Neural, Parallel, and Scientific Computations 20 (2012) 291-312

DYNAMICS OF A BEDDINGTON-DEANGELIS PREDATOR-PREY
MODEL WITH STAGE STRUCTURE

HONG XIANG!, ZHAN-PING MAZ2, AND HAI-FENG HUO!

!Department of Applied Mathematics, Lanzhou University of Technology
Lanzhou, Gansu, 730050, People’s Republic of China
hfhuo@lut.cn
2College of Mathematics and Computer Science, Dali University
Dali, Yunnan 671003, China

ABSTRACT. A stage-structured predator-prey model with Beddington-DeAngelis functional re-
sponse is introduced. By analyzing the characteristic equation, criteria are established for the local
stability of equilibria. Further, it is proved that system undergoes Hopf bifurcation at the positive
equilibrium when 7 = 73. By using an iteration technique and comparison argument, sufficient
conditions are derived for the global stability of equilibria. Numerical simulations are also presented
to illustrate our main results.
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1. Introduction

The predator-prey system is a very important model that has been discussed by
many mathematicians. There are two components that play important role in it,
one is stage structure, another is the predator’s functional response. In the natural
world, there are many species (especially insects) whose individual members have
a life history that takes them through two stages, immature and mature. Let N;(¢)
denotes the immature density at time ¢ and N,,(¢) for the mature. Then the following

stage-structured single-species model is discussed in [1]:

Ni(t) = B(t) — Dy(t) — W (t),

(1.1) Ny (t) = aW (t) — Dy (t).

where B(t) is the birth rate of the immature population at time ¢; D;(t) and D,,(t)
are the death rates of the immature and the mature population at time ¢, respectively;
W (t) represents the transformation rate of the immature into the mature; « is the

probability of the successful transformation of the immature into the mature.
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In [2], a model of single-species population growth incorporating stage structure
as a reasonable generalization of the classical logistic model is formulated and dis-
cussed. This model assumes an average age to maturity which appears as a constant
time delay reflecting a delayed birth of immature and a reduced survival of immature

to their maturity. The model takes the form:

{ d1(t) = awa(t) — yo (1) — ae ot — 1),

(1.2) . .
To(t) = ae™Tao(t — ) — Ba(t), t>,

where z1(t), x2(t) denote the immature and mature population densities, respectively.
Here, o > 0 represents the per-capita birth rate; v > 0 is the per-capita immature
death rate; § > 0 is death rate due to overcrowding and 7 is the “fixed” time to
maturity; and the term ae 7"z5(t — 7) denotes the immature individuals who were
born at time t — 7 (i.e., axo(t — 7)) and survive at time ¢. On the basis of above
two models, many kinds of predator-prey models with stage structure have been

investigated (see [3, 4] and the references therein).

As for predator’s functional response, there have been several famous functional
response type: Holling types I-11T; Beddington-DeAngelis type by Beddington [5] and
DeAngelis et al. [6]; the Crowley-Martin type [7]; ratio-dependent type, and so forth.
Of them, the Holling types I-11T are labeled “prey-dependent” and the other types that
consider the interference among predators are labeled “predator-dependent” by Arditi
and Ginzburg [8]. Skalski and Gilliam [9] pointed out that the predator-dependent
functional response can provide better descriptions of predator feeding over a range of
predator-prey abundances, and in some cases, the Beddington-DeAngelis-type func-
tional response performed even better. Cantrell and Cosner [10] consider the fol-

lowing stage-structured predator-prey system with Beddington-DeAngelis functional

response
1 i1(t) = 2(t)(1 —z(t)) — %
(1.3) o () d
22(t) = T rmgy — W),

where z(t) and y(t) represent prey and predator densities, respectively. The Beddington-
DeAngelis functional response is different from the traditional monotone or non-
monotone functional response. It is similar to the Holling type II functional response
but contains an extra term my(t) describing mutual interference by predator. It
can be derived mechanistically via considerations of time utilization [5, 11] or spatial

limits on predation [12].

The ratio-dependent form also incorporates mutual interference by predators, but
it has somewhat singular behavior at low densities and has been criticized on other
grounds. See [13] for a mathematical analysis and the references in [12] for some
aspects of the debate among biologists about ratio dependence. The Beddington-

DeAngelis form of functional response has some of the same qualitative features as
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the ratio-dependent models form but avoids some of the same behaviors of ratio-
dependent models at low densities which have been the source of controversy. In ad-
dition, Harrision [14] showed that the Beddington-DeAngelis functional response (for
intraspecific interference competition) was superior to functional response without
such competition in a microbial predator-prey interaction. Therefore, it is interest-
ing and important to study the following stage-structured predator-prey system with

Beddington-DeAngelis functional response

k4bx(t)+cya(t)

1 (t) = k+ﬁbi8 gg_zc(;(; = diyr(t) — vy (1),
U2(t) = vy (t) — daya(t).
The initial conditions for system (1.4) take the form
(0) D(0), () =V1(0), y2(0)=V2(0),
(9) Z 07 \Ill (9) Z 07 \112 (9) Z 07 9 € [_T7 0] )
(0) 07 ‘;[]1 (0) > 07 (0) >0
where (® (0), 9, (0), V5 (0)) € C([—7,0], R3,), the Banach space of continuous func-

tions mapping the interval [—7,0] into R?%, where R3 ) = {(z1,22,23,) : 7; > 0,
i=1,2,3).

i(t) = 2(t) (r = aa(t) — g )
(14)

<.

(1.5)

LSS .

V

It is well known by the fundamental theory of functional differential equations [15]
that system (1.4) has a unique solution (z(t),y1(t), y2(t)) satisfying initial conditions
(1.5).

This paper is organized as follows. In the next section, we will introduce some
notation and state several lemmas. In Section 3, we discuss the local stability of
equilibria of system (1.4). Further, we study the existence of a Hopf bifurcation for
system (1.4) at the positive equilibrium. In Section 4, by using an iteration technique
and comparison theorem, sufficient conditions are derived for the global stability of
equilibria of system (1.4). Numerical simulations are also carried out to illustrate the

main results.

2. Preliminaries

In this section, we introduce some notations and state several results which were
introduced in [3]. Let R be the cone of nonnegative vectors in R". If z,y € R", we
write <y (x <vy) if x; <y, (; <y;) for 1 <i < n. Let {e,ea,...,e,} denote the
standard basis in R™. Suppose r > 0 and let C'= C ([—7,0], R™) be the Banach space
of continuous functions mapping the interval [—r, 0] into R™ with supremum norm. If
¢, € C, we write ¢ < ¥ (¢ < 1) when the indicated inequality holds at each point of
[—7r,0]. Let CT ={¢ € C': ¢ > 0} and let "~ denote the inclusion R™ — C ([-r,0], R")
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by x — z, 2(0) = x, § € [—r,0]. Denote the space of functions of bounded variation

on [—r,0] by BV [-r,0]. If to € R, A >0 and = € C ([ty — r,ty + A], R™), then for
any t € [to,to + A, we let x; € C be defined by z;(0) = z(t +6), —r < 6 <0.

We now consider
(2.1) o(t) = f(t,z)

We assume throughout this section that f : R x C' — R™ is continuous; f(t, @)
is continuously differentiable in ¢; f(t + T,¢) = f(t,¢) for all (t,¢) € R x CT, and
some 7" > 0. Then by [15], there exists a unique solution of (2.1) through (¢, ¢) for
to € R, ¢ € CT. This solution will be denoted by x(¢, ¢y, ¢) if we consider the solution
in R™, or by (ty, ¢) if we work in the space C. Again by [15], z(t,to, @) (x:(to, ¢)) is
continuously differentiable in ¢. In the following, the notation x;, = ¢ will be used
as the condition of the initial data of (2.1), by which we mean that we consider the
solution x(t) of (2.1) which satisfies z(to +6) = ¢ (0), 6 € [—r,0].

To proceed further, we need the following results from [16, 17]. Let r = (rq, 7o, .. .,
r,) € RY, |r| = max {r;}, and define C, = ﬁ C ([-r4,0], R), we write ¢ = (¢1, o, . . .,
¢n) for a generic point of C,. Let C;f :Z_%{qb € C,: ¢ >0}. Due to the ecological

applications, we choose C; as the state space of (2.1) in the following discussions.

Fix ¢p € C; arbitrarily. Then we set L(t,-) = Dgy, f(t, ¢0), Dy, f(t, o) denotes

the Frechet derivation of f with respect to ¢q. It is convenient to have the standard

representation of L = (Ly, Lo, ..., Ly,) as L; (t,¢) = >_ fi,j ¢ (0) domij (0,1), (1 <i <
j=1

n), in which 7;; : R x R — R satisfies

mij (0.1) = mi; (0,2), 6=>0,
ni; (0,t) = 0, 6<—r,
ni;j (-,t) € BV [-r;,0],
where 7;; (-, t) is continuous from the left in (—r;,0).
We make the following assumptions for (2.1):
(h0) If ¢, € C*, ¢ < ), and ¢; (0) = ¢; (0) for some i, then f;(t, o) < fi(t, ).
(h1) For all ¢ € C* with ¢; (0) =0, L; (t,¢) >0 for t € R.
(h2) The matrix A(t) defined by A(t) = col(L(t, é1), L(t, é2), ..., L(t, é,)) = (n:; (0,1))
is irreducible for each t € R.
(h3) For each j, for which r; > 0, there exists i such that for all £ € R and for positive

constant ¢ sufficiently small, n;; (—r; +¢,t) > 0.
(h4) If ¢ =0, then z(t, tg, ¢) = 0 for all t >

The following results was established by Wang et al. [17].

Lemma 2.1. Let (h1)—(h4) hold. Then the hypothesis (h0) is valid and
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(1) If ¢ and ¥ are distinct elements of C;F with ¢ < ¢ and [to, to + o) with n|r| <
o < 0o is the intersection of the mazximal intervals of existence of x(t, to, ¢) and
.flf(t, tOv ¢)) then

0 < z(t to,¢) < x(t,tg, ) forty <t <ty+o,
0 < =zt ty,p) < x(t,tg, V) fortg+nlr| <t <ty+o.

(i) If p € CF 0 # 0, to € R and z(t,ty, ¢) is defined on [to,to + o) with ¢ > n|r|,
then

0 < x(t, to, @) forto+nlr| <t <ty+o.

This lemma shows that if (h1)—(h4) hold, then the positivity of solutions of (2.1)
follows.

Definition 2.2 ([18]). Let A = (a;j)nxn be an n x n matrix and let py, po, ..., p, be
distinct points of the complex plane. For each nonzero element a;; of A, connect p;
to p; with a directed line p;p;. The resulting figure in the complex plane is a directed
graph for A. We say that a directed graph is strongly connected if, for each pair of
nodes p;, p; with ¢ # j, there is a directed path

DiPkys PkyPkos - - - s Pk, 1 Dj

connecting p; and p;. Here, the path consists of r directed lines.

Lemma 2.3 ([18]). A square matriz is irreducible if and only if its directed graph is

strongly connected.

Lemma 2.4 ([16]). If (2.1) is cooperative and irreducible in D, where D is an open
subset of C', and the solutions with positive initial data is bounded, then the trajectory

of (2.1) tends to some single equilibrium.

Setting M > 0 be a constant. We now consider the following delay differential

system
O = e T dn) - )
(2.2) U2(t) = vyi(t) — daya(t).

with initial conditions
yi(s) = ¢i(s) >0, se€[-71,0), $»:(0)>0, ¢, € C([—7,0],R:) (i=1,2).

System (2.2) always has a trivial equilibrium E°(0,0). If M[y8—>bds(dy+7)]—kd(dy+
7v) > 0, then system (2.2) has a unique positive equilibrium E*(y?,49), where

0_ M[vB — bdy(dy + )] — kda(di +7) 0_ My —bdy(dy + )] — kda(di + )
g ey (di +7) s cd(dy +7)
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The characteristic equation of E* takes the form
N X+ ag + bpe M =0,

where

_d3(dy +7)(k + bM)
M~ '

a0:d2(d1+”y), a1:d2+d1+”y, b(]:

Noting that

da(dy + )
Mnp

We can see a; > 0, if M[y3 — bdy(dy + )] — kda(dy +) > 0, then ai(ag+ by) > 0, by

Routh-Hurwitz Theorem the positive equilibrium E7 is locally stable when 7 = 0. If
My — bdy(dy + )] — kda(dy +v) < 0, then E7 is unstable when 7 = 0.

ap + by = [M[y3 — bda(dy + )] — kdy(dy + )],

It is easy to show that

ai—2ap = (dy+7)*+d5>0,
da(di +7)

ag—by = W[M[75+bd2(d1+7)]+kd2(d1+”Y)]>0-

So, if M [y —bdy(dy +7)] — kda(di1 +7) > 0, then by Lemma B in Kuang and so [19],
the equilibrium E7 is locally asymptotically stable for all 7 > 0. If M|y — bda(d; +
v)] = kda(dy + ) < 0, then E7 is unstable for all 7 > 0.

Using a similar arguments as above we can obtain that if M[y3 — bds(dy 4 7)] —
kds(dy +7) < 0, the equilibrium E°(0, 0) is locally asymptotically stable for all 7 > 0.
If M[y3 — bdy(dy + )] — kda(dy + ) > 0, then E°(0,0) is unstable for all 7 > 0.

Lemma 2.5. For system (2.2), we have

(i) If M[yB — bda(dy +y)] > kdo(dy + ), then the positive equilibrium E*(y?,y3) is
globally stable.

(ii) If M[yB — bda(dy + )] < kdy(dy + ), then the equilibrium E°(0,0) s globally
stable.

Proof. We represent the right-hand side of (2.2) by f(t, z;) = (fi(t, x;), fo(t, x;)), and

set
L(t,-) = Dy [f(t, ).
We have
bM

Ll(tv h) = (]{7 + bM + C¢2(—T))2 h2(_T) - (dl + 7)h1(0>7

Lg(t, h) == ’}/hl(()) - dghg(O)
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We now claim that the hypotheses (h1)-(h4) hold for system (2.2). It is easy to
show that (hl) and (h4) hold for system (2.2), the matrix A(t) takes the form

bM
—( ) wErawEer |
Y —dy

Clearly, the matrix A(t) is irreducible for each t € R, hence, (h2) holds. From the def-
inition of A(t) and n;;, we can readily seen that 712(6,t) = 1m12(0,¢) = m,
n21(0,t) = 121(0,¢) = ~ for & > 0; and 7;;(0,t) = 0, @ # j for § < —7; and
ni;(-,t) € BV[—7,0], where 7,; is a positive Borel measure on [—7,0]. Therefore,
1ni;(+,t) > 0. Thus, for each j, thereisi # j such that n;;(—r;+¢,t) = n;;(—7+¢,t) > 0
for all ¢t € R and for € > 0 sufficiently small, i = 1,2. Hence, (h3) holds.

Thus, by Lemma 2.1, the positivity of solution of system (2.1) follows. It is
easy to see that system (2.2) is cooperative. By Lemma 2.3 we see that any solution
starting from D € C converges to some single equilibrium. However, system (2.2)
has only two equilibria: E° and ET. Note that if M[y3 — bdy(dy + )] > kda(d; +7),
then the positive equilibrium E7 is locally stable, and the equilibrium E° is unstable.
Hence, any solution starting from D converges to ET(y,y3) if M|[y3 —bdy(dy +7)] >
kdy(dy + ). similarly, we can show the global stability of the equilibrium E° when
M[yB — bdy(dy + )] < kda(dy + 7). This completes the proof. O

By a similar argument we can show that all solutions of system (1.4) with initial

conditions (1.5) are defined on [0, 400) and remain positive for all ¢ > 0.

3. Local stability and Hopf bifurcation

In this section, we discuss the local stability of equilibria and the existence of

Hopf bifurcation.

Let D = dy + 7, it is obvious that system (1.4) has a boundary equilibrium
E1(£,0,0). Further, if the following condition holds:

(H1) (A1 + AT A2) (78 — bds D) — 2acykdsD > 0, where

Ay = a(bdeD —~0) + reyB, Ay = dacyfakdyD.

then system (1.4) has a unique positive equilibrium E*(z*, y7, ys), where

. Al + /AT + A

X == s

2acyf
_—_— (’7/6 — bng) ¥ — k‘ng
y* (’7/6 — bng) T — k‘ng
5 = .

CdQD
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We study E* under the condition (H1). The characteristic equation of E* is

(3.2) A+ asX? + @A + ag + (b + bo)e ™ = 0.
where
bax*ys;
= doD *_
“ ? (am (k + bx* + cy§)2> ’
bax™y;
= dyD+ (dy + D * _
a 2D + (dy + )(am (k+bx*+cy’2k)2)’
bax*y;
. — d 4D £
(3.3) a 2+ D+ar’ — g
vBx*(k + bx*) ( . bax*y; )
bo - ar” —
(k + bx* + cys)? (k + bx* + cy3)?
ayfBzrys(k + bx*)(k + cy3)
(k+bo* +cyz)t
~vBx*(k + bx*)
b1 —

(k + bx* + cy3)?
It is easy to show that

dyD]acyB(z*)? + akdy D]
ag + b() = 07252 (LL’*)2 A3>
ds D
a—by = —— " (y8 — bdaD) + kdy D] x
vfx
{7‘ _ OéAg [ZL'* (’7/6 + 3bd2D) + degD] }
cyB* [x* (v8 + bdy D) + kdy D) |’

dyD
CL1+b1 = 2 *A3+(d2+D)X
VP
e o [A4 — ]{?ngZL’* (”}/ﬂ + bng)]
072/62(1'*)2 !

where Az = z* (v8 — bdy D) — kdy D, Ay = (2*y3)* — (bdy Dx*)?.

If iw (w > 0) is a solution of (3.2), separating real and imaginary parts yield

asw? —ayg = bycoswT + bjwsinwr,

(3.4) —P+aqw = bysinwr — bjw coswr.
From (3.4), we have

(3.5) Wb + (a3 — 2a1)w* + (a3 — 2apay — b3 )w® +aj — b3 = 0
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It is easy to show that

bax*y; 2
2 _ 94 — 24 D? x 2
a; — 2a4 dy + D* + (a:)s it br + cy§)2) > 0,
2 9 62 _ d%Dz *) 2 k b Vdo D 2
a) — 20002 — 07 = (7/61'*)2 [(7/6:[: ) - (( + bx ) 2 ) i|

bax*ys 2
2 2 * 2
& D] (a:c _(be*ﬂy;y) .

Then, we have the following lemma.

Lemma 3.1 ([20]). Eq. (3.2) has a unique pair of purely imaginary roots if ag < by.

From (H1) we can deduce z* (75 — bdy D) — kdo D > 0, consequently, ag + by > 0.
Hence if ay > 0, as(a; + by) > ag + by, then by Routh-Hurwitz Theorem the positive
equilibrium E* of system (1.4) is locally stable when 7 = 0.

From (H1), we have a? — 2agas — b > 0. If ag > by then equation (3.5) has no
positive roots, then stability of E* unchange. Hence, if ay > 0, as(ay + b1) > ag + by,
ag > by, then the positive equilibrium E* of system (1.4) is locally asymptotically
stable for all 7 > 0. If ag < by, then from Lemma 3.1 we know Eq. (3.5) has a unique
positive root wy, that is, (3.2) has a unique pair of purely imaginary roots of the form

+wy. From (3.4) we see that 7, corresponding to wy is

4 2
0 0
1 blw — (&Qbo — albl)w — a()b() 2nm
T, = — arccos 3 55 +
wo bo + ble wWo

, n=20,1,2...

Note that if as > 0, as(a; + b1) > ag + by, E* is locally stable when 7 = 0. Hence,

by the general theory on characteristic equations of delay differential equations from

[21], if ag > 0, as(a; + by) > ag + by, ag < by, E* remains locally stable for 7 < 7.

Next, we turn to show

dRe)
d;

This will signify that there exists at least one eigenvalue with positive real part for

(3.6)

lr=r > 0.

T > 79. Moreover, the conditions for the existence of a Hopf bifurcation [15] are then
satisfied yielding a periodic solution. We differentiating equation (3.2) with respect
7, it follows that

[3)\2 + 2&2)\ +aj + b16_>\7— — T(bl)\ + bo)e_)‘T]% = )\(bl)\ + b())e_)\T.

T

That is

A\ BV 2w ta) e 7
d, N )\(bl)\ + bo)ﬁ’_)‘T A
3)\2 + 2&2)\ + ay bl _

T
AP+ N+ ah+a)  ABiA+b) N
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Thus

dy\
" (d:)
A=iwo

_ 202w8 + [302 + b3 (a3 — 2a1)|wg + 203 (a3 — 2a1)w? + b3 (a3 — 2apas) — a2b?
(b + biwp) [wi (a1 — w§)? + (a0 — azwj)’]

— R a; — 3&)8 + 2a2iw0 i bl
N in [(ao — &ng) + ibdo(al — wg)] ’éWQ(bl'éWQ + b())

It is easy to show that a3 — 2a; > 0, a? — 2apay — b3 > 0. Hence, if ag < by, then

bi(a? — 2apaz) — a3b? > b3(a? — 2agas — b3) > 0. Then we obtain

d(RN)
7 lr=r > 0.

We know the transversal condition holds and a Hopf bifurcation occurs at w = wy,
T =1T0-

The characteristic equation of system (1.4) at the boundary equilibrium F; (r/a, 0, 0)
takes the form

N po X2 pi A+ po + (@ + qo)e_”

where

Po = ngT, p1=d2D+T(d2—l—D), p2:d2+D+T>O,

vpr? vpr

o = _ak—i-br’ Ch:_ak—i-bf

Noting that if L[y3 — bdy D] < kdyD, then py > 0, pa(p1 + q1) > po + qo > 0, the
equilibrium F1(r/a,0,0) is locally stable when 7 = 0. Hence, using a similar argument
as above we see that if Z[y3 — bdyD] < kdyD, then the equilibrium Ey(r/a,0,0) is
locally stable for all 7 > 0; if Z[y3 — bdy D] > kd, D, then E, is unstable.

We therefore obtain the following results.

Theorem 3.2. Let (H1) hold. For system (1.4), we have

(i) If ay > 0, as(ay + by) > ag + by, ag > by, then the positive equilibrium E* of
system (1.4) is locally asymptotically stable.

(i) Ifas >0, as(ar+0b1) > ag+bo, ag < by, system (1.4) undergoes Hopf bifurcation
at E* when 7 = 1,, n = 0,1,2,...; furthermore E* s locally asymptotically
stable if T € [0,79) and unstable if T > .

Theorem 3.3. If [y — bdy D] < kdyD, then the boundary equilibrium E is locally
stable; if L[yB — bdo D] > kday D, then Ey is unstable.
4. Global stability

In this section, we discuss the global stability of £* and E) of system (1.4),

respectively.
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Theorem 4.1. The positive equilibrium E*(z*, yT,ys) of system (1.4) is globally stable
provided that (H2) holds and either (H3) or (H4) hold true:

(H2) rc —a >0, =2 [y — bdy D] — kdyD > 0

ac

(H3) bdsD — ~vB < 0, 73 — 2bdsD < 0

(H4) |re— (a75_bd2?2)ézﬁ+2bd2D)] (§+g)+4bi§§f2 > 0 where, T+ is defined by (4.14).

Proof. Let (z(t), y1(t), y2(t)) be any positive solution of system (1.4) with initial
conditions (1.5). By the first equation of system (1.4), for sufficiently small £ > 0,
there exists a 71 > 0 such that x(t) < Z4¢ := 771 for ¢t > T1. Replacing this inequality
into the second equation of (1.4), it follows that for t > 77 + 7

e T N

) (dy + )y (t).

Consider the following auxiliary system

) = e ()
(41) Ug(t) = ’yul(t)—dQUQ(t),

u(t) = w(t), ua(t) =ye(t), t € [Th, 11 + 7.

Obviously, for sufficiently small € > 0, 77 > =2, by (H2) we know, Z1[y — bdy D] —

ac

kdyD > 0, by Lemma 2.4 it follows from (4.1) that
7178 — bdo D] — kdy D

tEeroo w(t) = cyD ’
| T8 —bdsD] — kdyD
tl}g-noo 2 (t) N CdQD .

By comparison theorem, we have y;(t) < uq(t), y2(t) < us(t) for t > Ty + 7. Then for
sufficiently small € > 0, there is a Ty > T} + 7 such that if ¢t > T

Ti[15 — bdo D) — kdyD

yit) < D +e&:=7m,

71[y8 — bdy D] — kdy D _

. < = .
(4.2) ya(t) < cdyD +e:=7n

Replacing the second inequality of (4.2) into the first equation of system (1.4) that
fort > 1T,

#(t) > 2(1) (7’ —ax(t) - j‘f%) .

By (H2), we know r¢ — « > 0. Using the comparison theorem , for ¢ > 0 sufficiently
small, there is a T3 > T5 such that if ¢t > Tj

rk + (’I“C — a)y21
t) > — €= > 0.
=(t) 2 a(k + cya1) cTh




302 H. XTANG, Z-P. MA, AND H-F. HUO

Replacing this inequality into the second equation of (1.4), it follows that for t > T5+7

) > Byt — )

—(d t).

Consider the following auxiliary system

i) = D ()
(43) Ug(t) = ’yul(t)—dQUQ(t),

u(t) = (b)), ua(t) = y(t), t € [T5, T3 + 7]

It is easy to show that z; =  — —5 —e. We can choose € > 0 sufficiently small
a1

such that - — —% —¢ > & — & = 22¢ hence, 21[y08 — bd2D] — kdyD > 0, by

_ak ac

Lemma 2.4 it follows from (4.3) that
2, [y6 — bdy D] — kdyD

tEerooul(t) - cyD ’
I oy _ @B —bdaD] — kdyD
Al = D

By comparison theorem, we have y,(t) > uy(t), y2(t) > us(t) for t > T35+ 7. Then for
sufficiently small € > 0, there is a Ty > T5 + 7 such that if ¢ > T}
21[y8 — bdyD] — kdy D

yl(t) = C”yD — &= Y1,
2175 — bdy D] — kdyD
44 ) > b chD] 2 =y

Therefore we have that for ¢ > T,
71 < z(t) <y, ya < wilt) <7, (i=1,2).

hold for system (1.4).

Replacing the second inequality of (4.4) into the first equation of system (1.4)

that for t > Ty,
QY21
4.5 ) <z)|r—ar(t) - ————— | .
(45) ) < () (1= aott) = )
Since rc¢ — a > 0, by comparison theorem, for ¢ > 0 sufficiently small, there is a
Ts > Ty such that if t > T5
rk 4+ rbxTi + (rc — a)ya

4.6 t) < — +c:=723 > 0.
(4.6) (t) < a(k + bT1 + cyo1) 2
It is easy to show that

Ty < — <71

Q|3

Replacing (4.6) into the second equation of (1.4), it follows that for ¢ > T5 + 7

. BTaya(t — 7)
t) <
inlt) < k4 bT3 + cyat — 1)

— (dy +7)yu(2).
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Similarly, we can find ¢ > 0 sufficiently small such that Zo > =% hence, T3[73 —
bdy D] — kde D > 0. By Lemma 2.4 and the similar arguments to 7, (i = 1,2), for
the above selected € > 0, there is a Tg > T5 + 7 such that if t > Tg

[L’_g[’)//@ — bng] — k‘ng

yi(t) < D + € := Y12,
Ta|vB — bde D) — kdy D
(4.7 wit) < POIMEDIZRGD |

by (4.2) and (4.7) we obtain 7z < 71, (i = 1,2). Replacing the second inequality of
(4.7) into the first equation of system (1.4) that for t > Tg

. QY2
z(t) Zzzt)|r—azx(t) — —————— | .
) a0t (r—an(t) = o)
Since r¢ — a > 0. Then by comparison theorem, for € > 0 sufficiently small, there is
a Ty > Tg such that if ¢t > T~
r(k+bx1) + (rc — @)z

t) > —€ =
o(t) = a(k + bxy + c22) ei=22>0

Replacing this inequality into the second equation of (1.4), then by arguments similar
to those for y;1, (i = 1,2), we obtain that there exists a Ty > T7 + 7 such that

w3y — bdy D) — kdyD

yi(t) > D —&:=y12 >0,
t) > — — g = .
ya(t) > cdyD €:=1Ya >0

and we obtain yi > yi1, (i = 1,2).
Therefore, it follows that

0<z1 <mp <2(t) T <71, 0<yan <yn <ylt) <T2 <7 (1=12),t>1Ts

Repeating the above arguments, we obtain six sequences {x_n};’f:l, { T, }20:1 {%}2021
{?Jﬂ}:;l (1 = 1,2) with the form

O<m <z <+ <, <z(t) <T, <+ <7y <7,
i

X

From (4.8) follows that the limit of each sequences in {Tn}o . {zn} | {Tintny

{yﬂ}:il exists. Denote

T = lim 7,, z= lim z,,
n—-4o0o n—4oo —
¥, = lim i, yi= lm ym (i=1,2).

n—-4o0o n——4oo——
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By the definition of Ty, Ty, Yin, Yin, We have

_ rh+rbT 1+ (re — a)Yam-1) rk + rbr,_1 + (rc — a)ya,
Ty = — LTpn = — —
a(k + bl’n_l + cyg(n_l)) - CL(]{? + bxn_l + Cygn)
_ Tpmy — Moy LTy — M2
49 n— .~ n — _77
(4.9) 4 cyD Yin cyD
_ Tpymy — My TnMy1 — M2
n—=———, Ny2 e —
2 Cng " CdQD

where

m; = ’7/6 — bng, meo = k‘ng

We therefore obtain from (4.8) and (4.9) that

B rk + rbT + (rc — a)ys rk+rbx + (rc — )y
r = — —, T = — )
a(k + T + cys) a(k + bx + cy,)
. Tmy — My rmq1 — Mo
4.10 = —= ="
( ) 4 cyD LI} cyD
. Tmy —my _xmy —my
Y2 = Cng ’ % n Cng

We obtain T > z, 7; > y;. To complete the proof, it suffices to prove T =z, 7, = y;.

It follows from (4.10) that

— k

(4.11) abz® + %@ = rbT + %zjt %
2 2
(4.12) abe? + X7y = rbg + MT + a—k.
B ng B B d2D C
(4.11) minus (4.12)
(4.13) Ob(T + 2)(F — 2) = rb(@ — z) + LD 5
Cd2D

Assume that T # z. Then we derive from (4.13) that

_ o (re—a)my
(4.14) (Tta)= a abedy D
(4.11) plus (4.12)
_ 2a[yf — 2bdy D] _ _ (re —a)my ,_ 20k
2 _ -
(4.15)  ab(T +x)° + ) Tz =7rb(T+ )+ D (T+2z)+ —

On substituting (4.14) into (4.15), it follows that

(rc — a)my (T+2)+ akry(r; + D).

(4.16) a[yB — 2bdy D|Tx = - -

Note that 7 > 0, z > 0.
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(i) Let (H2) and (H3) hold. If r¢ > a, v8 > bdyD, we derive from (4.16) that
v(B > 2bdyD. This is a contradiction. Hence, we have ¥ = x. It therefore follows

from (4.10) that 71 = y1, J2 = y2. Hence, the positive equilibrium £* is globally

stable.
(ii) Let (H2) and (H4) hold. It follows from (4.14) and (4.16) that
232 — bdy D][y3 + 2bdy D] Abokd3D?
T ATy — — P _ afys 2 2 - 2
e = DG —2a,D] | R AT

Hence, we have (T + z)? — 4Tz < 0. This is a contradiction. Accordingly, we have
T = x. It therefore follows from (4.10) that 71 = y1, 72 = yo. Hence, the positive
equilibrium E* is globally stable. The proof is complete. O

Theorem 4.2. The boundary equilibrium E1(r/a,0,0) is globally stable provided that
(H5) r¢ > a, Z[yB — bda D] < kdy D holds true.

Proof. Let (x(t),y1(t),y2(t)) be any positive solution of system (1.4) with initial con-
dition (1.5). We derive from the first equation of system (1.4) that

(t) < x(t)(r — ax(t)).
By comparison it follows that

(4.17) lim supz(t) < -
a

t——+o00

Then for € > 0 sufficiently small there exists a 77 > 0 such that if t > 77, z(t) < Z+-e.
Replacing this inequality into the second equation of system (1.4) that for ¢t > T} + 7
. ﬁ T4e Y2 t—1T1
i) < (;f Jya(t —7)
kE+0b(L+¢e)+cyat —7)
Consider the following auxiliary system

| B +eJualt = 7)
i (t) k+b(Z+e)+cus(t—7)

w(t) = wlt), u(t) =a(t), t € [Ty, Ty +7].
If Z[y8 — bdy D] < kdy D, then by Lemma 2.4 it follows from (4.18) that

—diyi(t) — vy (2).

— dyu (t) — yua(t),

lim u(t) =0, tlim us(t) = 0.

t——+00 +o0

By comparison theorem, it follows that

Jip i) =0, I ) =0
Therefore, for € > 0 sufficiently small there exists a Ty > T} + 7 such that if ¢ > T5,
y1(t) < e, y2(t) < e. It follows from the first equation of system (1.4) that for ¢t > Ty

: ae
z(t) > z(t) (7’ —ax(t) — m) :
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By comparison theorem, it follows that

S br — ak — ace + +/(br — ak — ace)? + 4ab (rk + e(rc — «))

lim inf (¢ > 0.
Jim, info(t) 2 i
Setting e — 0, we have that tliin inf (t) > £. This, together with (4.17), yields

,
li t)=—.
At =g

Noting that if Z[y3—bdy D] < kdy D, by Theorem 3.2, the equilibrium £ (r/a, 0,0)
is locally stable. Hence, if (H5) holds, then the equilibrium Fj is globally stable. This
completes the proof. O

5. Numerical simulation

In this section, we present some numerical simulations to verify our theoretical

results proved in previous sections by using MATLAB(7.0) programming.

Example 1. In system (1.4), welet r =5, a =1, a0 =2, =2 k=1,0=1,
¢c=2,v=2d =dy = 1. System (1.4) with above coefficients has a unique
positive equilibrium £*(4.9030, 0.1586, 0.3172). It is easy to show that r¢ — a = 8,
=2 [y3 — bdy D] — kdyD = 1, bdyD — 73 = —1, 43 — 2bdyD = —2, hence, (H2) and

(H3) hold. By Theorem 4.1 we see that the positive equilibrium E* is globally stable.

Numerical simulation illustrates our result (see Fig. 1).

Example 2. In system (1.4), welet r =25 a=1,a=1,=2,k=1,b=1,
c=1,v=2,d; =1, d, = 0.5. System (1.4) with above coefficients has a unique
positive equilibrium E*(2.0573, 0.6072, 2.4288). It is easy to show that rc — a = 1.5,
rea [y 3 — bdy D] —kdyD = 2.25, [rc — obB-h DI+ Dl | (7.4 ) 4 LABDE — 0.5625,
hence, (H2) and (H4) hold. By Theorem 4.1 we see that the positive equilibrium E*

is globally stable. Numerical simulation illustrates our result (see Fig. 2).

Example 3. In system (1.4), we let » = 0.5, a = 1, « = 2, f = 2, k = 0.1,
b=05¢c=15 ~v=2d =1, dy =02 System (1.4) with above coefficients
has a unique positive equilibrium £*(0.0263, 0.0042, 0.0416). It is easy to show
that po — qp = —0.1786 < 0, wy = 0.2166, 7 = 0.843. By Theorem 3.1, there is a
To = 0.843 > 0 such that for 7 < 7, the positive equilibrium E* is locally stable; for
T > Ty, the positive equilibrium E* undergoes Hopf bifurcation. Numerical simulation

illustrates our result (see Fig. 3 and Fig. 4).

Example 4. In system (1.4), welet r=2,a=1,a=2,=3, k=2, b=1,c=2,
¥ =2,dy =1,dy = 15. It is easy to show that rc —a =2 > 0, Z[y3 — bdy D] <
kdsD = —6 < 0. By Theorem 4.2 we see that the boundary equilibrium £;(2,0,0)
of system (1.4) is globally stable. Numerical simulation illustrates our result (see
Fig. 5).
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FIGURE 1. When 7 = 2 and the initial value (® (0), ¥, (6), ¥, (0)) =
(1,1,1), the positive equilibrium £*(4.9030, 0.1586, 0.3172) is globally
stable.
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FIGURE 2. When 7 = 2 and the initial value (®(6), ¥1(0), ¥5(0)) =
(1,1,1), the positive equilibrium E*(2.0573, 0.6072, 2.4288) is globally

stable.
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FIGURE 3. When 7 = 0.8 < 7y and the initial value (®(0), ¥,(0),
Uy(0)) = (0.1,0.1,0.1), the positive equilibrium E*(0.0263, 0.0042,
0.0416) is locally stable.
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FIGURE 4. When 7 = 1 > 7y and the initial value (®(6), ¥y(0),
Uy(0)) = (0.1,0.1,0.1), the positive equilibrium E*(0.0263, 0.0042,
0.0416) undergoes Hopf bifurcation.
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FIGURE 5. When 7 = 2 and initial value (®(0),W¥;(0),¥5(0)) =
(1,1,1). The boundary equilibrium £;(2,0,0) is globally stable.
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