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ABSTRACT. The non-uniform global spread of emergent infectious diseases of humans is closely
interrelated with the large-scale structure of the human population, and the human mobility process
in the population structure. The mobile population becomes the vector for the disease. We present
an SIRS stochastic dynamic epidemic process in a two scale structured population. The variability
caused by the fluctuating environment is assumed to manifest mainly in the transmission process. We
investigate the stochastic asymptotic stability of the disease free equilibrium of the scale structured
mobile population, under environmental fluctuations and its impact on the emergence, propagation
and resurgence of the disease. The presented results are demonstrated by numerical simulation

results.
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1. INTRODUCTION

The recent advent of high technology in the areas such as communication and
transportation has increased the rate and effects of globalization in many aspects of
the human species. Of particular importance is the rate of globalization of human
infectious diseases [4]. For instance, the 2009 HIN1 flu pandemic [26] is a result of the
many inter-patch connections facilitated human transportation. Several mathemati-
cal models describing the dynamics of infectious diseases of humans have been studied.
Models describing the dynamics of insect vector born diseases [10, 39], influenza [5],
HIV [35, 36, 38] and AIDS [37] are studied.

There has also been many studies [5, 6, 8, 9, 10, 16, 17, 12, 13, 29, 40, 41, 15]
describing the dynamics of human mobility and disease in meta-populations. Gen-
erally, these models can be called multi-group models as they describe the dynamics
of diseases in a network of the patches of a meta-population. These models can be
further categorized into two general classes based on the modeling approach, namely:

Langrangian [40, 41, 15, 10, 16, 17] and Eulerian [12, 13, 29, 8, 9, 5, 6] models. In
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addition, individuals in the population bases on their residence and also their current
location. In Langrangian models, individuals do not change their residence, but are
allowed to visit other patches in the meta-population. The Eulerian models on the
other hand label individuals in the population based only on the current location.
Moreover, this model can be considered to be migration models because only the

present location of individuals is important.

Many authors have investigated the dynamics of diseases described with SIRS
models. A significant portion of SIRS models study the dynamics of the disease under
variant incident rates [27, 28, 29, 30, 31, 32, 33]. Using Lyapunov functions, the local
nonlinear and global stability of the equilibria is established [27]. By constructing a
Lyapunov function based on the structure of the biological system [30, 18, 19], the
existence, uniqueness and global stability of the endemic equilibrium are investigated.
Furthermore, the bifurcation and stability analysis of the disease free and endemic
equilibria, are investigated in [29, 32, 33]. SIRS epidemic models have also been
described and studied using complex network of human contacts [34]. In [45], a
special SIRS epidemic model is formulated with a proportional direct transfer from

the infectious state to the susceptible state immediately after the infectious period.

Stochastic models offer a better representation of the reality. Several stochastic
models describing single and multi-group disease dynamics have been investigated [42,
43, 37, 38]. Assuming random perturbation about the endemic equilibrium of a two-
group SIR model, the stochastic asymptotic stability of the endemic equilibrium via
constructing a Lypunov function according to the structure the system is established
in [42]. Also, the stability of the competitive equilibrium [48], disease free equilibrium
for SIRS [44] and SIR [43] single-group epidemic models are studied. Furthermore, by
showing the existence of nonnegative solution for a stochastic model, the stochastic
asymptotic stability behavior of the equilibria is proved in [37, 38, 48, 49].

In more complex meta-population structures, the understanding of the dynamics
of infectious diseases is still in the infancy level. This is due to the high degree of
heterogeneities and complexity of spatial human population structures. Recently,
Wanduku and Ladde [1] characterized various patterns of static behavior of multi-
scale structured meta-population human mobility process described by the following

Langrangian type dynamic model.

(L = TS SN~ G+ oD

qFr =1
dNZTr T ONTTT T ONTTT .
(12) dtj :O-Z]Nz = Pij Nz]?z#‘%
AN )
(13) L= fyzquM, - pquzlq’ r 7& q,

dt
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icl(l,n,), lel(l,n); rqecl(1,M),

where for all r,u € I(1,M),i € I(1,n,),a € I(1,n,), N is the number of residents of
site s} in region C, visiting site s? in region C,,. Furthermore, the scale of this human
mobility dynamic model is two, where the scale represents the intra and inter-regional
levels of human interaction. All the parameters in (1.1)—(1.3) are nonnegative. More-
over, o;7 and v are the intra and inter-regional visiting rates of residents of site !
in region C, to sites s} and s{ in regions C, and C,, respectively. In addition, pi; and
py! are the intra and inter-regional return rates of residents of site s/ in region C.,
from sites s} and s} in regions C, and C, respectively. The probabilistic formulation

of these mobility rates is exhibited in [1].

In this paper we incorporate the multi-scale structured meta-population human
mobility process (1.1)—(1.3) into an SIRS human epidemic model under the influence
of random environmental fluctuations. The resulting two-scale network structured
SIRS human epidemic stochastic dynamic model is an extension, expansion and gen-
eralization of the structured deterministic epidemic model [15], under the influence
of mobility process.The presented stochastic two-scale network human dynamic epi-
demic process is described by a large-scale system of Ito-Doob stochastic differential
equations. In addition to well defined underlying system parameter domains for dis-
ease eradication in the large-scale two level dynamic structure, the results are alge-
braically simple, computationally attractive and explicit system parameter dependent
threshold values. Furthermore, the presented simulation results exhibit the fact that
the human mobility structure of the two-scale network dynamic epidemic model is

isomorphic to the human mobility structure of the simulated example in [1].

The work is organized as follows. In Section 2 we describe the general stochastic
SIRS epidemic process under the influence of mobility process [46]. In Section 3, the
model validation is exhibited. The existence and asymptotic stability of the disease
free equilibrium is shown in Section 4. We present simulation results in Section 5.

Finally a few conclusions are drawn in Section 6.

2. LARGE SCALE TWO LEVEL SIRS EPIDEMIC PROCESS

In this section, we define the structure of the SIRS epidemic dynamic process in
the two-scale network population dynamic structure. The human mobility dynamic
structure of the intra and inter-regional levels of the SIRS epidemic dynamic model
of this study are exhibited in [1, Fig. 1] and [1, Fig. 2] respectively. Furthermore, the
characterization of the human mobility hierarchic process in the two-scale population
dynamic structure is also exhibited in [1]. The general SIRS disease structure with

dual conversions to the susceptible class from the infectious and immune populations
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exhibited in this study is inspired by the work [45]. We make the following definitions
related to the SIRS disease process.

Definition 2.1 (Endemic population decomposition and aggregation). For each r €
I(1,M), let i € II(1,n,). The total population NJj of residents of site s] at time
t is distributed among the sites in their intra and inter regional domain C(s}), and
it is partitioned into three general disease compartments namely, susceptible (S),
infectious (I) and removals (R) (those who were previously sick and have acquired
immunity from the disease). That is, A}/ is the number of residents of site sI whose
disease status is of type A, A € {S,I, R}, and are visiting to site s{, | € I](1,n,)
in region C,, where ¢ € I"(1, M). Furthermore, when r = ¢, Al} is the number
of residents of site s! with disease status A € {S,I, R}, and are visiting to site
sp,k € I'(1,n,) in their home region C,. Moreover, when k = i, Al is the number
of residents of site s/ who have disease status of type A, A € {S, I, R} and remain as

permanent residents at their home site. Hence N;" is given by

(2-1) Nﬁ)r = T(; + Izror + R207
where
M Ng M Ng M Ng
(2.2) W=D D S Lp=> ) I and Ry=>) > Rj
q=1 k=1 q=1 k=1 q=1 k=1

Remark 2.1. We note that the effective population ef f(N])') present at the site s/
at anytime is different from the census population or the total number of residents
N7 (2.1) with permanent residence site s]. At anytime ¢, the effective community
size of site s is made up of the permanent residents of site s} and all visitors of to

site s7. This is as given below

M ng M ngq
(2.3) effN”‘—ZZ FEY Y IE YOS RE

q=1 k=1 q=1 k=1 q=1 k=1
ef f(N!") represents the population that is at risk for infection at site s/ and it is the

population size resulted by the mobility process in the two-scale network structure.

Definition 2.2 (Disease Transmission Process). The disease transmission process in
any site s/ in region C, in a mobile population necessitates: (1) a susceptible person
to travel from site s} in region C,, to site s}, (u = r and k = 7 if there is no traveling),
(2) an infectious person traveling from site s/ in region Cy,q # r to site s!, (3) the
susceptible and infectious persons meeting at a contact zone z (which may be the
home, market place or recreational facility etc) in site s; with a probability p of a
person being at a zone z at anytime ¢, and (4) (§ is the probability of the infectious
agent being transmitted from the infectious person to the susceptible person knowing

that the contact between the susceptible and the infectious individual took place.
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Let n,; be the number of contact zones denoted by 27, b € {1,2,...,n,} =
I(1,n,,) at each site si. Furthermore, let p; be the probability that a member of
the effective population would be in a zone z] at a time ¢; in addition, we assume
that the events of visiting contact zones are independent, and the probability pj, of
being in a given zone z; is independent of the permanent residence of the individual.
In each zone z} , there is random mixing and transmission of the infectious agent
from an infectious person to a susceptible person via a direct contact between the

two individuals. Moreover, let (!

ie; " be the probability that the transmission takes

place given that the contact occurs in any zone z; , Vb € I(1,n,,) in site s between
a susceptible S} from site s} in region C,, and an infectious individual I, from site

st in region C,. Then the infectious rate (average number of contacts per individual

TUV*

per unit time required to transmit the disease), g

in zone z; between Spf and

I is given by

(24) TUvE <pr )2 TUv*

ipkm i ikm

whenever v,u € I(1, M), and v # u. The infection process in zone zj is illustrated

by the following transition.

TUV K
ipkm

(2.5) Sur 4. per, kT, pur 4 por

Hence, the net conversion rate to the infectious class from the susceptible class during
the disease transmission process at the site s; in region C) of the meta-population

with M regions is given by

(2.6) ZEZZZ T I S

We set
(2.7) b = 2 B
b=1
We further assume that the disease status of an individual in the population does not

affect travel rates and the mobility pattern.

A diagram illustrating the disease transmission and mobility processes in the two

scale dynamic structure described in Definition 2.2 is exhibited in Figure 1.

Definition 2.3 (Acquisition and Loss of Immunity Process). Environmental condi-
tions changes impact the immunity systems of individuals in the large scale two level
population dynamic structure. This leads to dependence of the acquisition and loss of
immunity rates of residents of all sites in all regions in the two-scale structured popu-
lation, on the current locations of the residents in the population dynamic structure.

In each site s}, let — o be the average active infectious period of infected individual

K3
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,
Contact zone Z i
b

FIGURE 1. Shows the movement of susceptible (S!) and infective (1)
from arbitrary home site s! in region C), and from site s}, in region C,,
to visit an arbitrary contact zone z in site s, which is in region C,.
Disease transmission takes place in zone z] .

(1) who recovered from the disease and acquired immunity (R),immediately after the
infectious period. Also, let — be the average infectious period of infected person in
site s, who is recovered from the disease and become susceptible (), immediately,
after the infectious period. Furthermore, let = be the average immunity period of
removal person (R) in site s, who has lost hls; her their immunity and become sus-
ceptible (S) again immediately after the immunity period. The recovery process of
an infected person in site s] as well as the loss of immunity of a removal person is

illustrated in the following disease transition processes:
(2.8) JHEE L (N = s

forue I(1, M) and k € I(1,n,).

Definition 2.4 (Population Demography). The current SIRS infectious disease in-
volves time scales that are comparable with the life-time of individuals in the popula-
tion. Furthermore, all births occur at home site and deaths occur at current locations
of residents in the two-scale population structure. Let B! be a constant birthrate of
the human population at site s} and at time . We assume that every new born is
a susceptible and becomes a resident of the site of birth. Let o] be the per capita
natural mortality rate, and let d] be the per capita disease related mortality rate of

all members of the effective population at site s].

A compartmental framework illustrating the different process and stages in the

SIRS epidemic described above is exhibited in Figure 2.
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Ficure 2. Compartmental framework summarizing the transition
stages in the SIRS epidemic process. All the parameters presented
in this figure are define in Section 2 for particular sites and regions.

From Definitions 2.1-2.4, the complete SIRS epidemic model under the influence
of a large scale two-level population mobility process[1] is described by:
(2.9)
( r Ny rr Qrr M n T T rrrr T RTT
(B + 2kl PinSic + Zq;ér Dol PiaSia i L + of RY;
—(0F Hor A+ ON)S — YLy Y O SE I, forq =1, 1=
asyt _ )l S+ apy + gy — (ol + 5755
M Ny rru Qrr yur S :
dt _Zuzl Za:1 ﬁjm Sij Iaj]a forg=rl=j, j#1,
i S+l Ly + ol Ry — (" + 67).S3

M
[~ 2wt 2 B S L) for g #

(2.10)
( N rryrr M n Tq T ryrr rIrr
Dokl Pl Ly + Zq;ﬁr >ats Piadid — i LF — of 1;
—(W A+ o] O + AT+ Yoy Yo B IN], for g =11 =i
ar;’ oI — ;I[f — ;I[f — (pZ’ + 5;7 + d;)[[jr

o g T
dt + 0 S pruSir e, for g =7, L= j,i # ],
P L =l 1 = o I — (py + 0 + d) 1]

|+l e OS], for g #
(2.11)
([0 PR+ Yo Yoy o Ry + 611 — (7] + 07 + o] + 07) YY),
dR/ forg=r, =1

di [T R+ OV LT — (piF + o + 60 RIY],  for g =71, l=j, i # J,
(v Bif + 0/ Ty = (o + o + )Ry}, for g # 1,
where ¢ € I(1,n,), | € I'(1,n,); r € I(1,M), ¢ € I"(1,M). Furthermore, the

u 0" and d¥ are nonnegative, and g is positive for r,u € I(1, M),

a’ va

parameters B}, 0, a
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i€ l(1l,n,.), and a € I(1,n,). Also, at time t = ¢y, and for each r € I(1, M), and
i € I(1,ny), (S (to), S5 (to), Sy'(te)) = (Siio, Sijor Sio)» (L7 (to), 1ij (to), 1" (t)) =

([ﬁg,[[j%,];%), (R;ir(tO)ng(tO)vR:lq(tO)) = ( Z&]a gOaR:l%)v whenever ] S ][(1,7%)
and | € I7(1,n,). Furthermore, we denote n = 3.°* n,. We now incorporate
the effects of the random environmental perturbations into the modeling epidemic

dynamic process described in (2.9)—-(2.11).

The random fluctuations lead to variabilities in the disease transmission, human
mobility, birth and death processes of the system. In this work, we assume that the
effects of the fluctuating environment manifest mainly as variations in the infectious
rate 3. Generally, we represent the variability in the infectious rate by a white noise

process as:
(2.12) B — B4+vE(t), dw(t)=E()dt, and  var(B(t)) = v,

where £(t) is the standard white noise process, and w(t) is corresponding normal-
ized Wiener process or a homogenous Brownian motion process with the following
properties: w(0) = 0, E(w(t)) = 0 and var(w(t)) = t.

Given t > to, we let (£, F,P) be a complete probability space, and F; is a
filtration (that is sub o-algebra F, satisfies the following: given t; <ty = F;, C Fyy;
E € Fyand P(E) =0 = E € Fy), for each r € I(1,M), and i € I(1,n,), the
variability in the infectious process at sites s, s and s between a susceptible from

site s and an infective from an arbitrary site s),, can be represented as follows:

ik = Bikm + Vigm&im (1), dwigy, (1) = & ()dt
ik = Djtim + Uikt (1), dwiyin () = &G, (t)dt
(2.13) lem = Ok T Vi (1), iy, (8) = iy (1)t

and
(2.14)  war(Bim (X)) = (vigm)?, var(Bjm () = (V5 )?, var(Blm(t)) = (vjm)?,

where q,u,v € I"(1, M), k € I}}(1,n,), m € I'(1,n,), and [ € I](1,n,).
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We substitute (2.13) into (2.9)—(2.11), and obtain the following two level large
scale stochastic epidemic model under the influence of human mobility process [1]

(2.15)
([Br + o0, p S+ S0, S et + I + ol Ry
—(3 + 07+ 0) S = Suly Sty BrnSiy ] di
— [0l e e S I dwie (1], for g =, 1 =14,
dSy' = Q [0l SE +ni 17 + bR — (pi7 + 65)SIr — Saly Yo prrusrrIer | dt
— [l e v S I dwie ()], for g =1, 1= j,j #1,
[vitS -+ ni + of R — (o + 67).S3
| =l Y SIS dt — [ Yol Yo vl S L dw (1)), for g # 7,

a=1 Mlia ~il “al a=1 "lia ~il “al lia
(2.16)
([0, L+ S0, S0 e — I — G T
—(V o7 + 0T+ AT+ S S B Sy I dt
[ S0l Y v S I dwi ()], for g =1, 1=
A" = S [of 17 =L — GG L — (i + 05 + d)) 17 + Y20, 3o, BiiaeSir L] dt
[ S ST T dwe (1)), for g =1, L=, j # i,
T =t = ol ) — (o + o) + d) LY
|+ o Sy B dt + [ Yol Yoy vt Sy Tt dwi (8)], for q #
(2.17)
([0 R+ S0, S PRy + o7 I — (7 + of + of + 0 Ry dt,
IR forg=nr,l=1i

[l R + oI — (plf + af + 05)Rif]dt,  forq=r, 1=j, j#i,

(VAR + of I — (P} + of + 01 Ry dt,  for q #r,

where i € I(1,n,), l € I'(1,n,); v € I(1,M), g € I"(1,M); all parameters are as
defined before. At time t = ¢y, for each r € I(1, M) and i € I(1,n,), (5§ (to), Si (to),
i (o)) = (S5, Sijo, o) (L (t), 137 (to), I (o)) = (Lo, Lijo, o) (R (to), R (o),
Ry (to)) = (Rij, Rijy, Ryyf)), whenever j € I7(1,n,) and [ € Ij(1,n,), where the ran-
dom variables (S77(0), Si7(0), S;*(0)), (17 (0), I}7(0), I;7(0)) and (R;7 (0), R (0), R;'(0))

are [ o-measurable, and are independent of w(t) whenever ¢t > t.

We express the state of system (2.15)—(2.17) in vector form and use it, subse-

quently. We denote

v = (SpL I R e R

ia ia ) “ia
ru rul  _rul rul\T 3n
rig = (T, T T,) € R

ru rul  _rul rul\T 3nrn
Too = (T10 sT50 - Tpeg) € RT™,
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zhy = (ap’ by g’ T)T € RO R
(2.18) 20 = (wid,ald,. .. wp0")" € R (Zamim),

where r,u € I(1, M), i€ I(1,n,), a € I'(1,n,). We set n = 224:1 Ny

Definition 2.5. 1. p-norm in R3": Let 20 € R3"* be an arbitrary vector defined
n (2.18), where zI* = (2740 21w 2ruNT whenever r,u € I(1,M), i € 1(1,n,),

ial v “ia2 7’ “1a3

a € I'(1,n,). The p — norm on R*" is defined as follows

219) 181, = (zzizzw )

r=1 u=1 i=1 a=1 j=1

whenever 1 < p < oo, and

(2.20) z= 20, = max | 270

1<ru<M,1<i<n,,1<a<ng,1<j<3 ' 9"

whenever p = oco. Let

(2.21) k=kyo . = min |kl

00min == <M, 1<i<n,,1<a<n.

2. Closed Ball in R®*": Let Z*OO c R3” be fixed. The closed ball in R3"* with center

at 250" and radius 7 > 0 denoted Bps.z (259°; 1) is the set

Y n? *
(2.22) Bonz (200 37) = {200 € R™ |1z — 200" [lp < 7}

3. MODEL VALIDATION RESULTS

We now show that the initial value problem associated with the system (2.15)—
(2.17) has a unique solution. We observe that the rate functions of the system are
nonlinear and locally Lipschitz continuous with respect to 239 but do not satisfy the
linear growth condition. As a result of this the classical existence and uniqueness
results [46] are not applicable. Therefore, we use the Lyapunov energy function
method (cf. [37, 38, 46, 47]) to prove the existence and uniqueness of solution process
of the system. We first state and prove two lemmas that are useful for the proof of
the existence and uniqueness result. From (2.15)-(2.17), define the vector 399 € R"’
as follows: For i € I(1,n,),l € I'(1,n,), r € I(1,M) and ¢ € I"(1, M),

Yia = S 1L+ Ry e Ry =10,00)

Vi = Yy € R
Yoo = (Wio ¥ »---Yneo) €RL™,
v = T )T e Ry T
3.1) = Gy e R
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and obtain
(3.2)

( rq T r r r r T
[B: + Zk;ﬁz p:lzyflg + Eq;ér Ea 1 ngyug (72 + 0; + 6@ )ym dz Im :|d
forg=r,l=1i
[Ueryer - (pm + (V)yggr - dglg} dta for q=rT a= ] and 1 7& ja
iyl = (o + 0! — diy'] e, for g # 1, yi(t) > 0,

In the following, we show that the solution process of the initial value problem (3.2)

dy; =

is nonnegative. That is for all t > 0, y*(¢) > 0 is nonnegative, whenever y!(ty) > 0.

Lemma 3.1. Let r,u € I[(1,M),i € I"(1,n,) and a € I'(1,n,). For allt > ty, from
(3.1), if yi(to) = 0, then yi(t) > 0.

Proof. 1t follows from (3.1) and (2.15)—(2.17) that the system (3.2) is of the form
u = A(t,u)w(t,u),u(ty) > 0, in [20, equation (8)], and satisfies the quasimonotonicity
condition. Furthermore, from Remark 4 in [20], we assert that this system (3.2) has
nonnegative solutions whenever y,/(0) > 0, Vi € I(1,n,),l € I7(1,n,),r € 1(1, M),
and g € I"(1, M). O

Remark 3.1. From the decomposition described in (2.1), we observe that y!"“(t) =
NZ® = Sr(t) 4 I7%(t) + Ri“(t). Furthermore, that N = S22 5™ yre There-
fore, Lemma 3.1 established that for any nonnegative initial endemic population, the
number of residents of site s] present at home, vy, or visiting any given site si* in
any other region C,, y/*, is nonnegative. This implies that the total population of
residents of site s] present at home and also visiting sites in regions in their intra
and intra-regional accessible domains, NJj(t), is nonnegative. Moreover, Lemma 3.1
exibits that the effective population at any site in any region given by (2.3) is non-
negative at all time ¢t > 3. Furthermore, R’f ={y € R™ .y > 0} is a self-invariant
set with respect to (3.2).

In the following lemma, we use Lemma 3.1 to find an upper bound for the solution
process of (2.15)—(2.17)

Lemma 3.2. Let p = minj<y<ari<a<n, (0F). If

33) D) I) DD IBEED 3 92

r=1 u=1 i=1 a=1 7’121
then

Ny

M M Ny
(3.4) Z yri(t) ZB fort >0, a.s.
r=1 u=1

=1 i=1 a=1 rlzl
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Proof. From 3.1, define

55 YN ar=y

r=1 u=1 i=1 a=1 r=1 =1

From (2.15)—(2.17) and (3.5), one can see that

M M ny, ng M n, M n, M ny
30 ZZZM%EEF%Z 22mmwmp
3 a=1

r=1 =1 r=1 i=1 u=1 a=1

Ny

eSS dy ]

aFi uFr a=1

From Lemma 3.1, and (3.6), we have
Ny M Ny M ng, M ny
57 {zzzzy } 5 [ZZB: s zzy::] p
r=1 u=1 i=1 a=1 r=1 1=1 r=1 i=1 u=1 a=1

for a nonnegative differential of ¢. We note that (3.7) is a first order deterministic

differential inequality [46], and its solution is given by

IEIED ) 5) 9 WEUER 3 SRS 9 9 9 WAt

r=1 u=1 i=1 a=1 rlzl r=1 i=1 u=1 a=1

Therefore, (3.4) is satisfied provided (3.3) is valid. O

Remark 3.2. From Lemma 3.2, we conclude that a closed ball in R3* under the
sum norm with radius r = % SM S BI s self-invariant with regard to a two-scale
network dynamic of human epidemic process that is under the influence of human
mobility process [1].

Prior to presenting the model validation result, we need to establish an auxiliary
result. this result provides a fundamental tool in the context of the energy Lyapunov

function approach.

Lemma 3.3. Let us assume that the hypotheses of Lemma 3.2 be satisfied. Let V' be
a function defined by V : R3"2 x Ry — Ry as follows

(3.9) V(299 ZZZZV“

r=1 i=1 u=1 a=1

where
(3.10) Vig"(2iy) = [(Si' — 1 =log Si) + ([ — 1 —log I[)') + (R — 1 —log R;,)] .

Furthermore, let us denote

rq

0 _ il
My = max T
1<rg<Mg#ri<i<ng
rq)2
MOO _ (Szl )
002 = X Tq\2
1<rg<Mg#ri<isng (1)
NG = max + S,

1§r7q§M7q7ﬁT’,1§l§nq
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000 ur
000 — max il
1<r,qu<M,q#r,1<l,a<ng,u
= max o
1<r,qu<M,q#r,1<l,a<nqg,u
00 0 ¢0O ;0 o r U Ju ru
(311) (p007 5 dO? zO’QO) - max (pia’aa’(sa?d ’ za’Qa)

e Al

Then there exists K > 0 such that

M M
(3.12) dv (29 < f(dt+z Z Z ( ]m) Vit Tba dweiy
b=1

r=1 i=1 u=1 a=1 v=1

Proof. For r,u € I(1,M), i € I"(1,n,) and a € I](1,n,), under the assumptions
of Lemma 3.2, and the definitions of S} I¥ and RY , the function defined in (3.9)

a? a Q)

belongs to V € C>1(R¥” x Ry, R, ). Moreover, we rewrite (3.9) as

SEIID 3 3 B ot

r=1 i=1 u=1 a=1

(31 _ zz{w )4 3V )+ 303 Vel }

r=1 1=1 a#l u#r a=1

where
(3.14) Vi (agp) = (S' — 1 = log S}') + (I — 1 —log I}y") + (R — 1 — log R}}').
From (3.13) and (3.14), it follows that

(3.15)  dV(af0) ZZ{@ZV” +ZdV’“’“ +Z§:dvm }

r=1 i=1 aF#i uFr a=1

where

1 1
U 1— U Tu\2
)= (- ) 452 + ggasay’|
1 U 1 U2
(1) i+ sy }
(3.16) (1= ) dR (R
: Rru (Rru)

In the following, by considering positive differential of ¢ (0 < At & dt), using the
nature of the rate coefficients of (2.15)—(2.17) and definitions (3.11), we carefully
estimate the three terms in the righthand side of (3.16). This is achieved by the

usage of nested argument process. O

Site level: the estimates on terms in the righthand side of (3.16) for the case of

u=r,and a =1

1 1
1 — T T2
(- 57) 5%+ getes)

(2
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< {B" + Z Py Sty + Z szv W+ of R+ (V] + o] + 07 + df)
v;ﬁr b=1
L3S sy + 1S S }dt
v=1 b=1 v=1 b=1
(3.17) +|(1-S87) ZZU;;;}[ ;gv] ,
L v=1 b=1
[ 1 1
d]?"r dl'r'r 2 rr]rr TUITU
(- ot gon] < {; PRV
Srrper
+ (o} +1 + ol + 6 +d) +ZZ i
v=1 b=1 i
S(SH) ZZ (i) (1F) }dt
v=1 b=1
rTr SZ;T rrvu UT’ rrvu
(3.18) (S“ - I) [ZZ%I “b] :
n v=1 b=1
and
(3.19)
(1 - Rl) dRry < Z pip Rigy +Zzp§” o ol + (i +af +of +6] +di)| dt.
i b=1 v#r b=1

Regional Level: The estimated on terms in the righthand side of (3.16) for the case

of u=r and a # i

Ny

1 1
20 1— s+ grr
(3 ) Z [( Srr) ia (Szrar) ( m) }
aFi
< { [ T L olE 4SS BT (07 4 8+ )
a#i v=1 b=1
1 M  ny
t3 (Z (v2§£)2(fg’;‘)2> dt + (1— ST ZZ VT dw ggg}
v=1 b=1 v=1 b=1
(3.21)
i 1= 2 Varr Xy
(-7 21 e
aFi
Lz M ny
<y { [ TIT e SOS BSR4 (o + 1+ ol + 8 + )

a#i v=1 b=1
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STT
i+ (s -5 S S et ;::”,

v=1 b=1

(Szrt;)2 WS rro\2( JUr\2
+2(I?~r)2 ZZ(UM%}) (Iba)

v=1 b=1

and

(322) Z (1 — Rrr) dRTT Z TTRTT + QaIZTT <pla _'_O{ + 5r —|—d7d)]d
a#i a#i

Interregional Level: the estimate on terms in the righthand side of (3.16) for the
case of u # r, a € I(1,n,):

(3.23)
M ny M ny
) [( Sm) dsy + (S o (453 } S oD AlSy 4 ni Ly + ol Ry
u#r a=1 va u#r a=1
Ny M
(P + 0+ dg) + ZZ&;’;@IW Z (viy)” f;z“)] dt
v=1 b=1 v=1 b=1
(1- 53 ZZU%”I”’" s:b”},
v=1 b=1

(3.24) iZK ) I + 2(11“) (d];;)}

u#r a=1

M ny M ny
<> { VT + Y B STy
u#r a=1 v=1 b=1
u U (S::)Z N urv\2  yur\2
+ (%+Qa _'_pza +5 +d ) 2([7“u)2 Z (Uaib> (Iba) dt
a v=1 b=1
U Sru urv p vr urv
(Sza - Iru) ZZ azb Weip } )
v=1 b=1
and
M ng M ny
(325) > > (1 - Rm) AR} <303 VRl + ouTit + (i + oy + d) d.
u#r a=1 u#r a=1

From (3.16) and (3.17)—(3.19), the first term in the righthand side of (3.13) can be
estimated as follows:

(3. 26)
M 1
szvw’ ) Z { [( S”) dS;’ + 2(571‘71)2((15;[)2
r=1 i=1 r=1 i=1 n

1 1
1—— )dI'r dIim)?
o\ (1) i+ ]
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o (1) s 2<R1:;>2(dR;T’2”

B"+Zp LI+ +ZZp + 10+ R

- b#r b=1

M
+( )ZZﬁZ@” Sy + 17 + RY)
L( (S +
+5(1+U:;)2)z (i 2(S5F + LF + Rip)?

Lz
ur rru
] dwmb )
v=1 b=1

M n, M
[ZZ +Pogz ZZ (Siy + LIy + RYy)

r=1 =1 r=1 i=1 v=1 b=1

dt

E
(4
&3
°"e

M Ny M  np
+ () +n0+ad) D Y (ST A+ I+ R 43 ) (9 + 00+ af + 5 + df)

r=1 i=1 r=1 i=1

M n, M ny,
00 /000 ur ur ur
M1 Booo E E (Syi + Iy + Ry)
r=1

=1 =1 v=1 b=1

M M
00 000 2 or ur ur
+ Moga (Vogo) E E sz + I+ Ry)?

r=1 i=1 v=1 b=1
From Lemma 3.2, (3.26) becomes

oy STT M
+ Z Z <1 o IT’T’) Z ZZTI;U wa;;)v
M nr M Srr
o S <k 33 (125 ) [ v |
1 v=1

dt

r=1 i=1 v=1 b=1
r=1 i=1 r=1 i= b=1

where

(3.28) {[ZZB’“+ 88 ZZBT o)+ +af)— ZZBT’

r=1 i=1 rlzl 7’121

+3ZZ(78+08+a8+68+d8)

r=1 i=1

00 000 E E r
MOOl 000 B

7"121
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o (ot L (ZZB) 0.

r=1 =1

Similarly from (3.16) and (3.20)—(3.22) the second term in the righthand side of (3.13)

is estimated as
(3.29)

S

r=1 1=1 a#i

EEEIl-2) e

r=1 i=1 a#i
7"7" 1 Tr
Tr 1 T
*; K W) R”W“RM’Q}
M
<> Z Z {o00 (S + I + Ri) + (g + ag + 00)(Spy + Iy + Ri7)
r=1 i=1 a%#i
RN S8+ I+ )
v=1 b=1
Moo Uooo M no
+3(p%0 + ) + 1 + ad + 60+ dY) + 002 000) [ZZ ST 4 I + RYT)? }d
v=1 b=1
M n, ngp r
£33 (- ) [Zngrsfz;dwg::
r=1 i=1 a#i v=1 b=1
Ny M n.
~ { SZZZ Si+ 15 + Ri7) + (1 + g + of) ZZZ Sia + 17 + Rip)
r=1 i=1 a#i r=1 i=1 a#i
1D 95 9) 9) ) DLRERRA
r=1 1=1 a#i v=1 b=1
M n, nr
+ZZZ3(P00+00+770+a0+50+d0)
r=1 =1 a#i
M ny ny Ny
- MU 553 |5~ Sois i+ | b
r=1 i=1 a#i Lv=1 b=1

+§?i2( m)[ZZzzz Wi

r=1 i=1 a#i v=1 b=1
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Again from and Lemma 3.2, the above random differential inequality reduces to

(3.30) ZiZdV”gKQdHZiZ( Iw) szggw ;::].

r=1 i=1 a#i r=1 i=1 a#i v=1 b=1

where

(3.31)

5 1 X

Kzz{aoo,u;lleﬂL o+ g + 00)— ;;BT+5888N00 ;;BT
M- nr 00 (Uooo 2 q

+2223p00+g0+n0+a0+50+d0) 7002 000 E(ZZB’“)

r=1 i=1 a#i r=1 i=1

Finally from (3.13), (3.16) and (3.23)—(3.25), the third term in (3.13) is estimated as
below we get

(3 32)

Ny M ng

ZZZZW“

r=1 i=1 u#r a=1

S (1 i sy

r=1 i=1 u#r a=1

(1) o ¢ ]

uFr a=1

2203 |(1- ) i+

r=1 i=1 u#r a=1

ny M ny

M
< Z DSOS ST + I + R + () + al + o) (St + I + Ry

=1 i=1 u#r a=1
+ 3(ng + 05 + o + Py + 0 + dy)
M n

(LS YD S S I+ R
v=1 b=1
(1 Sy S S e >}d
v=1 b=1

ny M ny
DN HHHH (S Im) i

rlzlu;éralvlbl

nr M ny M np M ny
§{ SZZZZ S+ R+ () +ag+a0) DD Y Y (Si+ I+ Ry

r=1 i=1 u#r a=1 r=1 i=1 u#r a=1



TWO-SCALE NETWORK STOCHASTIC DYNAMIC MODEL 247

+ZZZZ3 (0 + 0f + ag + poo + 00 + dj)
u;ér

r=1 i=1 a=1

+ Noo SSSZZZZZZ Spa + Lo + Bid)

r=1 i=1 u#r a=1 v=1 b=1

002 Uooo Zizzzzs )2}dt

r=1 i=1 u#r a=1 v=1 b=1

M M M
#3333 50 (1- ) e

r=1 1=1 u#r a=1 v=1 b=1

By using Lemma 3.2, differential inequality (3.33) becomes

(3.33)

M ny, M ny

ZZZZd%Z“SKgdt+ZZZZZZ< [m) o,

r=1 1=1 u#r a=1 r=1 i=1 u#r a=1 v=1 b=1
where

LM
(3.34) {%O,u Bf+ (0 + g + 25) — ZZBT
r=1 i=1 r=1 i=1

M M
+Z ZZ3n0+go+ao+poo+5°+d°)
uFr

r=1 i=1 a=1
00 2000 1 i r Uooo - r
+ N ooo;ZZBﬁ - ZZBz
r=1 1=1 r=1 1=1

Hence, from (3.27), (3.30) and (3.33), we arrive at the following stochastic differential
inequality

(3.35)
M n, rr
AV (z0(t)) < (I + Ky + K3) dt + Z Z ( f”) [Z Z ol T’dw;gv]
r=1 i=1 v=1 b=1
ny M ny
D9 (1-3%) [Z Z?é’fé’;”deZé’]
r=1 i=1 a#i v=1 b=1

15353 9 95 95 o) (I3 FAYIS

r=1 i=1 u#r a=1 v=1 b=1

Therefore choosing K = K+ K5+ K3 > 0, and combining the last three summations,
concludes the proof of the theorem.

We now show the existence of a unique solution of the system (2.15)—(2.17) in
the following theorem.
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Theorem 3.1. Given any initial condition x33(to) € R3 under the assumptions of
Lemma 4.1, there is a unique solution process of the system (2.15)—(2.17) in Rf’:ﬂ, for

t > to, almost surely.

Proof. Given that the rate functions of the system are locally Lipschitz continuous in
239 it follows that for any initial value z33(ty) € R3™, there is a unique local solution
of the system (2.15)—(2.17) x35(¢), for t € (to, t.), where at t = t, is the first exit time
of 3. Therefore to show the solution process of the system exists for all ¢ > ¢, it
suffices to show that t, = cc. O

Let k39 € R™. From (2.20) and (2.21), we have

00 _ U 00 : ru
(3.36) ||k00Hoo = 1§T7u§M’f2?§};rvlga§nu 1K'l Kkoomin = 1§r,u§M,1I£il£nr,1§a§nu |Kia'l-
We denote
(337) k= kOOmm

We choose ki)Y € R"2 with each component k7", sufficiently large such that S[*(ty),

wa )
*rU 1 *TU

_ *'r“u‘l’ ia wFru ~ Rig
I3 (to), Rig(to) € g, kif"] = Br(~g—; “eg), for i € I(1,n,),a € 1(1,n4),
and r,u € I(1, M). In other words, from (2.18), 299 (t0) € T, TTAL, T10, I [km,

kvl x [ﬁ, kvl x [ﬁ, kire]. From (3.37) let ko = k330

00min*

Let k) € ]R’}rz be an arbitrary vector whose components k[ satisfy ki >
ke vi € I(1,n;),a € I(1,n,), and r,u € I(1,M)). And let the local solution

wa )

$00( ) E Hr 1Hu lH HZU [k'f“7k;,rau] [kru?k{(g] [kru?k:(g] for t E (O7t€) Where
t. is the first hitting time of the solution process. For t < t., it follows that

Sru(t), ITu(t), RTu(t) € [Ilkooll K 1, foralli € I(1,n,),a € I(1,n,),r,u e I(1,M).

’a

Using (3.37), define a stoping time for the process as follows

1<ru<M,1<i<n;,1<a<n.

(3.38) 1= inf{t € (0,2.) : min (Shu(t), I1e(t), R (1))

1
ru T’u >
T CHUN ORI k} and
Tk (t) = min{t, 7}, fort >t
where k is defined in (3.37). Furthermore, we set inf@ = oo.

It follows from (3.38) that 73 increases as k — oco. We let 7o, = limy_.o, 7. From
(3.38) it implies that

(3.39) Too <t. a.s.

Therefore to show t. = co, we only show that 7, = 0o a.s.
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On the contrary suppose 7, < 0o, then 37 > 0, such that for a given 0 < € < 1,

P(7oo < T) > €. This means that {7} is a finite sequence. Moreover, from the

definition of a finite sequence there exists a vector k0 € R™ | with ki =k, > ko,
(where ky = k(92 . is defined by (3.37) and (3.36)),
(3.40) P(r, <T) >,

whenever k£ > k;. From (3.14), (3.13) can be rewritten as

B VG =33 S S 1 lor S + (1 - log L)

r=1 i=1 u=1 a=1

+(Riy —1 —log Ri)].

From Lemma 3.2& 3.3, the stopped solution process (2.15)—(2.17) satisfies the follow-

ing stochastic inequality for some K > 0.

nyr M ng
(3.42)  dV(z)(m(1))) < Kdt + Z YN Z Z ( p"u) v T dw Y

r=1 i=1 u=1 a=1 v=1 b=1

Furthermore, for t; < T, integrating both sides of (3.42) on [0, A 7], and taking
the expected values of both sides, it implies that

E(V(zg(t)) < V(xg(0)) + K(t A7)
(3.43) < V() + KT

Given that k& > ky, we set £, = {7, < T'}. Then from (3.40), we see that P(E}) > e.
If w € Ej, then w is an event at the stopping time where at least one of SI¥(7y,w),
I”“(Tk, ), or RI%(7,w) whenever r,u € I(1,M), i € I(1,n,) and a € I(1,n,) is
or k = kyin. This implies from (3.41) that

||k00Hoo
(3.44) V(2(74,)) = [min — 1 — 108 inia] A [szlnm 1—1og||kgg||w] Vo € By,
It follows from (3.43) and (3.44) that
V(g (0) + KT > E(lp,w)V (25(7s @)
> { o = 1 =T | g = 1~ o 81}
(3.45)

where I, (., is the indicator function of K.

Hence as k = ki, — 00, (3.45) implies that V (239(t0))+ KT — oo which leads to
a contradiction to the existence of a local solution. Therefore, we must have 7, = oo,

and the rest of the proof follows.



250 D. WANDUKU AND G. S. LADDE

Remark 3.3. For any r € I(1,M) and ¢ € I(1,n,), Lemmas 3.1, 3.2, 3.3 and
Theorem 3.1 show that there exists a positive self-invariant set for system (2.15)—
(2.17) given by

(346) M M n, ng 1 M n,
R CR RIS 9 9 W SEUE 9 Y
r=1 u=1 i=1 a=1 r=1 =1

whenever u € I"(1, M) and a € I7(1,n,). We shall denote

M ng,
> DB

_ 1
(3.47) B=_
K r=1 =1

4. EXISTENCE AND ASYMPTOTIC BEHAVIOR OF DISEASE FREE
EQUILIBRIUM

In this section, we study the existence and the asymptotic behavior of the disease
free equilibrium state of the system (2.15)-(2.17). The disease free equilibrium is
obtained by solving the system of algebraic equations obtained by setting the drift
and the diffusion parts of the system of stochastic differential equations to zero. In
addition, conditions that I = R = 0 in the event when there is no disease in the

population. We summarize the results as follows.

For any r,u € I(1,M), i€ I(1,n,) and a € I(1,n,), let

T rr T M ny T A TU
4.1 Dl =~ +o0] +6 — Y —— —E —a > ().
(4.1) ! e R A P YR

Furthermore, let (S;**, I7"*, Ri**), be the equilibrium state of the system (2.15)-

wa )T )

(2.17). Ome can see that the disease free equilibrium state is given by EI' =
(SI**.0,0), where

wa )

BT .
D—%, foru=r,a=1,
Uk Br o] .
(42) Sia = ﬁﬁ’ fOl" u=rT,,a % 1,
1 1] J
Bf for u # r.

DT pli45u
The asymptotic stability property of E/* will be established by verifying the condi-
tions of the stochastic version of the Lyapunov second method given in [21, Theo-
rem 2.4], [46], and [21, Theorem 4.4], [46] respectively. In order to study the qualita-
tive properties of (2.15)—(2.17) with respect to the equilibrium state (S:**,0,0), first,
we to use the change of variable. For this purpose, we use the following transforma-
tion:

U = Sia' = Sia"
(4.3) Ve o= I

Wi o= R



TWO-SCALE NETWORK STOCHASTIC DYNAMIC MODEL 251

By employing this transformation, system (2.15)—(2.17) is transformed into the fol-

lowing forms

(4.4)
([0, S0, Uz + Vi + at Wy
—() + o] + O UL — 3oL, Sy B8y + U Vir] dt
— [0 S (S + U Vardwig(t)], for g =7, 1=
= (o UL + Vi + Qs Wi — (o + 85U — Saly S, Brea(Sir + Ugr) V] dt
— [y o (S 4 ULV dwiia(t)], for g =, 1= j, j # 1,
Vi UE +nf Vi + af Wi — (o3 + 6] U3
— YLy S BEESL dt — [ STy Yo vl (Set 4 UV tdw (1)),
\ for ¢ # r,
(4.5)
([0, S0, phaViEe — (i + o} + ) + 07 + 6 + )W
YLy e B (SE + U V] dt
[ Sl S v (S ULV dwih (8)], for g =7y 1=
d%7:<kﬂ%?—0&+%+¢Z+@4%@%?+§$;§XL e (Sere - ULV d
[ S (S + UL Vi dwiii (2], for g =7, L= j,j # 1,
VT = (nf + of + pif + 0] + )V’
S usy Yot BE(SE 4+ UV dt
| [l s vl (ST 4+ UVt dwiin' (+)], for g # 1,
and
(4.6)

[ 20 PEW + GV — (7 + of +af + ) Wir]dt, for g =1, 1=1i
AW, = q [ Wi+ Vi — (pff + o + 6 Wiyl dt, for g =1, 1 =7, j #i
W+ ol Vy® = (o + of + )W) dt, for q # 7
We state and prove the following lemmas that would be useful in the proofs of the

stability results.

Lemma 4.1. Let V : R¥ x R, — R, be a function defined by

Ny Ny

(4.7) VER) => Y > > viE,

r=1 u=1 i=1 a=1

where,
(4.8) V(@) = (Siy = Sl + I + e (1) + (Rig)?

~00 __ ru U ru\T U
Loo = (Uia 7V VVia ) a’nd Cia 2 0.

a )
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Then V e C*'(R3 x R, Ry), and it satisfies
(4.9) b([IZooll) < V(@o0(1)) < a([lzgoll)

where

(4.10)

M M .
~00 _ : Cia ru\ 2 ru\2 ru\2
laph = i fSE S ST [ 2+ )

a([[Zgoll) = max {2y > ' | (U7 + (V") + (W3]

1<ru<M 1<i<nr,1<a<ny

Proof. From (4.6), (4.7) can be written as
V(i) = (Ui' + Via")* + i (Vi) + (Wi)?
= (Ui + 205V + (cia + D(Vie")* + (W)

ia Via

1 [ ar
= (U + (cia + DV +2 \/ijZa“ ( 1+ 67 “) + (W)
1+ %

1 ru
- <—— v 1) e (= (10 B ) ) o+ gy

1+ 5%

1 c
(rew) (5
V 1+

Therefore, by nothing the fact that min{1 — % Cia 1}, we have

U
Cia’ 27

CT’U

) TUY > ia U 2 U 2 U 2
(111) V(i) 2 s (R + (V) + (W)

ia

Hence from (4.11) we have

Ny Nu

(12) Va2 DD S [+ (V) + (V)]

r=1 u=1 i=1 a=1
> b([1Z0l1)-
On the other hand, it follows from (4.7) that
(4.13) V(i) = (Ui') + 205 Vi + (cia + 1)(Vig)* + (Wi")?
< 2(UR) + (dia +2)(Vie")” + (W)’
< (chy +2) (UL + (V") + (W3')?]



TWO-SCALE NETWORK STOCHASTIC DYNAMIC MODEL 253

Thus, from (4.11) and (4.13) we have

W) VEEE) <SS S ) [ 4 (VR + (W]

r=1 u=1 =1 a=1
< a(||Zgll)

Therefore from (4.7), (4.12) and (4.14), we establish the desired inequality. O

Remark 4.1. Lemma 4.1 shows that the Lyapunov function V' defined in (4.7) is
positive definite ((4.12)), decrescent and radially unbounded ((4.14)) function [21, 46].

We now state the following lemma

Lemma 4.2. Assume that the hypothesis of Lemma 4.1 are satisfied. For each
rou,v € I(1L, M), i€ I(1,n,.), a € I(1,n,) and b € I(1,n,), let

’UC’LU‘* B2 uvr VUk
1) A=y S [ G+ I+ st >2].

v=1 b=1 Moo Hoa

for some positive numbers ciy. Furthermore, let

[ s S e |
' IR foru=r i=a
(4.16) v = S +4uz :
: ia — T , foru=r a#i
g+ |
o , foru #r,

M 1 M 1 1 g
(Xt ety sHia A3 0n 3p0 5B (SE i)+ 5di]

ni+ol ol +07 +df , Jora=i, u=r

(4.17) T = M 300 L Sty 3B (Sia s )+ 5 dyy

N +oh+pin +64+dy fOT a 7& LU=T

B T SO S

\ ny+oy+pit+64+dy
and
(4.18)
([3i s, wpdurr+d g, Sy sl e, S |
(v +o7+ai+47) —, foru=r, a=4i
g — J |5+ dur+ S|

, foru=r a+#1,

(Pig +0ia+07)
2
b+ s+ )

\ (P;'{L +ay+oY)

} , foru#r

for some suitably defined positive number plt, depending on 8, for allr,u € I"(1, M),
i € I(1,n) and a € I7(1, nr). Assume that U7 < 1, V7" < 1 and Wi < 1.

There exist positive numbers oand @it such that the differential operator LV

m ) ia
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associated with Ito-Doob type stochastic system (2.15)—(2.17) satisfies the following

inequality
ZZ i (U2 + i (Vi) + o (W]
r=1 i=1
=Sl VR + eV
a;ﬁz
(4.19) - ZZ o (U )? + 0l (Vi) + ¢l (W5 |-
u#Fr a=1
Moreover,
(4.20) LV(339) < —cV (25))

where a positive constant ¢ is defined by

: T™Uu ru
MiN < u< M 1<i<n, 1<a<n, (Dras Via's Pra)

4.21 c=
(4.21) MaX1<pu<M,1<i<n, 1<a<n, 1Cia + 2}

Proof. The computation of differential operator [46, 21| applied to the Lyapunov
function V' in (4.7) with respect to the large-scale system of Ito-Doob type stochastic
differential equation (2.15)—(2.17) is as follows:

(4.22)
=2 Z Z (1 + Ci)pia Vi Vi + pia Ui Uil + pig Vi Ul + i Ui Vi”
u=1 a=1
+Pia Wi Wii'| + 20 Uiy Wi + 2(a + 0] )Vii Wi
—2[0f +df + 207 + o] + ViU —2(7] + o] + 67 )(U)?
—2[c7nl + 2(cf] + 1)(0f + 7 + o) + 0] +d)|(ViT)?
—2(9F + ol +al + 05 (WT)?
+2 Z Z Cii Biin (Sii ™+ Ui Vi Vi
u=1 a=1
+cif Z SIS + UT VP
u=1 a=1
foru=r, a=1
(4.23)
Z LV (7)) Z 1201+ ¢i)og, Vi Vi + 205, Uy Ui + 205, Vi Ui + 20, U VT
aF#i a#r

Ty TTYATT
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— 2 + 2(cg + )0} + g+ TNV — 2 + 8 (UL

— 2(pfg + af + )W + 20 WU + 200 + GV Wi

— 2y + i+ 27 + GIVITUR}

+2 Z Z Z CT’T’ g:g) Srr* + Urr)vvr

a#r v=1 b=1

Z ZZ ol (ST + UM (Vir)? , foru=r, a # i

a#r v=1 b=1

(4.24)
M ng,
PIAUCHEDD Z{ (L+ cia)via Via" Vi + 27 Ui Ui’
u=1 a=1 u=1 a=1
IV + 2RV

+ 29 Wi Wi = 2[cigm + 2(ciy + 1)(ea + pia’ + 05 + d))(Vie")?
= 2(p}y + 0,)(U3")?
— 2Pl + o + ) (Wi)* + 200 Wi Up' + 2(og + 03) Vi Wi

— 2o + dg +2(pg + 5“)]V’"“U’"“}

23 3OS S s+ U

u=1 a=1 v=1 b=1

+ Z Z G Z Z VUIE(SE 4 U2 (VE)?) for u # 7

u=1 a=1 v=1 b=1

By using (3.46) and the algebraic inequality

(4.25) 2ab < 7 +b7g(c)

where a,b, ¢ € R, and the function ¢ is such that g(c) > 0. The sixth term in (4.22),
(4.23) and (4.24) is estimated as follows:

(4.26) 2ZZW$W*WWWT
v=1 b=1
<ZZW$wwmwmwm2
v=1 b=1

> S (S0 P gy

v=1 b=1
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Z ZZCTT 2:{:) Srr* UZTT>‘/b rvrr

aZr v=1 b=1

<ZZZW%%W@M@WW

a#r v=1 b=1

S S (S P iy

a#r v=1 b=1

and

M M
(427) 2 Z Z Z Cru ;LZ’I’)U Tk Ulr’u)‘/b uvru

u=1 a=1 v=1 b=1

M M
< Z Z Z Cia Bai (57291 (83) + g7 (55)) (Vig")?
uFEr

a=1 v=1 b=1

>335 5
+ g (D)4 ) i
2 e o)

a=1 v=1 b=1 a

From (4.22), (4.23) and repeated usage of inequality (4.25) and (4.27) coupled with

algebraic manipulations and simplifications, we have the following inequality

(4.28)

xm<z§%FZ§)L+w+az

r=1 i=1 u=1 a=1 a#i “ a#r a=1 ”

—2(] + o] + &) (U}")?

)2 T \2 r r r\2
- "+ d; "'+ ol + 0!
E E 2 Crr Mm ,uu (gz> (gz 2) 4(7@ i«r 2)

" Tr rr
u=1 a=1 i i i
2 + Crr rr\2
—2[ciim; + (cii +1)(0f + 5 +of + 6 +dj)] +Z a) (i)
a#r M”
M n
2 + C/ru ’yl(;L)2 T - Trv rTrx T rr rr
* ZZ + Cii Zzﬁmb (i i + ) | (Vi )
u;ér a=1 Z o—1 b1
PO B :
u=la=l a#i ” a#r a=1i “
-4w+f+w+mmmw
)2
+Z{{%<Hu+w <%+whwv+k+qﬁﬁ

a#i
(0q + da)?

(24 cig ) pii — 2[Ciane + (14 cjg ) (g + pia + 6 + dp)] + o
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(pza + 5r) rr rrv ST T rr
_'_47 _'_ Cia Z Z azb m Hiq + Mm) (‘/za )
,Um v=1 b=1
T2 2" 2
+ [(p’:f,? iy iz + 2988 g ap o vz

n ZZ H pw 2007+ Bl — 2 + 5“)} Ui')?

u#r a=1

; [(2 L “;;a) (2 I — 2 (L4 Y 4 % 4 4]

a

(Q;L + dg)2 (pza + 5u) U urv ruk U U U

+ ru + 4 ru + :um + Ciq ZZ azb ia Mia + :uia) (‘/m )
Hiq i v=1 b=1
2(at 2
+ ma) T Q 2(pizat + 50| i
rrv B2 rru T ur\2

_'_ZZ ZZ ub Mrr>+<22b) (S _'_B) (%z)

r=1 i=1 v=1 b=1 w

Y Y ZZ[ G ) s + B i

rlzla;ﬁz v=1 b=1 v

SN ZZ[%” S By ey <ST“*+B>]<VZ,3“>2,

r=1 i=1 u#r a=1 v=1 b=1 Hia Hia

where u!" = gr'(0"), g/ is appropriately defined by (4.25).

For each r,u € I(1,M), i € I(1,n,), and a € I(1,n,), using algebraic manipu-
lations and (4.16), (4. 17) and (4.18), the coefficients of (U7*)?, (V)% and (W[*)? in

(4.28) defined by ¢I¥, " and @I respectively:

27 + ol + o)1 —U), foru=r, a=1
(4.29) Gia = § 20055 + 05 + ;) (1 = 02),  foru=r, ai
(pm + 5u + 5u)(1 - u::)7 for u % T,

(267 (1= ) (0] + & + 77 + 07 + 67 + i) — €]
+2(0f +f + ol + 0T+ dy), foru=r, a=i

[2¢5, (1 = 35) (g + 05 + pig + 0 + dg) — €]
+2(0h +pir+ 6+ d), foru=r, a#i

[2¢i (1= B) (g + o + pia + 05 +dy) — €]
+2(0% + pit 4 64 4+ dY), for u #r

(4.30) P =

a

\
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and
2 + ol +af +07)(1 —rY), foru=r, a=1i,
(4.31) Pia = 4 2(phr 4+ 07)(1 —2W072), foru=r, a#1,
2(p5 +60)(1 =207, for u #r
where
(4.32)
([2300, Sy e+ + (fff + el gl s Cheinen)

r 2+Cru “/m T rT T drT
+ Zu;ér Za:l ( ) + Zb;éz Ch; Qi + Zv;ér Zb 1 Cbi Qi |
foru=r, a=1,

QEZ;L = (2 +CTT) (pza) ‘l‘ (Q?Z + 2Iurr + (ga:dr)

/J’za ra
4 -el e (pia+0 ng + Zb#z ng :; + Zv;ﬁr Zb 1082 257 for u = r,a 7& 7;7
(2 + CT’T’) (Pm) + (/Q;i + Qlurr + (Qa:du)
( Zé*+5“
AT s pre _'_ Zb;éz ng :: + Zvyﬁr Zb 1 ng ::7 u % r
Under the assumptions on 7%, U7 and 207*, it is clear that @Y, 7" and @] are

positive for suitable choice of ¢} defined in (4.8). We substitute (4.15), (4.29), (4.30)
and (4.32) into (4.28). Thus inequality (4.28) can be rewritten as

(4.33) <ZZ {65 (U2 + i) (Vi) o (W)

r=1 i=1

S U+ U+ V)
a;ér

b3 SO e+ o)
uFr a=1
This proves the inequality (4.19). Now, the validity of (4.20) follows from (4.19), that
is,
LV (&) < =V (ap),

min , , . .
where ¢ = Ditisrusiisicnisesny (9ig Vid0is)  Thig establishes the result. 0O
maxi<pu<M,1<i<ng, 1<a<nu{c +2}

We now formally state the stochastic stability theorems for the disease free equi-

libria.

Theorem 4.1. Given r,u € I(1,M), i € I(1,n,) and a € I(1,n,). Let us assume
that the hypotheses of Lemma 4.2 are satisfied. Then the disease free solutions EI",

are asymptotically stable in the large. Moreover, the solutions L' are exponentially

mean square stable.
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Proof. From the application of comparison result [21, 46], the proof of stochastic
asymptotic stability follows immediately Moreover, the disease free equilibrium state
is exponentially mean square stable. We now consider the following corollary to
Theorem 4.1. O

Corollary 4.1. Letr € I(1,M) and i € I(1,n,). Assume that o] =~ =0, for all
rel(l,M) and i€ I(1,n,).

4 1
(61{) foru=r i=a
L Zé”:l Yoty “Zng%“yl
(4.34) = —— foru=r, a#i
[ty ]
1
I foru#r,
[ty

M M * 1
S e A S S BI(SIT A pt )+ 5 diy
Ny +of +67 +df ’

fora=1, u=r
Tu S+ SR S B (S i)+ diy .
(435) mia — 2 Mid v= n(s_—"_gz—i_agg—i_d%a ia 2 Via , fo,r. a # Z, u=r

1 M 1 1
2Hi 2= o 9 Pay (S Huig )+ 5 iy foru#£r
Na+05+05 +di ’ '

and

( M (ap)? .
(550, o e S by

(aj+07) ’

foru=r, a=r1,

1, rry 1, rr (aZ)Z
4.36 WY = ¢ 2 Tata oA _ -
( ) ia CEE I foru=r, a#1,

uy2
[mr+ gt S
. autou , forur

The equilibrium state ET is stochastically asymptotically stable provided that 7",
Wre <1 and V' < 1, for allu € I"(1, M) and a € I](1,n,).

Proof. Follows immediately from the hypotheses of Lemma 4.2, (letting o] = 47 = 0),

the conclusion of Theorem 4.1 and some algebraic manipulations. O

Remark 4.2. The presented results about the two-level large scale SIRS disease
dynamic model depend on the underlying system parameters. In particular, the
sufficient conditions are algebraically simple, computationally attractive and explicit
in terms of the rate parameters. As a result of this, several scenarios can be discussed
and exhibit practical course of action to control the disease. For simplicity, we present
an illustration as follows: the conditions of o] =] =0, Vr,¢ in Corollary 4.1 signify
that the arbitrary site s} is a sink[18, 19] for all other sites in the inter and intra-
regional accessible domain. This scenario is displayed in Figure 3. The condition
Y < 1 exhibits that the average infectious period is smaller than the joint average

life span of individuals in the intra and inter-regional accessible domain of site s}.
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FicURE 3. Shows that residents of site s; are present only at their
home site s;. Hence they isolate every site from their inter and intra
reginal accessible domain C(s}). Site s is a ‘sink’ in the context of
the compartmental system [18, 19]. The arrows represent a transport
network between any two sites and regions. Furthermore, the dotted
lines and arrows indicate connection with other sites and regions.

Furthermore, the condition U} < 1 signifies that the magnitude of disease inhibitory
processes for example, the magnitude of the recovery process is greater than the
disease transmission process. A future detailed study of the disease dynamics in the
two scale network dynamic structure for many real life scenarios using the presented

two level large-scale SIRS disease dynamic model will appear elsewhere.

5. EXAMPLE

By using the two scale mobility model [1], the mobility dynamic structure de-
termined by the respective intra and interregional mobility data recorded in [1, Ta-
bles 1& 2, Section 6], and also the influenza pandemic simulation model in [22],
we develop a two-scale SIR influenza epidemic dynamic model. The compartmental
framework for the SIR epidemic model is exhibited in Figure 2, where 1] = af = 0,
Vrel(l,M), i€ I(1,n,). Furthermore, a diagram illustrating the inter-patch con-
nections in the example for two scale dynamic epidemic model represented in this
example is shown in Figure 4. In the absence of intra and interregional mobility
return rates, based on the mobility structure and the probabilistic formulation of the
mobility process, we simulate intra and interregional mobility return rates. We display

the intra and inter-regional mobility return rates in Table 1 and Table 2 respectively.

The following assumptions are made concerning the influenza epidemic process
represented in this example: (a;)The population structure and influenza transmission
process at every site s;, r = 1,2,3, ¢ = 1,2,3 in region C,,r = 1,2, 3 is similar to
the population structure and the influenza transmission process represented in the
simulation model of [22]. That is, we assume that every person in site s/ belongs
to one age dependent stratum (ages> 0). In addition, each individual belongs to

three mixing or contact groups z;,j = 1,2, 3, for example, household, marketplace,
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FIGURE 4. A two scale network of three spatial regions C,, r =1,2,3
of human habitation and three interconnected sites s/, + = 1,2,3 in
each region. The arrows represent direction of human mobility and
summarize the homogeneities in the epidemic process at each site and
region. C & Oy, and Cy & C5 are symmetric in the human mobility
process. (] is a sink for C3 in human mobility. All sites in each region
are completely symmetric in the human mobility process. The details
of the two scale human mobility process represented in this example
are given in [1].

0.000092504,0.000177496,0.164327,0.0001173)
0.013230408,0.001305838)

Epma 0137 p21= P23) E

(/)127 p13, p21, p23) (0.000092504,0.000177496,0.164327,0.0001173)
(3 (,

(p} (

(3

,031, p32) 0.013230408,0.001305838)
,012, 033, 0%, p8) | (0.000092504,0.000177496,0.164327,0.0001173)
PN (0.013230408,0.001305833)

TABLE 1. The intra-regional return rates of residents of sites in the two
scale network of spatial patches illustrated in Figure 4 are simulated
based on the mobility structure and the probabilistic formulation for
the mobility process cf. [1].

and the community. In each day, a susceptible person, A, has contacts with other
individuals in his or her contact zones. The probability of acquiring infection depends
on (a) the number of different persons A has contacts within the contact group, (b)
the time duration, in minutes, of all contacts (c) the rate of infection transmission
per-minute if the contacted person is infectious (see [22]). We assume that in a given
day, a susceptible person makes three contacts in mixing group z;, ten contacts in
mixing group 2, and three contacts in mixing group z3. In addition, each contacted
person is infectious. Furthermore, the time duration d and the per minute influenza

transmission rate A per contact in all contact zones are [zone zi: d &~ 92 minutes,
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P11, P13 P1213, P1291, p1229)

(0.1995,0.035,0.0985,0.007892,0.02748)

P1223, P1231, p1232, p1233)

(0.075824,0.04256,0.009616,0.028628)

Pua ﬂ127 02143, p21a1, p2155)

(0.002096896,0.00175424,0.003460864,0.00043856,0.0001664)

p2123, p2131, p2132, p2133)

(0.00071504, 0.001944052,0.00119788,0.0001713912)

P11> /012> p2313, p2321, P2322)

(0.018512, 0.03290368,0.0272192,0.04883712,0.00151648)

(0.0219232, 0.00383316,0.0025404,0.000414644)

Pua ﬂ127 p3l13, p3la1, p3la)

(0.001285712, 0.00085328, 0.001725008, 0.0004380944, 0.000379536)

p3123, p3131, p3132, p31s3)

(0.0005991696, 0.000000371428, 0.00000026332, 0.000000281252)

P117 ﬂ127 03213, p3221, p31a)

(0.0003230096, 0.00036224, 0.0004619664, 0.00043146104, 0.0003741576)

(
(
(Pt
E
(02323, P2331, p2332, p2333)
(pt
(
(Pt
(

p3223a p3231a P3232, p3233)

TABLE 2. The inter-regional return rates of residents of sites in the two
scale network of spatial patches illustrated in Figure 4 are simulated
based on the mobility structure and the probabilistic formulation for
the mobility process cf. [1].

(0.00059126136, 0.000498339428, 0.00042838332, 0.000070993252)

~
~

A = 0.00062], [zone z: d
minutes, A = 0.00061].

contacts are the same on weekdays and weekend days.

120 minutes, A = 0.00061] and [zone z3: d =~ 51
Furthermore, we assume that the number and duration of
We utilize the probability
model 1 — exp(—Ad) for the influenza transmission occurring during a contact of d
of the
two-scale SIRS epidemic dynamic model. It is easy to see that the infection probability
0.6277. (a
data for the recovery and disease related death processes, we take the recovery and
disease mortality rate to be g% = 0.05067 and d¥ = 0.01838, v =1,2,3; a,i = 1,2,3

respectively. (az) The population in this example assumed to be remote and lacking

urv

minutes and a transmission rate A (see [22]) to find the infection probability 3

urv

per day for a susceptible person at site s} is 5% = ») In the absence of

the high technological facilities found in the developed world. Furthermore, we assume
that influenza is highly endemic in this population. As a result, we can assume
that the time duration of the epidemic is comparable with the average life span of
individuals in the population. In the absence of data concerning average birth rates,

we use the yearly birth rate data from [23] for the people of the Dominican republic,

B = bfgg}(’f = % as an estimate. Furthermore, we assume this birth rate is the
same for all residents of sites in the population. That is, the constant birth rate is
B! = bigg(‘)s = %%033 per year, for u = 1,2,3; a, i = 1,2,3. (a4) In addition, using the

average life span of the people of Dominican Republic [24], the natural death rate of
the residents at all sites and regions are the same and is calculated as the reciprocal of
m, =1,2,3;
a,i=1,2,3 per day. (as) The effects of the fluctuating environment on the dynamics
We
0.5, r, u,

the average life span of individuals in the population, that is, 0} =

of the influenza epidemic is assumed to be the same at all sites and regions.

urv

take the standard deviation of the environmental fluctuations to be v’ =

v=1,23;a,b1=1,2,3.
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Using the standard Euler-Maruyama method stochastic approximation scheme
[25], we generate the trajectories for the residents of sites si, s7 and sjin regions C,
Cy and Cj respectively, for the different population diseases classification (S, I, R),
and current locations at some sites in the intra and inter-regional accessible domain of
the sites. The solutions are displayed in Figure 5, Figure 6 and Figure 7 respectively.
We note that the following initial conditions were used: for r,u € I(1,3),i,a € I(1,3),

9, forr=u,i=a
Sia(0) =48, forr=u, i#a
7, forr #u,

6, forr=u,i=a

L0)=<4, forr=u,i#a

3, forr#u

and R[*(0) = 2,Vr,u,i,a € I(1,3). Furthermore, the trajectories were generated over

the time interval ¢ € [0, 1].

6. CONCLUSION

The recent high technological changes and scientific developments have led to
many \variant structure types inter-patch connections interactions in the global hu-
man population. This has further afforded efficient mass flow of human beings, ani-
mals, goods and equipments between patches thereby causing the appearance of new
disease strains and infectious agents at non-endemic zones. The presented two-scale
network disease dynamic model characterizes the dynamics of an SIRS epidemic in a
population with various scale levels created by the heterogeneities in the population.
Moreover, the disease dynamics is subject to random environmental perturbations at
the disease transmission stage of the disease. Furthermore, the SIRS epidemic has a
proportional transfer to the susceptible class immediately after the infectious period.
This work provides a mathematical and probabilistic algorithmic tool to develop dif-
ferent levels nested type disease transmission rates as well as the variability in the
transmission process in the framework of the network-centric Ito-Doob type dynamic

equations.



D. WANDUKU AND G. S. LADDE

Solution for SA{11}_{11} Solution for I"{11}_{11} Solution for RA{11} {11}

SA11}_{11}()
2 4 6 8
IML1}_{11)()
8 10 12 14
RA{11}_{11}

20 21 22 23

0
6

00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0

t t t

Solution for SA{11}_{12} Solution for I"{11}_{12} Solution for RA{11} {12}

2.4

SM11} {12}
4
1M11}_{12}
8
RA11}_{12}

2.2

2.0

00 02 04 06 08 1.0 0.0 02 04 06 08 1.0 00 02 04 06 08 1.0

t t t

Solution for SA{12}_{11} Solution for I"{12}_{11} Solution for RA{12} {11}

3.2

SM12} {11}
RA12}_{11}
2.8

112} {11}
4 6 8 10
2.4

2.0

T T T T T T
00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0

t t t

FIGURE 5. Trajectories of the disease classification (S, I, R) for resi-
dents of site s} in region C; at their current location in the two-scale
spatial patch dynamic structure. Figures (a), (b) & (c) represent the
trajectories of the different disease classes of residents of site sl at
home. Figures (d), (e) & (f) represent the trajectories of the different
disease classes of residents of site si visiting site s in home region C}.
These two groups of figures are representative of the disease dynamics
of influenza affecting the residents of site s; at the intra-regional level.
Figures (g), (h) & (i) represent the trajectories of the different disease
classes of residents of site s} visiting site s? in region Cy. These figures
reflect the behavior of the disease affecting the residents of site s} at
the inter-regional level. Furthermore, we observe that the trajectories
of the susceptible (S) and infectious (I) populations saturate to their
equilibrium states. We further note that the trajectory paths are ran-
dom in character but because of the scale of the pictures presented in
this figure, they appear to be smooth.
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FIGURE 6. Trajectories of the disease classification (S, I, R) for resi-
dents of site s7 in region Cy at their current location in the two-scale
spatial patch dynamic structure. Figures (a), (b) & (c) represent the
trajectories of the different disease classes of residents of site s? at
home. Figures (d), (e) & (f) represent the trajectories of the different
disease classes of residents of site s? visiting site s3 in home region Cs.
These two groups of figures are representative of the disease dynamics
of influenza affecting the residents of site s at the intra-regional level.
Figures (g), (h) & (i) represent the trajectories of the different disease
classes of residents of site s? visiting site s} in region C;. Figures (j),
(k) & (1) represent the trajectories of the different disease classes of res-
idents of site s? visiting site s? in region C3. These last two groups of
figures reflect the behavior of the disease affecting the residence of site
s? at the inter-regional level. Furthermore, we observe that the trajec-
tories of the susceptible (S) and infectious (I) populations saturate to
their equilibrium states. We further note that the trajectory paths are
random in character but because of the scale of the pictures presented
in this figure, they appear to be smooth.
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FIGURE 7. Trajectories of the disease classification (S, I, R) for resi-
dents of site s? in region C3 at their current location in the two-scale
spatial patch dynamic structure. Figures (a), (b) & (c) represent the
trajectories of the different disease classes of residents of site s} at
home. Figures (d), (e) & (f) represent the trajectories of the different
disease classes of residents of site s? visiting site s3 in home region Cs.
These two groups of figures are representative of the disease dynamics
of influenza affecting the residents of site s? at the intra-regional level.
Figures (g), (h) & (i) represent the trajectories of the different disease
classes of residents of site s? visiting site s} in region C;. Figures (j),
(k) & (1) represent the trajectories of the different disease classes of
residents of site s? visiting site s? in region Cy. The last two groups of
figures reflect the behavior of the disease affecting the residence of site
s3 at the inter-regional level. Furthermore, we observe that the trajec-
tories of the susceptible (S) and infectious (I) populations saturate to
their equilibrium states. We further note that the trajectory paths are
random in character but because of the scale of the pictures presented
in this figure, they appear to be smooth.

The model validation results are developed and a positively invariant set for the
dynamic model is defined. Moreover, the globalization of the solution existence is

obtained via the construction of the two-scale dynamic structure motivated Lypunov
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function. The detailed stochastic asymptotic stability results of the disease free equi-
librium are also exhibited in this paper. Moreover, the system parameter dependent
threshold values controlling the stochastic asymptotic stability of the disease free
equilibrium are also defined. Furthermore, a deduction to the stochastic asymptotic
stability results for a simple real life scenario is illustrated. Further detail study of the
SIRS disease dynamic model the two scale network dynamic mobility structure real
life scenarios will appear elsewhere. Simulation results for an SIR influenza epidemic
represented by the two-scale network dynamic epidemic model for a specific scenario

having a dynamic structure parallel to the earlier study [1] is also presented.

We note that the disease dynamics is subject to random environmental pertur-
bations from other related processes such as the mobility, recovery, birth and death
processes. The stochastic variability due to the disease transmission incorporated
in the epidemic dynamic model will be extended to the stochastic variability in the
mobility, recovery and birth and death processes. A further detailed study of the
oscillation of the epidemic process about the ideal endemic equilibrium of the dy-
namic epidemic model will also appear else where. In addition, a detailed study of
the hereditary features of the infectious agent such as the time-lag to infectiousness
of exposed individuals in the population is currently underway and it will also appear

elsewhere.
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