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ABSTRACT. This paper provides the proof for lemma 4.13 in [7] which states that for any crisp
number s > 0, and a fuzzy numbers a and ¢, where the support of a is contained in RT, then
c(a — s) = ca — cs. With this lemma, we proved that the distribution laws hold, up to equivalence

defined, for fuzzy number multiplication.
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1. Introduction

We continue to look at the multiplication of the fuzzy numbers, in particular, the
distributive laws. It is very interesting because the law in general fails to be true in
a narrow and strick sense. In [7], we first gave another proof that the distributive
law holds from a crisp number distributed to fuzzy numbers. That is, given fuzzy

numbers a and b, and a crisp (singleton fuzzy) number r,
r(a+0b) =ra+rd.

In particular, —(a +b) = —a —b. We then proved an equivalent condition for the law
to be true from a fuzzy number distributed to crisp numbers, which states that for

any crisp numbers r and s, and a non-crisp fuzzy number ¢, we have
c(r+s)=cr+cs ifandonlyif r-s>0.

This result was also proved earlier in [1]. Moreover, we also proved in [7] that for any

arbitrary crisp numbers r and s,
c(r+s) =cr+ecs,

where the actual equality indeed fails to be true in general. We then extended the
result to fuzzy-to-fuzzy distribution in the case their supports are both positive or
both negative. That is, given (normal) fuzzy numbers a, b, and ¢, with the supports
of a and b either both in R™ or both in R™, then

c(a+b) = ca+ cbh.
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This result was also mentioned in [1], proved by Dubois and Prade in 1988, that the

distributive law
cla+0b)=ca+ch
holds if and only if at least one of the following is true,

e c € R is crisp
e the supports of a and b are both contained in R*, or both contained in R~

e ¢ and b are symmetric

This results leads to the final result in our paper [7], which states that, modulo by the
equivalence classes defined by symmetric fuzzy numbers, the fuzzy number system
forms a commutative ring with unity. The final result was based on the following

lemma,

Lemma 4.13 [7]: Given crisp number s > 0, and a fuzzy numbers a and c, where

the support of a is contained in R, then
cla —s) = ca—cs.

The proof of the lemma was left out in [7] due to limitation on the number of pages.

We shall provide the proof of the lemma in this paper.

2. The Proof of the Lemma

Proof of lemma 4.13 [7]. First, if the support of a is contained in (s, 00), then
the support of a— s will be contained in R*. Notice s > 0, from the results mentioned

above,
clla—s)+s]=cla—s)+cs
Subtracting cs from both sides, we have
cla—s)=cla—s)+es—cs=c[(a—s)+s]—cs=ca—cs.

The equivalence holds. Thus, we may assume s € support of a.

First, let’s consider the case of s = 1. It suffices to show c(a — 1) — ca + ¢ is

symmetric. We know that

Mc(a—l)—ca(t) = max min{u.(r), fta—1(w), fe(y), fta(v)}

ru—yv=t

= max min{u.(z), pa(u + 1), pe(y), ta(v)}

TU—Yyv=t

= max  min{pe(r), pa(u), fe(y), ta(v)}

z(u—1)—yv=t
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Therefore,

Hea-1)—cate(t) = ax min{pe(x), pa (), te(y), tra(v), pe(2)}

= max min{pe(), palu), 1oy), wa(v), o(2)}

TU—Yyv—r+2=t
= opmax  min{pe(z), ta(u), te(y) pa(v), pe(2)}
= Nc(a—l)—ca-‘,—c(_t)-
Therefore, c(a — 1) — ca + ¢ is symmetric. Hence ¢(a — 1) — ca+ ¢ = 0. Thus

cla—1)=ca—c.

For any s € R > 0, since we do have the distribution from crisp numbers to fuzzy

numbers, we have

1
c(a—s):cs[—(a—s)]:cs(g—l)zcsg—cs:ca—cs. O
s s

3. An Example

We conclude the paper by the following example to show the computations and
that the narraw distributive law indeed fails to be true and it is only true up to

equivalence as we have proved in the paper.

Example 3.1. We define fuzzy numbers a and ¢ as following,

T — 2, 2< <3 %x, 0<zr<?2
pe(r) =~z -5), 3<ax<5 pa(®) = —(z—=3), 2<2<3
0, Otherwise 0, Otherwise

Fuzzy number ¢ Fuzzy number a

To compute ca, it is clear we have i, (t) = 0 whenever ¢ < 0 or ¢ > 15. For ¢

otherwise, we have

fiea(t) = max min{pc(2), pa(y)} = m;ix min{sic(x), pa(t/z)}

Ty=t

= max{ max min{x — 2, y,(t/x)}, 3213§5min{—(x —5)/2, pa(t/x), }}.

2<x<3

Case 1: 0 <t < 4.
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When 2 < z < 3, we know that 0 < £ < £ < 2. Thus, pe(t/r) = 5. From the
L =g — 2 we have 222 —4x —t = 0, and

2
IRV e
_.————75————,

equation

T

Since x > 2, only + fits. Thus,

_2+\/4+2t_2_\/4+2t_1
N 2 2

When 3 < z < 5, from the equation = = 25% we have 222 — 10z + 2t = 0, and

10+ /100 — 16
- . ,

max min {x — 2, u.(t/y)}

2<x<3

xz

Since x > 2, only + fits. Thus,

— 10VI0=IGE 0 — /T00 — 16t

s min (5~ )2} =t = 10T

It can be shown that, for 0 <t < 6, we have 10_‘/1800_16t < VA g Thus,

V4+2t 1
2 Y

fea(t) = 0<t<A4.

Case 2: 4 <t <6.

We know that 2 < £ < 3. When 2 < # < £ which implies y = £ > 2, we have
tta(y) = pa(t/x) = 3 — L. It can be shown that 3 — £ > 2 — 2 whenever ¢ < 6. Thus,

t
in{z—2 — =~ 2
ggﬁm{m Ha(t/)} 232@32{% } 5
t

When § < 2 < 3 which implies y = £ < 2, we have p1,(y) = pa(t/z) = 5. From

previous discussion, we have
2

max min{x — 2, u,(t/x)} 1.

2/t<z<3

When 3 <z <5, we have y =

C2+4Atot . Ay 2
e

8] |+

< 2. From previous discussion

— I8 10 — /100 — 161

s min (5 2)/2 1)) = e = 0T

We already know that, for 0 < ¢t < 6, we have 10_\/15?0_1& < */4;% — 1. Moreover,
L2 < 10 when 0 < t < 6. Thus,

2
V4+2t
2

fiea(t) = 1, 4<t<6.
Case 3: 6 <t <10.

When 2 < z < 3, we know y = £ > 2. So we have j,(y) = po(t/x) =3 — L. It
can be shown that 3 — % < x — 2 whenever t > 6. Thus,

. t t
Jax min {z =2, p,(t/z)} = Jax, {3 — E} =3- 3
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When 3 < x < £ which implies y = £ > 2, we have y,(y) = po(t/z) = 3 — L. From

the equation 3 — é = 5_7” we have 22 + 2 — 2t = 0, and
—1++V1+8t
r=——.
2

Since x > 3, only + fits. Thus,

. [5—=x 1 —1++1+8t 11 —v1+8t
max min pa(t/x) p == (5 — 5 = .

3<w<t/2 2 4

When £ < 2 < 5 which implies y = £ < 2, we have 1,(y) = p1q(t/2) = 5. It can be

shown that ;- > E’_Tz whenever ¢ > 6. Thus,

max min i (t/x) ma oo 10—t
X — Uy = X = .
2 M 2 1

t t
5<z<5 5<z<5

It can be shown that

gt 10—t 11—\/1+8t7 > 6
3 4 4
Thus,
11— 148t
Lhea(t) 1 i : 6<t<10

Case 4: 10 <t < 16.
> 10— 2. Thus, p,(t/z) =3—Lor0if t/z > 3.
> 2 > 3. Thus, pe(t/z) =0, and

Since x < 5, we know that £
t

When 2 < x < 3, we know that % >

Jnax min {z —2,p,(t/2)} = 0.

When 3 < x < 5, from previous discussion we know

e e

max min
3<z<5

Thus,
11 — 1+ 8t

Healt) = ———— 10 <t < 15.

Putting together, as shown in figure 1, we have

Va4 +2t
;_ -1, 0<t<L6;
= 11 — /1
fhea(t) f—{_&f’ 6 <t<15;

0, otherwise.
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To compute ca — ¢, we know that

foac(t) = max min{pica(z), pe(y)}-
Therefore, ficq_(t) = 0 when ¢t > 13 or
t < —35.

Case 1: =5 <t<1.
f0<ax<2+t, weknowy =ax—t > Figure 1: ca
2 which implies p.(y) = 0.
f2+t<z<3+t <4, weknow
2 <y =z —t <3 which implies p.(y) = p(r —t) = (x —t) — 2. Also, z > 0 implies
t > —2. Thus,

max  min { e (), te(y)} = max  min{pe.(x), ey}

24+t<ax<3+t 2+t<e <3+t
>-"2
. V4 + 2z
= max min —— — 1L, x—t—2,.
24t<z<3+t 2
>-"2
We know x — ¢ > 2, it can be shown that
Vi +2
¢ —1<z—-t-2
2
Thus,
i {jtea (). ()} = VAt
pyismag e Health Hel)) = ”{%%’“ 2

VAi+23+t V1 2t

f34+t<z<5+t<6,wehave 3 <z —1t <5 which implies p.(y) = p(z —t) =
(5 — (z —t)). Thus,

\/m_l 5—(35—15)}‘

25, i ) ) = s, min{ 5 1,22

From the equation Y22 — ] = #

5 , we have

r=(8+1t)£V19+ 2t.
Since x < 2, only — fits. Thus,

_54+t—(8+1)—VI9+2) V1923

3+2§§5+t min {,uca (33), /’Lc(y)} 2 2

If x >5+4t, we know y = x —t > 5 which implies p.(y) = 0. Also, it can shown
that, when —5 <t <1,

V1042t V1942t -3

Thus,
—5<t< 1.
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Case 2: 1 <t <3.
If0<z<2+t, we know y =z — ¢t > 2 which implies p.(y) = 0.
f2+¢t<2<3+t<6, weknow 2 <y =x—t <3 which implies p.(y) =

pe(x —t) = (x — t) — 2. From previous discussion,

in {j1ea(), proly)} = Y2OT20
o max  min {pea (@), pe(y)} = = :

If 34+¢ < # < 6, we have 3 < x—t < 5 which implies i.(y) = pe(z—t) = 3(5—(x—1)).

From previous discussion,

m min { freq () ()}_—M’
3+t§aScX§6 Heal\T ), e \Y) 5 = 9 .

If 6 <ax <5+t we have 3 < 2 —t < 5 which implies pq,(z) = 117\/41+8x and
:uc(y) = //Jc(x - t) == %(5 - (37 — t)) Thus,

11— /1438 5—(33—75)}

max min { e, (), te(y)} = max min{

6<z<5-+t 6<z<5+t 4 2
It can shown that, when 1 <t < 3,
11 — /1 +8 1
doviter Z(5— (z —1)).
4 2
Thus,
i {jtea (), (0} = SEREI)) | S
bomonyy T UealT) fe\Y) s = (MK N D o 2

If 2 > 5+1¢, we know y = x —t > 5 which implies p.(y) = 0. Also, it can shown that,
when 1 <t < 3,

t—1 < V10 + 2t 1 < V1942t -3
- 2 - 2 '

2
Thus,
VIO 2 -3
flea—e(t) = + 1<t<3.

Case 3: 3 <t <10.
If0<az<2+t, we know y = — ¢t > 2 which implies p.(y) = 0.
f24t<2x<6<3+t weknowt <4 and 2 <y =22 —1t < 3 which implies

te(y) = pe(x —t) = (x —t) — 2. We have

max  min {e (), te(y)} = max min

24+t<x<6 24+t<x<3+t
t<4

We know x —t > 2, it can be shown that

V4 + 2z
2

Va4 + 2x
T—l,x—t—Q )

—1>x—-t-2
Thus,

. _ o )
2+I?§D><§6mm{uca($)auc(y)} 2+{r%1§§§+t {r—t—2}=4—-1t, t<A4
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If6 <z <3+¢t we have 6 —t < x —t < 3 which implies p.,(z) = %@ and
te(y) = pe(x—t) = (x—t) —2 when 6 —¢ > 2 which implies ¢ < 4. From the equation

HvIESE — (1 — 1) — 2, we have

10 4+ 2t £ 10 + 2¢
T = .
2

Since 6 < x < 3+ t, only — fits. Thus,

(8 0 o). ()} = 0, i o), 1)) =

0+20-vI042  _, VI0f2
2 U

If34+¢t <2z <5+t we have 3 < x —t < 5 which implies p.,(z) = —11_\1@ and
pe(y) = pe(x —t) = 5(5 — (x — t)). Thus,

11 —+/1+8x 5—(:1:—15)}

max  min {pe. (), te(y)} = max min{

3Ht<a<b+t  3t<a<bit 4 2
From the equation 11_V41+8x = 5_(;_t), we have
14+2t++148t
x = .
2

Since 6 < 3+t < z, only + fits. Thus,

1

e i o). ()} = 5 (54 ¢

_1+2t+x/1+8t) C9—V1+8t
2 N 4 ‘

If 2 > 5+1t, we know y = x —t > 5 which implies p.(y) = 0. Also, it can shown that,
when 3 <t < 10,

9—+V1+38t V10 + 2t
4—t§—+§3——+.
4 2
Thus,
V10 + 2t
p,ca_c(t):?)—TJr, 3<t<10.

Case 4: 10 <t < 13.
If # <2+t we know y = 2 — t < 2 which implies p.(y) = 0.
f6<24+t<r<3+4+t<1borx<15<3+t,weknow2<y=x—-1t<3
which implies pu.(y) = pe(x —t) = (z — t) — 2. Thus,

i 11 — /1 + 8z
min ———— r—t—2.

max  min {fi.q (), pe(y)} = max 1

2+t<z<3+t 24+t<z<3+t

From previous discussion, we have,

max  min { e (), te(y)} =3 — M

2Ht<g<3+t 2
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If 3+t <z <15 we have t < 12 and 3 < z —¢ < 5 which implies p.(y) = pe(z—1t) =
(x —t) — 2. Thus,

11— 1+ 38z 5—@—1&)}

max min {pe (), te(y)} = max min{

3+t<x<15 34t<x<5+t 4 2
t<12
From previous discussion, we have,
9—-V1+8t
I = —) t<12
S X min {fea(2), pe(y) } ;T i<

We have known that, when 10 <t <13,

— V148t V10 + 2t
4t < u <3 L
4 2
Thus,
V10 + 2t
flea—e(t) = 3 — T+ 10 <t <13.
Putting together, as shown in the figure 3 below we have
V1942t -3
+7 —5<t<3;
= V10 + 2t
fhea—c(t) 3 T_{_’ 3<t<13;
0, otherwise.
5 T T T T % = m = 7 ”\n
Figure 3. ca — ¢ Fuzzy number a — 1

To compute c(a — 1), we first have a — 1 as shown in the figure above, and

s(z+1), -1<z<1
fo—1(x) =4 —(x—2), 1<z<?2
0, Otherwise

It is clear we have fi,(t) = 0 whenever ¢t < —5 or t > 10. For ¢ otherwise, we have

He(a—1)(t) = maxmin{pie(2), pa—1 ()} = maxminfpe(z), a1 (t/7)}

= max{ max min {x — 2, u,_(t/z)} ) ax min{—(z —5)/2, pa—1(t/x), } }.

2<2<3
Case 1: =5 <t <2,

When 2 < 2 < 3, we know that £ < L < 1. Thus, p.(t/z) = (L + 1).
When ¢ < —2, we know £ < —1 and po—1(t/z) = 0. If ¢ > —2, from the equation
(L +1) =2 —2, we have 222 — bz —t = 0, and

54425181

IS

X
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Since x > 2, only + fits. Thus,

5—1—\/25—1—815_2_ V25 + 8t —3
4 —_— .

max min {x — 2, u,—1(t/y)} = 4

2<x<3

S5—x

When 3 < x < 5, we know t > —3, and from the equation % (% + 1) = 5% we have
22 —4x+t =0, and

44 /16 — 4
x:—26 tzzim.

Since x > 3, only + fits. Thus,

max min {(5 — 2)/2, jo_1(t/2)} = -2 +2v4_t) _ 3= 24_t.

3<z<5

It can be shown that, for —3 < t < 0, we have VZE’ZSF?’ < 3”247’5, and otherwise
when 0 <t < 2. Thus,
3—v4-—1

_) 2 ==
S V25 +8i-3 0<t<?2
4 ’ - =7

Case 2: 2 <t <3.
When 2 < z <t < 3 which implies y = £ > 1, we have 14(y) = pta—1(t/z) = 2—L.
It can be shown that 2 — £ > & — 2 whenever ¢ > 2. Thus,

Imax min {x =2, po1(t/z)} = max {r -2} =t—-2.

<1, we have :ua—l(y) - ,ua—l(t/x) = % (% + 1)

8] |+

When ¢ < 2 < 3 which implies y =

From previous discussion, we have

V25 +8t -3
Jnax min{z — 2, p,1(t/x)} = +

When ¢t < 3 < z < 5 which implies y = % < 1, we have p,—1(y) = po—1(t/z) =

1 (3 + 1). From previous discussion, we have,

2 \z
. 5—1x 3—V4—1t
T ) S

and YBE83 > SVITL > 49 Thus,

V25 + 8t -3
i 2<t<3.

:uc(a—l)<t) = Ta
Case 3: 3 <¢<5.
When 2 < x <3<t Wehaveyziz 1. FromtheequationQ—%:x—Qwe
have 22 — 4z +t = 0, and

= EVR T g vi

X
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Since x > 2, only + fits. Thus,

max min{x — 2, u,(t/x)} =2+ V4 —-t—2=+v4—t.

2<x<3

When 3 <z <t <5, we have y = % > 1. From the equation 2—% = %(5—@ we

have 22 —x — 2t = 0, and

1++/1+8t
r=———.
2
Since x > 3, only + fits. Thus,
_[5—x (t/2) 5 9 Ty 8
goed, I Ty Het ) = 2 - 1

Whentﬁxﬁ&wehaveyzﬁgl,weknow‘r”Txg(%—l—l),thus

) 5—x (t/2) 5—x 55—t
max min § —— a— xXr = Imnax = s
g Hat 2 2

t<x<5 t<x<5

and 2=v1+8t VSHSt > % > /4 —t. Thus,

9—-v1I+8t

fea—1)(t) = 2 3<t<h.

Case 4: 5 <t <10.

When 2 < x <3 <t, we have y = = > 1. From previous discussion,

8] |+

max min{x — 2, y,(t/2)} =2+ V44—t —-2=v4—t.

2<x<3

When 3 <2 <5 <t, we have y =

8 |~

> 1. From previous discussion,

)}_5—“—\/2”&_9—\/1+8t

. Hh—=x (t/
gods I T Haa (/2 2 - A

and 2=V 1+8t V41+8t > /4 —t. Thus,

9—-v1+8t
He(a—1) (t) = T+ o<t <10.

Putting together, as shown in the figure 2 below we have

(3 /4 —
¥, -5 <t <0;
V25 +8t—3
fe(a—1)(t) = +’ V=tss
9_— V41+8t’ 3<t<10;
L 0, otherwise.
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clearly that ca — ¢ # c¢(a — 1). They
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Compare Figures 3 and 2 we can see

even have different supports, although

we have proved earlier in the paper they Figure 2: ¢(a — 1)
are equivalent up to a symmetric fuzzy
number.
REFERENCES
[1] M. Mares, Computation over Fuzzy Quantities, CRC Press, 1994

2]

D. Dubois & H Prade, Fuzzy Numbers: An Overview, in Analysis of Fuzzy Information, v. 2,
Bezdek, J.C., Ed., CRC Press, Boca Raton, 1988, 3-39.

C. Peng, Distance Based Methods in Phylogenetic Tree Construction, Neural, Parallel and Sci-
entific Computations 15 (2007) 547-555.

C. Peng, Representations of Fuzzy Groups and Algebras, International Journal of Pure and
Applied Mathematics, vol 25, No. 2, 2005, 215-224.

C. Peng, A Study Note on Fuzzy Elements and Operations, Proceedings of Neural, Parallel and
Scientific Computations, vol 3, 2006, 196-202.

C. Peng, Fuzzy Number System and Its Algebraic Properties, Proceedings of Neural, Parallel,
and Scientific Computations 4 (2010) 326-331

C. Peng, Fuzzy Number System, Operations and Its Algebraic Structures, Proceedings of Dy-
namic Systems and Applications 6 (2012) 329-346

L. A. Zadeh, Fuzzy sets. Information and Contr. 8, 338-353, 1965.

L. A. Zadeh, From computing with numbers to computing with words - From manipulation of
measurements to manipulation of perceptions, Int. J. Appl. Math. Comput. Sci., Vol. 12, No. 3,
pp- 307-324, 2002.



