%2.12) is as follows:

— QZZ 1+Crr ruvruvrr +/):5UZZLUZT ruvruUTT _i_p:gUZTau‘/’Z;‘T

Pia Via Vii Pia Via
u=1 a=1

O W W] + 205U W+ 2(af + o )Vir Wi
- 2[@1’ + d’.‘ + 2(% + Ui + 5:)]‘/;7027 - (%’ + Ui + 5:)((]1'7)2
—2[cin} 4+ 2(ci) + 1)(0f + 7] +of + 67 + d)))(Vii)?

—%w+aﬂhﬁ+ﬂxwyf

(4.22) +2 Z Z B (ST + UVAVET, foru=r,a=i
u=1 a=1
SOV(E) = Y2 + oL VVE + 20Uy
a#i a#r
+203, Vi Uii” + 203, Ui Vig” + 205, Wi Wi’

— 2[ciama + 2(cig + 1)(gn + pia + 0)I(Vi")* = 2(plg + 0) (U7)?
— 2(pjn + o 4+ 00 (Wi + 20, WiTULT + 2o, + o)) Vi Wi
— 2[of, + di + 2(pig + 0,) Vi Ui}

_'_2222 T; ;‘Zrbv Srr*+Urr)vvr er’

a#r v=1 b=1

(4.23) foru=r, a#i

M n,
S STV = 30 ST VI + 2RV
u=1 a=1

u=1 a=1
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N s e
+ 29 Wia Wi = 2[cigmi + 2 + 1) eq + pig + 05 + d))(Vi')”
= 2(pla’ + 0)(Ui")*
— 2(pi + ol 4 SUY (W) + 200 WU + 2(al + o) Vi Wit
— 2[oy +dy + 2(pm + )V Ul
M ny

u=1 a=1 v=1 b=1

(4.24) for uw # r

By using Remark 3.2 and the algebraic inequality

(4.25) 2ab < o) + b%g(c)

where a,b, c € R, and the function g is such that g(c) > 0. The sixth term in (4.22),
(4.23) and (4.24) is estimated as follows:

2 Z Z 7‘7‘ :‘ZTI‘)’U S’I‘T‘* U;T)‘/b’llﬂ‘ ‘/;:7‘

v=1 b=1
M ny
<Y B (S (0]) + g (7)) (Vi)
v=1 b=1
M n _
v S.T,T* B2 )
+ i B \ ) + = ) (Vi)
UZ:; b=1 ’ <gz (51 gz (5 )
Soo3 S vV
a#r v=1 b=1
< ZZZC v (S 97 (07) + g7 (00) (Vi) )?
a#r v=1 b=1
s B )
+ ey (2 4 (Vr?
;21; ' (gz (0" " g7 (o)
and
M ny M ny
2SS (S + UV

M ny

<)Y Z Z B (St gr (82) + gr (64)) (Vin)

utr a=1 v=1 b=1
w B2
>SS (S )

u#r a=1 v=1 b=1

(4.26)
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From (4.22), (4.23) and repeated usage of inequality (4.25) and (4.26) coupled
with algebraic manipulations and simplifications, we have the following inequality

~08)§ZZT{[4ZZM + 3ui] (Vf+0'f)+22r(aggr)2

r=1 i=1 u=1 a=1 a#i Hii
+2ZZ 72(1 ] 27;7*)2
a;éra 1 ’u”
T+ dr)? T+ ol +07)?
IS0 e i 2RO
u=1 a=1 M s

- 2[03771 (C’-‘" + 10 +7i +0i +0; +dj)]
o~ (L+cia)(00)’

a;ﬁr :uzz a#r Hi;
%a 1 + Cr’u me
+ Z S Gl Z > o
u#r a=1 ” u#r a=1 ”
+ ¢ Z Z Bi (S5 pii + pig ) | (Vi")?
v=1 b=1
S — 23] + 07 +al +4))
u=1 a=1
B ] ;
a#i Hid a#r a=li Hii
+ Z{ [ Pia) g 4 ur — 2007+ 60 | (UL
ati m
)2 rr\2
el Pl
:U“ia lu“ia
(L + cig) iy — 2[ciqng + (1 + ¢ig) (g + pig + 0 + dy)]
+d + 0
—l— 2 (Qa, — a,) + 4 (p'la/ — ) —l— M:l:
rr rrv ST T rr (pz’;’)Z rr rr 2 (042)2
+ Cia Z Z azb za Hia + :uza) (V;a ) T rr + Mg + Hiq + o
v=1 b=1 a a

— 2(pjg + ay + )

(WZZTV}

#3300

u#r a=1
ru\2 ru\2
(el D ey
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= 2[cig g + (L + ¢ (g + pia’ + 05 + d3)]

(Qg + dg>2 (pza + 5u) U urv ruk , ru U
+2 U +4 1 +CWZZ ia Um+#m)

7.1u azb (‘/;Zu)

:uia ia v=1 b=1

ru TU

ru)2 2( 2
| E b+ 2EE —apprzay 4 o) <mz“>2}}

Ny M n, BQ
+Zch Z { w)} (Vo)
r=1 i=1 =1 b=1 ” w
L M nr Srr* B2
D [E ) | (Vi)
r=1 i=1 a#i =1 b=1 Hia a

(4.27)

M nr M ny Sru* B2
+zzzzc:z:[z 5 B e

r=1 i=1 u#r a=1 v=1 b=1 Hiq Hiq

where ul' = gr'(0¥), g7 is appropriately defined by (4.25).
For each r,u € I(1, M), i € I(1,n,) and a € I(1,n,), using algebraic manipula-

tions and (4.16), (4.17) and (4.18), the coefficients of (UZ*)?, (V/*)? and (W[ *)? in
(4.27) defined by ¢r¥, ¥ and i respectively:

ia

20y + ol +df)(1 —U), foru=r,a=1i
(4.28) e =200+ 0+ d0) (1=, foru=r,a#i
(pm + 5u + du)(l - u::;% for u % r,

(267 (1= B7) 7 + 6 + 7 + of + 07+ df) — €]
+2(0f +f + o] +6; +di), foru=r,a=1i
o _ ) 260 (L =B3)(n; + 0 + piq + 0 + dg) — €i7]
Via = +2(0h + pir 4+ 60 + dl), foru=r,a#i
[2¢53' (1 = Bi3) (ng + 04 + Pl + 04 + d) — €]
+2(0% + pit + oy + dy), for u #r

and

209 4+ o +al +67)(1 — W), foru=r,a =1,
(4.29) Pia = § 2(pig + 0z)(1 — W), for u=r,a#1,
(pza + 6u)(1 - QB::;% for u % T
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where

(o +d))* | 4 (i+oi+9] (i) (oig)?
QZU IZa 1Iu’za+:u’u+zguz _'_47# +Za;ér pir

T ia 2 1+ ia ! l
o, Sy (e WD) 5 rar + 0, S e

foru=ra=1,

QE:;‘L = (1 + CTT) (ngr) _'_ (pza) _'_ 2/1/ 2(90,:‘1 )

4l r Db Coulis + Ve T cindiy,  foru=ria i,
(1 _|_ CT‘T‘) (ngu) + (pza) _I_ 2[u + 2 (Qa:du)
( ’I‘7J4+5’U4 Z
\+4p g+ D pi Char ZgﬂLEv;&ﬂLZb | Chalig u F T
Under the assumptions on 7Y, U7 and 2W}Y, it is clear that ¢}, ¢ and ¢} are

positive for suitable choice of ¢} defined in (4.8). We substitute (4.15), (4.28), (4.29)
and (4.30) into (4.27). Thus inequality (4.27) can be rewritten as

5500 <ZZ { i UTT )(szr)z

r=1 i=1
GV + S U + U (V)
a#r
bV 30 SR 4 v
u#r a=1
(4.30) +or (Wi')?1}

This proves the inequality (4.19). Now, the validity of (4.20) follows from (4.19), that
is,
V(T00) < —cV(T30),

min ru 8 . .
where ¢ = DM<ru<hiSi<nr1 o< (@i Yia #ia) This establishes the result. O
maxlgr,ugM,lgzgm,1§a§nu{0 +2}

We now formally state the asymptotic stability result for the disease free equilib-
ria.

Theorem 4.1. Given r,u € I(1,M), i € I(1,n,) and a € I(1,n,). Let us assume
that the hypotheses of Lemma 4.2 are satisfied. Then the disease free solutions El*,

are globally, uniformly, asymptotically stable. Moreover, the solutions E}" are expo-
nentially stable.

Proof. From the application of comparison result [45, 46], the proof of stochastic
asymptotic stability follows immediately Moreover, the disease free equilibrium state
is exponentially mean square stable. O

We now consider the following corollary to Theorem 4.1.
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Corollary 4.1. Letr € I(1,M) and i € I(1,n,). Assume that o] =~ =0, for all
rel(l,M) and i€ I(1,n,).
( 1
(%7)
1
230l Yoty Hf&”"’%ﬂﬁ']

1

foru=ri=a

(4.31) W = %, foru=r.a#i

[+ iy
1

(571‘1;), foru #r,

Ll + ]

(4.32)

( M N ru M Ny rru T rr T

D el D %Nm D ot Dbt % T (SE™ + pil) + %dii

n + 0 0] +d;

rr M Ny TV % rr rr

m?ju — %ILL“ + szl Zb:l % aib (Sia + Iu“ia) + %dia
” e + 0o+ 05 + dj

rr M Ny urv Uk U U

%Mn’ + D ot Db % o (S5 + i) + %dm

, fora=itu=r

, fora#i,u=r

, oru #r.
\ Na + 04 + 04 + di foru#
and
( M ny oru g (@F) T
[% D u=1 2ot Mig + (u{} + %Nu] »
(o 07 , foru=ra=1i,
Q; i
1, rr 1 rr (0‘2)2
U _/’l’ii + _/’l’ia + T
(4.33) Wiy =4 2 (O; o o foru=ra#1,
at 2
by + Sy + 22
T , foru#r
\ a a

The equilibrium state E! s globally, uniformly asymptotically stable provided that
>t <1 and Vi < 1, for allu € I"(1, M) and a € I](1,n,).

a7

Proof. Follows immediately from the hypotheses of Lemma 4.2, (letting of =~ = 0),
the conclusion of Theorem 4.1 and some algebraic manipulations. O

Remark 4.2. The presented results about the two-level large scale SIRS disease
dynamic model depend on the underlying system parameters. In particular, the
sufficient conditions are algebraically simple, computationally attractive and explicit
in terms of the rate parameters. As a result of this, several scenarios can be discussed
and exhibit practical course of action to control the disease. For simplicity, we present
an illustration as follows: the conditions of o] =~/ = 0,Vr,7 in Corollary 4.1 signify
that the arbitrary site s! is a sink [17, 18] for all other sites in the inter and intra-
regional accessible domain. This scenario is displayed in Figure 3. The condition
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Y < 1 exhibits that the average infectious period is smaller than the joint average
life span of individuals in the intra and inter-regional accessible domain of site sj.
Furthermore, the condition U} < 1 signifies that the magnitude of disease inhibitory
processes for example, the magnitude of the recovery process is greater than the
disease transmission process. A future detailed study of the disease dynamics in the
two scale network dynamic structure for many real life scenarios using the presented
two level large-scale SIRS disease dynamic model will appear elsewhere.

() (3
e}“‘e

v

FIGURE 3. Shows that residents of site s] are present only at their
home site s;. Hence they isolate every site from their inter and intra
reginal accessible domain C(s}). Site s} is a ’sink’ in the context of
the compartmental system [17, 18]. The arrows represent a transport
network between any two sites and regions. Furthermore, the dotted
lines and arrows indicate connection with other sites and regions.

5. EXAMPLE

By using the two scale mobility model [1], the mobility dynamic structure deter-
mined by the respective intra and interregional mobility data recorded in Tables 1& 2
[1, Section 6], and also the single-scale simulated data for an influenza pandemic
study in [20], we develop a two-scale SIR influenza epidemic model. The com-
partmental framework for the SIR epidemic model is exhibited in Figure 2, where
ni =af =0,Yr € I(1,M),i € I(1,n,). Furthermore, a diagram illustrating the inter-
patch connections in the example for two scale dynamic epidemic model represented
in this example is shown in Figure 4. In the absence of intra and interregional mo-
bility return rates, based on the mobility structure and the probabilistic formulation
of the mobility process, we simulate intra and interregional mobility return rates.
We display the intra and inter-regional mobility return rates in Table 1 and Table 2
respectively.

The following assumptions are made concerning the influenza epidemic process
represented in this example: (a;) Every site in every region has one contact zone, and
the contact zones are equivalent in size to the sites. In addition, the daily infection
probability (8 = 0.6277) of individuals in the one scale model in [20] is taken to be the
probability of infection 3%, at all sites s&, s!, sy, r,u,v =1,2,3;a,b,2 =1,2,3 in the
three regions C,,u = 1,2,3. That is, 84" = 0.6277. (ag) All infected individuals in
the one scale model in [20], were assumed to be either hospitalized or die from disease
related causes. Furthermore, the average hospitalization and disease related death
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FIGURE 4. A two scale network of three spatial regions C,,r =1,2,3
of human habitation and three interconnected sites s;,i = 1,2,3 in
each region. The arrows represent direction of human mobility and
summarize the homogeneities in the epidemic process at each site and
region. C & Oy, and Cy & C5 are symmetric in the human mobility
process. (] is a sink for C3 in human mobility. All sites in each region
are completely symmetric in the human mobility process. The details
of the two scale human mobility process represented in this example
are given in [1].

(o3, oL, pIT, pI1) T(0.000092504,0.000177496,0.164327,0.0001173)
(pil, p32) (0.013230408,0.001305838)

(plz, 022, p%2 p22Y[(0.000092504,0.000177496,0.164327,0.0001173)
(k3 ,

i (

(k3 (

p31, p32) 0.013230408,0.001305838)
p12, P33 P33 53 1(0.000092504,0.000177496,0.164327,0.0001173)
033, p33) 0.013230408,0.001305838)

TABLE 1. The intra-regional return rates of residents of sites in the two
scale network of spatial patches illustrated in Figure 4 are simulated
based on the mobility structure and the probabilistic formulation for
the mobility process. cf. [1].

rate over all age groups were o = 0.05067 and d = 0.01838 respectively. By assuming
that all hospitalized persons in [20] recovered from the disease and were inoculated
against influenza. At all sites of the two scale dynamic epidemic model represented
in this example, we take the recovery and disease mortality rate to be g = 0.05067
and d* = 0.01838,u = 1,2,3;a,i = 1,2, 3 respectively. (a3z) The population in this
example assumed to be remote and lacking the high technological facilities found
in the developed world. In the absence of data concerning average birth rates, we
use the yearly birth rate data from [21] for the people of the Dominican republic,
B = births 22.39

006, = To0p s an estimate. Furthermore, we assume this birth rate is the

same for all residents of sites in the population. That is, the constant birth rate is
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012 pT2 51213, pl231, p1222) | (0.1995,0.035,0.0985,0.007892,0.02748)

p1223, p1231, p1232, p1233) O075824,()04256,0009616,0028628)

02 2L 2113, p21a1, p21a) | (0.002096896,0.00175424,0.003460864,0.00043856,0.0001664)

p2123, p2131, 02132, p2133) | (0.00071504, 0.001944052,0.00119788,0.0001713912)

0.018512, 0.03290368,0.0272192,0.04883712,0.00151648)

p2323, p2331, 02332, p2333) | (0.0219232, 0.00383316,0.0025404,0.000414644)

o, pis. p311s, p3lar, p3laz) | (0.001285712,0.00085328,0.001725008,0.0004380944,0.000379536)

p3123 ; p3131 , P332, p3133) 0.0005991696 ,0.000000371428,0.00000026332,0.000000281252)

032 032 03213, p3241, p31a2) | (0.0003230096,0.00036224,0.0004619664,0.00043146104,0.0003741576)

Py Py PR PRy P Py PR P [Py

(p1
(
(i
(
(pit, pis, p2313, p2321, p2322)
(
(p?
(
(p?
(

03223, p3231, p3232, p3233) 0.00059126136, 0.000498339428,0.00042838332,0.000070993252)

TABLE 2. The inter-regional return rates of residents of sites in the two
scale network of spatial patches illustrated in Figure 4 are simulated
based on the mobility structure and the probabilistic formulation for
the mobility process. cf. [1].

By = brths — 2239 her vear, for u = 1,2,3; a,i = 1,2,3. (as) In addition, using the
average life span of the people of Dommlcan Repubhc [22], the natural death rate of
the residents at all sites and regions are the same and is calculated as the reciprocal
of the average life span of individuals in the population, that is, d = Wlx%sv
u=1,2,3;a,1=1,2,3 per day.

Using the standard simple Euler method deterministic approximation scheme
[47], we generate the trajectories for the residents of sites si, s7 and s$in regions C,
Cy and Cj respectively, for the different population diseases classification (5,1, R),
and current locations at some sites in the intra and inter-regional accessible domain of
the sites. The solutions are displayed in Figure 5, Figure 6 and Figure 7 respectively.

We note that the following initial conditions were used: for r,u € I(1,3),4,a € I(1,3),

9, for r=u,i=a
SI0) =< 8, for r=u,i#a
7, for r#u,

6, for r=u,i=a
II'0) =<} 4, for r=u,i#a
3, for r#u
and RI™(0) = 2,Vr,u,i,a € I(1,3). Furthermore, the trajectories were generated over
the time interval ¢ € [0, 1].

6. CONCLUSION

The recent high technological changes and scientific developments have led to
many \variant structure type inter-patch connections interactions in the global human
population. This has further afforded efficient mass flow of human beings, animals,
goods and equipments between patches thereby causing the appearance of new dis-
ease strains and infectious agents at non-endemic zones. The presented two-scale
network disease dynamic model characterizes the dynamics of an SIRS epidemic in
a population with various scale levels created by the heterogeneities in the popula-
tion. Furthermore, the SIRS epidemic has a proportional transfer to the susceptible
class immediately after the infectious period. This work provides a mathematical and
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FIGURE 5. Trajectories of the disease classification (5,1, R) for resi-
dents of site s} in region C; at their current location in the two-scale
spatial patch dynamic structure. Figures (a),(b) & (c) represent the
trajectories of the different disease classes of residents of site sl at
home. Figures (d),(e) & (f) represent the trajectories of the different
disease classes of residents of site s} visiting site s} in home region C}.
These two groups of figures are representative of the disease dynamics
of influenza affecting the residents of site st at the intra-regional level.
Figures (g),(h) & (i) represent the trajectories of the different disease
classes of residents of site si visiting site s? in region Cy. These figures
reflect the behavior of the disease affecting the residents of site s} at
the inter-regional level. Furthermore, we observe that the trajectories
of the susceptible (S) and infectious(I) populations saturate to their

equilibrium states.

probabilistic algorithmic tool to develop different levels of nested type disease trans-
mission rates in the framework of the network-centric deterministic type dynamic
equations.

The model validation results are developed and a positively invariant set for
the dynamic model is defined. The detailed global asymptotic stability results of the
disease free equilibrium are also exhibited in this paper by Lypunov direct method via
characterizing the construction of the two scale dynamic structure motivated Lypunov
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FIGURE 6. Trajectories of the disease classification (S, I, R) for resi-
dents of site s7 in region Cy at their current location in the two-scale
spatial patch dynamic structure. Figures (a),(b) & (c) represent the
trajectories of the different disease classes of residents of site s? at
home. Figures (d),(e) & (f) represent the trajectories of the different
disease classes of residents of site s? visiting site s3 in home region Cy.
These two groups of figures are representative of the disease dynamics
of influenza affecting the residents of site s? at the intra-regional level.
Figures (g),(h) & (i) represent the trajectories of the different disease
classes of residents of site s? visiting site s{ in region C;. Figures (j),(k)
& (1) represent the trajectories of the different disease classes of resi-
dents of site s? visiting site s3 in region C3. These last two groups of
figures reflect the behavior of the disease affecting the residence of site
s? at the inter-regional level. Furthermore, we observe that the trajec-
tories of the susceptible (S) and infectious(I) populations saturate to
their equilibrium states.

function. Moreover, the system parameter dependent threshold values controlling the
global asymptotic stability of the disease free equilibrium are developed. In fact the
sufficient conditions are algebraically simple, computationally attractive and easy to
interpret. Furthermore, a deduction to the global asymptotic stability results for
a simple real life scenario is illustrated. Further detail study of the SIRS disease
dynamic model the two scale network dynamic mobility structure real life scenarios
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FIGURE 7. Trajectories of the disease classification (S, I, R) for resi-
dents of site s? in region C3 at their current location in the two-scale
spatial patch dynamic structure. Figures (a),(b) & (c) represent the
trajectories of the different disease classes of residents of site s} at
home. Figures (d),(e) & (f) represent the trajectories of the different
disease classes of residents of site s} visiting site s3 in home region Cj.
These two groups of figures are representative of the disease dynamics
of influenza affecting the residents of site s? at the intra-regional level.
Figures (g),(h) & (i) represent the trajectories of the different disease
classes of residents of site s} visiting site s{ in region C;. Figures (j),(k)
& (1) represent the trajectories of the different disease classes of res-
idents of site s3 visiting site s? in region Cy. The last two groups of
figures reflect the behavior of the disease affecting the residence of site
s3 at the inter-regional level. Furthermore, we observe that the trajec-
tories of the susceptible (S) and infectious(I) populations saturate to
their equilibrium states.

will appear elsewhere. Simulation results for an SIR influenza epidemic represented
by the two-scale network dynamic epidemic model for a specific scenario having a
dynamic structure parallel to the earlier study [1] is also presented. A further detailed
study of the endemic behavior of the epidemic process by examining the stability of
the ideal endemic equilibrium of the dynamic epidemic model will also appear else
where. In addition, a detailed study of the stochastic and hereditary features of the
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infectious agent such as the time-lag to infectiousness of exposed individuals in the
population is currently underway and it will also appear elsewhere.
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