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ABSTRACT. The purpose of this paper is to establish some new a priori error estimates in finite
element method with quadrature for parabolic interface problems. Due to low global regularity of
the solutions, the error analysis of the standard finite element methods for parabolic problems is
difficult to adopt for parabolic interface problems. In this paper, we fill a theoretical gap between
standard error analysis technique of finite element method for non interface problems and parabolic
interface problems. Optimal L>°(H') and L°°(L?) norms error estimates have been derived for the
semidiscrete case under practical regularity assumptions of the true solution for fitted finite element
method with straight interface triangles. Further, the fully discrete backward Euler scheme is also
considered and optimal L°(L?) norm error estimate is established. The interface is assumed to be

smooth for our purpose.
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1. INTRODUCTION

Let Q be a convex polygonal domain in R? with boundary 9Q and €; C Q be
an open domain with C? smooth boundary I' = 9. Let Qy = Q\Q; be an another
open domain contained in Q2 with boundary I'UOSQ2 (see Figure 1). In Q@ = Q; UT'UQ,,

we consider the following parabolic interface problem

(1.1) uy — V- (B(z)Vu) = f(x,t) inQx (0,7]
with initial and boundary conditions

(1.2) u(z,0) =up inQ; wu(z,t) =0 on I x (0,7
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Q,

Q =T

FIGURE 1. Domain {2 and its sub domains €2;, {25 with interface I'.

and jump conditions on the interface

(1.3) =0, [o2

where the symbol [v] is a jump of a quantity v across the interface I" and n is the

] = g(z,t) along T,

unit outward normal to the boundary 0€2;. The coefficient function 3 is positive and

piecewise constant, i.e.
ﬂ(.ﬁl]) = 61 for x € QZ’, 1= 1,2

Many physical phenomena can be modeled by partial differential equations with
singularities and interfaces. Interface problems are generally those problems or differ-
ential equations in which the input data are non smooth or discontinuous or singular
across one or more interfaces in the solution domain. Parabolic equations (1.1) with
discontinuous coefficients occur in many applications such as in material sciences and
fluid dynamics. As a model, we consider non-stationary heat conduction problems in
two dimensions with a conduction coefficient 3 which is discontinuous across a smooth

interface. For a detailed references on models for interface problems, see [6, 7, 11, 15].

The standard finite difference and finite element methods may not be successful
in giving satisfactory numerical results for such problems. Hence, many new methods
have been developed. Some of them are developed with the modifications in the
standard methods, so that they can deal with the discontinuities and the singularities.
For the literature on the recent developments of the numerical methods for such
problems, we refer to [2, 14] which includes extensive list of relevant literatures.
Although a good number of articles is devoted to the finite element approximation
of elliptic interface problems, the literature seems to lack concerning the convergence
of finite element solutions to the true solutions of parabolic interface problems (1.1)—
(1.3). For the backward Euler time discretization, Chen and Zou [4] have studied the
convergence of fully discrete solution to the exact solution using fitted finite element
method. They have proved almost optimal error estimates in L?(L?) and L?(H")
norms when global regularity of the solution is low. Then an essential improvement
was made in [16]. The authors of [16] have used a finite element discretization where

interface triangles are assumed to be curved triangles instead of straight triangles
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like classical finite element methods. Optimal order error estimates in L?*(L?) and
L*(H') norms are shown to hold for both semi discrete and fully discrete scheme
in [16]. More recently, for similar triangulation, Deka and Sinha ([9]) have studied
the pointwise-in-time convergence in finite element method for parabolic interface
problems. They have shown optimal error estimates in L°(H') and L°°(L?) norms
under the assumption that grid line exactly follow the actual interface. This may
causes some technical difficulties in practice for the evaluation of the integrals over
those curved elements near the interface. In fact, in practice, the integrals appearing
in finite element approximation are evaluated numerically by using some well known
quadrature schemes. Therefore, quadrature based finite element method has been
proposed and analyzed in this work. Quadrature based finite element method for

elliptic interface problems can be found in [8, 12].

In this work, we are able to show that the standard error analysis technique
of finite element method can be extended to parabolic interface problems. Optimal
order pointwise-in-time error estimates in the L? and H' norms are established for the
semidiscrete scheme. In addition, a fully discrete method based on backward Euler
time-stepping scheme is analyzed and related optimal pointwise-in-time error bounds
are derived. To the best of our knowledge, optimal point-wise in time error estimates
for a finite element discretization based on [4] have not been established earlier for the
parabolic interface problem. The achieved estimates are analogous to the case with a
regular solution, however, due to low regularity, the proof requires a careful technical
work coupled with a approximation result for the linear interpolant. Other technical
tools used in this paper are Sobolev embedding inequality, approximation properties
for elliptic projection, duality arguments and some known results on elliptic interface

problems.

A Dbrief outline of this paper is as follows. In Section 2, we introduce some
notation, recall some basic results from the literature and obtain the a priori estimate
for the solution. In Section 3, we describe a finite element discretization for the
problem (1.1)—(1.3) and prove some approximation properties related to the auxiliary
projection used in our analysis. While Section 4 is devoted to the error analysis for
the semidiscrete finite element approximation, error estimates for the fully discrete
backward Euler time stepping scheme are derived in Section 5. Finally, a numerical

example is presented in Section 6 for the completeness of this work.

2. NOTATIONS AND PRELIMINARIES

In this section, we shall introduce the standard notation for Sobolev spaces and
norms to be used in this paper.
For m > 0 and real p with 1 < p < 0o, we use W™P(Q)) to denote Sobolev space

of order m with norm ||.||z= and in particular for p = 2, we write W™2? = H™.
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H{'(92) is a closed subspace of H™(f2), which is also closure of C§°(Q2) (the set of all
C* functions with compact support) with respect to the norm of H™(Q2) (c.f. [1]).

We shall also need the following spaces:
X = HY Q) NH* ()N H*() and Y = L*(Q) N HY(Q) N H ()
equipped with the norms

lollx = lvlla@ + [l + o]l 20

lolly = lloll2@ + lollar @) + vllar @),

respectively. For a given Banach space B, we define, for m =0, 1,

8tﬂ ) dt<oo}

H™0,T;B) = { (t) € B for ae. t € (0,7) andZ/
equipped with the norm

T — (z/ : )

We write L?(0,7;B) = H°(0,T;B). Throughout this paper, C' denotes a generic

positive constant which is independent of the mesh parameters h and k.

815)

In order to introduce the weak formulation of the problem, we now define the
local bilinear form A'(.,.) : H'(€) x H(€;) — R by

A(w,v) = | BVw-Vudzr, 1=1,2.
Q

Then the global bilinear map A(-,-) : Hi(Q) x H}(2) — R is defined by
A(w,v) = / B(x)Vw - Vodx
Q
(2.1) = Al(w,v) + A*(w,v) Yw, ve Hi(Q).

The weak form for the problem (1.1)—(1.3) is defined as follows: Find w : (0,7] —
H}(Q) such that

(2.2) (us, v) + A(u,v) = (f,v) + {g,v)r Vv € Hy(Q), a.e. t € (0,7
with u(z,0) = ue(z). Here, (-,-) and (-, -)r are used to denote the inner products of
L?(Q) and L*(T") spaces, respectively.

Regarding the regularity for the solution of the interface problem (1.1)—(1.3), we

have the following result.

Theorem 2.1. Let f € H'(0,T; L3(2)), g € HY(0,T; H2(T)) and ug € HX(Q). Then
the problem (1.1)~(1.3) has a unique solution w € L*(0,T; X)NH(0,T;Y). Further,
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forug € H3(Q)N HY(Q), f e HY(0,T;L*()), f(x,0) € HY(Q) and g = 0, solution

u satisfies the following a priori estimate

t t
/ {||ut||§ml>+||ut||%{2(92)}dssc{nut(mnipmﬁ / ||ft||%z<mds}.
0 0

Proof. The existence of unique solution can be found in [4, 15].

Next, to obtain the a priori estimate we first transform the problem (1.1)—-(1.3)

to the following equivalent problem:

For a.e. t € (0,7T], u(z,t) € H*(Q) N H*(Qy) satisfies the following elliptic

interface problem
(2.3) V- (B(x)Vuy) = fr —uy inQyy i=1,2

along with boundary condition

(2.4) up(z,t) =0 on 0Q x (0,7

and jump conditions (cf. [13])

(2.5) [ug] =0 and [ﬁ%] =0 along I

From the a priori estimate for elliptic interface problem (cf. [4]), it follows that
(2.6) el |20y + [l 20y < Clllunellz2@) + I fell 2@ }-

For any

veYN{yY:¢=0 ondQ} & [v] =0along T,

we obtain
—/ V- (81Vu)vdx — / V - (BeVu)vdx
Ql Q2
ou
=— [ fim—vds+ | 5 Vu-Vudx
T 0n 0
ou
+ / Bo—wds + GoVu - Vodr
T 811 Qs
= 61Vu - Vodr + GoVu - Vodr + / {ﬁ%v} ds
o Qo r | On
(2.7) = A(u,v) + A%(u,v).

Since [v] = 0 and [B0u/0n] = 0 along I'. Then multiplying (2.3) by such v and
integrating over €2, we have

(2.8) (ug, v) + Al (u,v) + A*(u,v) = (f,v).

Again it follows from the arguments of [13] that [uy] = 0 along I' and uy = 0 on 0€2,

and hence equation (2.8) leads to

(2-9) (uttu utt) + Al(ut, utt) + A2(Ut, utt) = (ft, utt)
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so that

¢ 1 1
/ ||Utt||%2(9)d8 + §A1(ut, Ut) + §A2(Ut, ut)
0

1 1 1 2 ‘ 2
< §A (ue(0), ue(0)) + 514 (u:(0), ue(0)) +C/O [ fell 22y ds-

Under the assumption that ug € H3(2) and f(z,0) € H(Q), we have u;(0) € HY(Q).

Therefore uy; satisfies the following a priori estimate

t t
/0 ||utt||iQ(mdssc{nut(mnip(m / ||ft||%z<mds}.

Finally, using above estimate in (2.6) we obtain

t t
/0 {elrogen, + lnlZraa s < € {||ut<o>||%p(m 4 / !Iftllizm)ds} |

Remark 2.2. Consider the following interface problems
& — V- (B@)VE) = f(z,t) inQx(0,T]
1
£(z,0) = St inQ; &(z,t) =0 on JN x (0,7

&3

€] =0, [ﬁg—n] —0 along T,

and
Yy — V- (B(x)VyY) =0 inQ x (0,7
o(,0) = %uo in Q: (@) =0 on AR x (0,T]

[¢] =0, [ﬁg—iﬂ = g(z,t) along .
Then, & 4 9 satisfies the following weak formulation
(2.10) (& + ¥, v) + A +9,v) = (f,0) + (g, 0)r Vo € Hy ().
Subtracting (2.10) from (2.2), we obtain
(2.11) (ug — & — Y, 0) + A(u — & — ¢, v) = 0.
Setting v = u — & — 1 in (2.11) and coercivity of A(-,-) leads to
lu =& = ¥l1Z2) < Cllu(0) = £(0) — B(0)||72(0)-
Finally, use the fact u(0) = £(0) + ¢(0) to have u = £ + ¢ for a.e. (z,t) € Q x (0,7].
For g € H?(0,T; H*(T")), we assume that

Y € L*(0,T; X N Hy(Q)) N H0,T; L*(Q) N H*(Qy) N H*(£y))
so that w € H'(0,T; L*(2) N H*(Qy) N H*(Qy)).
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Y E

FIGURE 2. Interface triangles K and S along with interface I'

Thus, under the assumptions ug € H*(Q)NH} (), f € HY(0,T; L*(R)), f(z,0) €
H'Y(Q) and g € H*(0,T; H*T)), solution u for the interface problem (1.1)-(1.3) is
unique and w € L2(0,T; X N HY(Q)) N HY(0,T; L*(Q) N H(Q) N H%(Qy)).

3. FINITE ELEMENT DISCRETIZATION AND
SOME AUXILIARY RESULTS

For the purpose of finite element approximation of the problem (1.1)—(1.3), we
now describe the triangulation 7, of 2. We first approximate the domain €; by a
domain QF with the polygonal boundary I';, whose vertices all lie on the interface T'.
Let Q2 be the approximation for the domain €, with polygonal exterior and interior
boundaries as 0€) and I'j,, respectively. The triangles with one or two vertices on I
are called the interface triangles, the set of all interface triangles is denoted by 7

and we write ) = UKE%*K.

We assume that the triangulation 7, of the domain 2 satisfy the following con-

ditions:

(A1): Q = Uger, K.

(A2): If Ky, Ky € T, and K; # Ks, then either K1 N Ky = () or K1 N Ky is a
common vertex or edge of both triangles.

(A3): Each triangle K € 7, is either in Q7 or QO and has at most two vertices
lying on I'j,.

(A4): For each triangle K € 7T, let rg, Tx be the radii of its inscribed and

circumscribed circles, respectively. Let h = max{Fx : K € 7,}.

Let Vj, be a family of finite dimensional subspaces of Hj () defined on 7}, consisting
of piecewise linear functions vanishing on the boundary 0f2. Further, we assume the

following inverse inequality
(31) ||Uh||H1(K) S Ch_ln'UhHLZ(K) \V/K € 7;1, Up, € Vh.

Examples of such finite element spaces can be found in [3] and [5].
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In order to approximate A(-,-), we now introduce approximate bilinear map
Ap(-,+) : HY(Q) x H'(2) — R defined as
Ap(w,v) = Z / B (x)Vw.Vvdr Yw,v € H(Q),
KeT, K

with Br(x) = 3; if K C QF, i = 1,2. To handle the L? inner product, we define the

approximation on V}, and its induced norm by

(3.2) (w,v), = Z {%meas(K)Zw(PjK)U(PjK)}7

KeT, j=1
1
and [|¢||n = (¢, ¢)7, where P/ are the vertices for the triangle K.

We now recall some existing results on the approximation A, and the inner

product which will be frequently used in our analysis. For a proof, we refer to [5] and
[7].

Lemma 3.1. For all vy, wy € V},, we have

| Alvn, wn) = An(on, wi)| < Ch > [Voull 2o | Vwn | 2.

KeT
Lemma 3.2. On 'V}, the norms ||.| 12y and ||.||, are equivalent. Further, for w,v € V},
and f € H?(Q), we have
[(w,v) = (w,v)u] < CO|lwllmyllvllme).
((f o) = (Fo)] < CPflma@llvllm ).
Let X* be the collection of all v € L*(Q) with the property that v € H?*({;) N

H?(Q2)N{ : ¢ =0 on 90} and [v] = 0 along . Since I is of class C?, thus v; = v
i = 1,2 can be extended to v; € H?(2) such that

Qi

10i ] 22 0) < Cllvill 202,

For the existence of such extensions, we refer to Stein [17]. Further, we have a C?
function ¢ in [C, B] such that (c.f. [10])

(3.3) [o(z)] < Ch?

and hence 5

B
lp(x)|dz < Ch2/ de < CIP.
C

meas(K,) = /

c

Let IT, : C(Q) — V}, be the Lagrange interpolation operator corresponding to the
space V},. Then, for K € 7;, and v € X*, we now define

0, if K C Qb

(3.4) o={ =

0, if K C Q3.

Regarding v;, we have the following approximation result
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Lemma 3.3. For any v € X*, we have
[ = vill @) + [l = villm @) < Ch(l[vllr2 @) + vl a2@2))-
Proof. For H' norm estimate, we have

v = vl o) + v = villa0,)

< Z v =il + Z {llv =il + v —vrllm i)

KeTp\T¥ KeTx
< Oh{||v][z2) + [Vl 2000}
(3.5) + ) Al = vl + v = vl -
KeTy

Here, K1 = K Ny and Ky = K N y. Again, for any K € 7, either K C Q? or
K C Qb Let K C Q! then vy = II,9; and hence, we have

v —vrllm@y = 01— Wt llm ) < 1010 — a0 ||k
(36) < ChH@lHH?(K) S ChHUIHH?(Ql)-

Again, since v € H?() and Ky C Oy with meas(K3) < Ch3, we have

lo =il < CR5 v = villwrog ¥p > 2

= Chljv — vy|lwrery) = Chllve — o1 ||wis (k)
< Ch||vy — 01 |lwre(xy) + Ch||01 — Hpdy |lwrs k)
< Ch||vy — 01 llwrs k) + Chl|oy — a0y [[wsx)
< Chl||ty — 01| g2(0) + Chl|01]| 20k
< Chl|o1|lm2e) + Chl|oa||r2@)

(3.7) < Ch([[ollzqn + 0]l H2(02)-

Then Lemma 3.3 follows immediately from the estimates (3.5)—(3.7). O

Let Y* be the collection of all w € L?(Q) such that w € H*(;) N HY() N
{¢ : ¢ =0 on 00} with [w] = 0 along I"." We now recall the elliptic projection
Ry, : Y* — V), given by

(38) Ah(Rh’U, Uh) = Al ('U, Uh) + A2(U, 'Uh) \V/'Uh eV,

Regarding the approximation properties of R, operator defined by (3.8), we have the

following results

Lemma 3.4. Let Ry, be defined by (3.8), then for any v € X* there is a positive

constant C' independent of the mesh parameter h such that

| Rrv — v|lar @) + | Bav — vl a1y < Ch([v|lg200) + 0]l #2000))-
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Proof. Coercivity of each local bilinear map and the definition of R}, projection leads

to

o= Ruvlngan, + 1o = Rl

< C{A (v — Ryv,v —vp,) + A%(v — Rpv,v — vy}
+CA (v, v, — Rpv) — CAY(Rpv, v, — Rpo)
+CA* (v, v, — Rpv) — CA%(Rpv, v, — Rpv)

= C{A (v — Rpv,v —vp,) + A% (v — Rpv,v — vp)}

+C{A} (Rpv, v, — Ryv) — AY(Ryv, vy, — Rpv)}
+C{ A% (Rpv, v, — Rpv) — A% (Ryv, vy, — Ryv)}

= C{A' (v — Rpv,v —vy) + A*(v — Rpv,v — vp)}

) —

+C{Ah(Rh'U Vp — th A(Rh’l}, Vp — th)}.

Then it follows from Lemma 3.1 and Young’s inequality that

v = Ruvl| B,y + v = Ruvll g,y
< Cllo = Bpol|mien llv = onllmiey) + Cliv = Buvll g @) l[v — vnll i g.)
+Ch||RhU||H1(Q)HUh - RhUHHl(Q)
< ellv— Ruvlling, + ?HU — vl (o) + €llv = Bavllin o,
Ch?

—||v — vh||H1(Q2) + —IIRhUHHl + €llon — Rh“”%{l(ﬂ)

Again applying the fact || Ryv|| g1 ) < C(||v]| 1@y + ||Vl a1 (0.)) and for suitable € > 0,

we have

v — th||§{1(91) + [lv - th||§{1(92) < Clv - Uh“%{l(ﬂl) + Cllv - Uh||§11(92)

+Ch2{||v||%{1(91) + ||U||§11(Q2)}-
Now, setting v, = v; and then using Lemma 3.3, we have
[o = Ruvllmr ) + [[v = Buvll sy < Ch(l|vlln2) + vl n202))-
This completes the proof of Lemma 3.4. O
Corollary 3.5. Let u be the exact solution of the interface problem (1.1)—(1.3), then

|u — Ryullgia,) + llu — Ruull g,y < Ch(l|ullg2@,) + lullg24)),

|ue — Ruue| oy + |ue — Ruul| 0,y < Ch(l|uel| g2,y + llull m2(0,))-

Proof. As u, u; € X*, the result follows immediately from the previous result. O
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Lemma 3.6. Let R;, be defined by (3.8), then for any v € X* there is a positive

constant C' independent of the mesh size parameter h such that
[Rpv = vl 20y < CR*([[0]lm200) + [0l 2(00))-

Proof. For L? norm error estimate, we will use the duality argument. For this purpose,

we consider the following interface problem
-V - (6V¢) =v— Rpv

with the boundary condition ¢ = 0 on 02 and interface conditions [¢] = 0, | g—f’l] =0

along I'.
Now multiply the above equation by w € Y* and then integrate over €2 to have
(3.9) AN, w) + A%(¢,w) = (v — Ryv, w).

Let ¢, € V}, be the finite element approximation to ¢ defined as: Find ¢, € V), such
that

(310) Ah((bha wh) = (U — th, U}h) Ywy, € V.
Arguing as deriving Lemma 3.4, it can be concluded that

¢ = onllmr@y + 19— onllaie,
< CO(ll¢ — wnllgr ) + 10 — wrllmr @)
FCh(||] 20y + |9l H202)) Vi € Vi
Let ¢ be defined as in (3.4) and then set wy, = ¢; to have
16 = Snllmen) + |6 — dullmeny < ChUlllm2@)) + 19l a2()
< Chllv — Rpvl|r2(0)-

In the last inequality, we used the elliptic regularity estimate ||¢||x < Cljv—Ryv||12(q)
(cf. [4]). Thus, we have

(3.11) |6 — énll ) < Chllv — Ryv||2(q)-
Since [v — Ryv] = 0 along T and v — Rpv € L2(Q) N HY Q) N H () N {y : ¢ =
0 on 00N}, therefore we can set w = v — Rpv in (3.9) to have

lv— RhU||2L2(Q) = AY(¢,v — Ryv) + A*(¢,v — Ryv)

= AY¢ — ¢n,v — Ryv) + A*(¢ — ¢n, v — Ryv)

+{ A (dn, v — Rpv) + A*(¢n, v — Ryv)}
Cll¢ — éullar @ llv — Ruvll gy
+C|o — bnll a1 )|V — Buvl| o)
+{ A (dn,v) + A%(dn,v)} — {AY(6n, Riv) + A*(dn, Rpv)}

IN
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< Chllv = Ryvllr2@) - Ch([|[v]l 200y + 0]l H2(02))
+Ap(Byv, ¢n) — A(Byv, ¢n)
= Ch|lv = Rpol 2@ ([0l 200) + 0] 52(02))
+{An(Rpv, o) — A(Rpv, é1)}
(3.12) = Ol = Ryl 2@ ([0l m200) + [0l 20)) + ()

Now, we apply Lemma 3.1 to have

(D] < Ch Y IRwolla ol énll e

KeTy

Ch Z | Rnvll mr gl Ol m o)

KeTs
+Ch Z | Rnvll m g | 0n || e (50
KeTs

(3.13) = (Dt ()

IA

Again, using Corollary 3.5 and estimate (3.11), we have

| Bnvll 5 () | onll 0 ()
< AllBrv = vllmx,) + ol i) Hllon — Sl i) + 9llm )t
< A{llBrv = vl @) + 0212 (1) Hlon = Ol mr100) + ([0l 560) }
< C{hllvll a2y + Rllvllr20,) + [|02]l )}

(3.14) x{hllv = Rpvllr20) + |9l m ) }-

Setting p = 4 in the Sobolev embedding inequality (cf. [17, 18])

(3.15) 0]l Lo i) < CP2 [0l maeyy Yo € HY(K), p> 2

and further, using Holder’s inequality, we obtain

1Dallmrrrey = N02llezxy + (V02| L2

1. . 1 -
Ch2 ||Da|| oy + Ch2 || Vo || sy

IA

IN

1, . 1 -
Ch2 |0 1y + Ch2 || Vo g sy

1 1
(316) ChEHUQHHZ(K) < Ch> ||U2||H2(Q2),

IN

where we have used the fact that meas(K) < Ch?. Similarly, for ||¢|| s k), we have
(3.17) |6l < ChEllllx < ChE v — Ryvl| 2.
Combining (3.14)—(3.17), we have

| Rnvl| 1 (50) | @m0 (56)

< Ch{ vl sy + vl m200) HIv — Rav|l22()-
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Therefore, for (J),, we have
(3.18) (D)2 < Ch*{|vll ) + vl 200 Hiv — Ruvll o)
Similarly, for (J);, we have
(3.19) (D < Ch¥{{vll ) + vl a2c00) Hiv — Ruvll 2.
Then, using the estimates (3.18) and (3.19) in (3.13), we have
(3.20) ()] < CR?|lv = Ryl 20y (0]l m2(0) + 0] a2(0,))-
Finally, (3.12) and (3.20) leads to the following optimal L? norm estimate
lv = Rpollr2) < CRA([vllaze) + [0l 2(02))-
This completes the rest of the proof. O
Corollary 3.7. Let u be the exact solution of the interface problem (1.1)—(1.3), then
lu = Ryullra) < CR?|lullx,

Jue — Ryl r2) < CR?(||uellmzoy) + el mr2(,))-

Let g € V}, be the linear interpolant of g given by
mp,
g =Y g(P;)®",
j=1

where {<I>;L i is the set of standard nodal basis functions corresponding to the nodes
{P;}j on the interface I'. Following the argument of [4] it is possible to obtain the

following approximation property of g, to the interface function g.

Lemma 3.8. Let g € H*(T'). If Q3 is the union of all interface triangles then we

have
/gvhds—/ gh’UhdS
r Iy,

Proof. 1t follows from [4, page 186] that

/gvhds—/ ghvhds
r Iy,

< Ch2Hg||H2(1")H’Uh“Hl(Q;) + Ch3/2||gHH2(p)||Uh||L2(Qlt) Yo, € V).

< Ch|gllmzylonlla ) Yon € Vi

Arguing as in (3.16), we obtain

lonllzzesy = D llonllzea
KeTy:
< ChY2 Y onllza < CR2Jonll oz

KeTy
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The desire result follows immediately from the above two estimates. This completes
the proof. O

4. ERROR ANALYSIS FOR THE SEMIDISCRETE SCHEME

In this section, we discuss the semidiscrete finite element method for the problem

(1.1)—(1.3) and derive optimal error estimates in L? and H' norms.

The continuous-time Galerkin finite element approximation to (2.2) is stated as
follows: Find wy, : [0, 7] — V}, such that u,(0) = Rpue and

(4.1) (Unt; vr)n + An(un, vr) = (f,on)n + (gn, vn)r, Von € Vi, t € (0,77

Write the error e(t) = u —up, = u — Ryu+ Ryu —up = p+ 0, with p = u — Ryu
and 0 = Rpu — uy. Again, using (3.8) for v = v € X* and further differentiating with

respect to t, we have
Ap(Rpu)g, vp) = A (ug, vp) + A% (uy, vp).
Also,
Ap(Rpug, vp) = A(ug, vy) + A (ug, vp).
From the above two equations, we have
Ah((Rhu)t — Rhut,vh) =0 Y, € V.

Setting v, = (Rpu); — Rpuy in the above equation, we obtain (Rju); = Rpuy.

Now, by the definition Rj, operator, (2.2) and (4.1), we obtain

(O, vn)n + An(0,v) =

((Rpu)t — upt, vp)n + Ap(Rpu — up, vp,)
= (Rpug, vp)n + An(Rpu, vp) — (Une, vn)n — An(un, vp)
(

Ry, vp)n + A(w,vp) — (f, vn)n — (Ghs vn)1,
= {(Rpug, vn)n — (Rpug, vn) } + {(f,on) — (s on)n}
+{<gv Uh>r - <gh7 Uh>rh} + <_pt7 Uh)'

For v, = 0, we have

6,00+ ClOH ) < CR*|[Ryulla o |0]l ) + CRP| fll 2@ 101l )

+CR gl 101 ) + Clleell 2@ 101l 2o

< Ce<llﬂt||i2(m + B[ Rhuellip o) + 1/ 720

+||g||i,zm}) OO0,
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Here, we have used Lemma 3.1 and Lemma 3.8. Integrating the above equation from

0 to t and using Corollary 3.7, we obtain

t 2
(4.2) (10720 < Ch4/0 <Z el Fra gy + 1) + ||9||%{2(r))d5-
=1

Now, combining Corollary 3.7 and (4.2), we have the following optimal pointwise-in-

time L?-norm error estimates.

Theorem 4.1. Let u and uy be the solutions of the problem (1.1)~(1.3) and (4.1),
respectively. Assume that uy(0) = Ryug. Then there exists a constant C' independent
of h such that

t 2
le@®)llr2@ < Ch* [HUHX + (/0 {Z el 720y
i=1
3
o+ ol ) ] |

For H'-norm estimate, we first use Corollary 3.5 to have

2 2

(4.3) D e @y < Ch Y~ lullmz):
i=1 i=1

Applying inverse estimate (3.1), we obtain

10 o) < CRTHO@) 2@

t 2
< Ch'w? [/0 (Z w2y + 1 2y + ||9||§12(r))d3]
=1

t 2 %
(4.4) = Ch [/0 (Z ||utH§{2(Qi) + Hf||%12(9) + HgH%{Z(F))d‘S]
=1

Combining (4.3) and (4.4), we have the following optimal pointwise-in-time H'-norm

1
2

error estimates.

Theorem 4.2. Let u and uy be the solutions of the problem (1.1)~(1.3) and (4.1),
respectively. Assume that up(0) = Rpug. Then there exists a constant C' independent
of h such that

t 2
le@)m @) < Ch[]|u!|x+</0 D e,
=1

1
2
1y + 9l s ) ] .
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5. ERROR ANALYSIS FOR THE FULLY DISCRETE SCHEME

A fully discrete scheme based on backward Euler method is proposed and ana-
lyzed in this section. Optimal L? norm error estimate is obtained for fully discrete
scheme.

We first partition the interval [0,7] into M equally spaced subintervals by the

following points
O=to<ti < --- <ty =T

with ¢, = nk, where k = % be the time step. Let I, = (t,-1,t,] be the n-th
subinterval and ¢™ = ¢(t,). For a given sequence {¢"} M C L?(Q), we now introduce

the backward difference quotient as

n __ 4n—1
g =T

The fully discrete finite element approximation to the problem (2.2) is defined as
follows: For n =1,..., M, find U™ € V}, such that

(5.1) (AU up)n + Ap(U" vp) = (f",vn) + (g1, vn)r, Yop € Vy

with U° = Rjug. For each n = 1,..., M, the existence of a unique solution to (5.1)
can be found in [4]. We then define the fully discrete solution to be a piecewise

constant function U, (z,t) in time and is given by
Up(z,t) =U"(x) Vtel,, 1<n<M.
We now prove the main result of this section in the following theorem.

Theorem 5.1. Let u and U be the solutions of the problem (1.1)—(1.3) and (5.1),
respectively. Assume that U° = Ryug. Then there exists a constant C independent of
h and k such that

[U (tn) — u(tn)l 20
2
< C(h*+ k){HUOHH?(Q) + g1+ llueell 20,22 + D ||ut!|L2<o,T;H2<m>)}-
i=1

Proof. We write the error U" — u™ at time t,, as
U —u" = (U" — Rpu") + (Rpu” —u") =: 0" + p"
where 6" = U" — Ryu™ and p" = Ryu" — u".
For 6™, we have the following error equation
(ARO™, vp)p + An(0™, 1)
= (—AgRpu" + AU™ vp)p + Ap(—Rpu”™ + U™, vp)
= (ALU™, vp)p + Ap(U™, vp) — (A Rpu™, vp)p — Ap(Rpu™, vp)
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I um) + (g, vn)r,, — (ApRpu™, o) — A(u™, vp)
[ vn) + {9y, vn)r, — (ArRpu™, vp)n
+(ug',vn) = (f",vn) = {g", vn)r
=: —(w",vp) + {(AxRpu", vp) — (AR Rpu™, vp)p }
(5.2) +{{

(
= (
Ih»vn)r, — (9", vn)T},

where w" = ApRpu™ — uy. For simplicity of the exposition, we write w" = w} + w?,

where wi = RpAgu" — Agu™ and wh = Agu”™ — uy.

Now, setting v, = 0" in (5.2), we have

(A", 0" + Ap(07,6") = —(w",6) + {(ApRpu™, 0") — (ApRyu™, 6%)1)
(53) +{<gi7’ 6m>f‘h - <gn’ 6m>F}

Since Ap,(0",0") > C||0"]|%1 g, we have

_ 1 n
107|120y < kllwllz2@) + 10" 2(0) + CR* k2 || Ry Aru™ || o)
Lin
+Ch2k2”g ||H2(F)

< Ol + B lwillze + kD w2
j=1 j=1
I — ; I — -
+CRk2 Y wllla @) + ChE2 Y ([ A |10y
j=1 j=1

1 n
(5.4) +CRk2 ||| 9",
with [||g"(|] = maxi<;j<u 19| || 2(r)-

In Qy, the term w! can be expressed as
'LU{ = RhAku{ — Aku]l = (Rh — I)(Aku]l)

1" I
= (Rh — I)E / Ul,tdt = E / (Rhuu — uLt)dt,
t t

j—1 j—1

where u;, ¢ = 1,2 is the restriction of v in {; and u,; = %Ti".

An application of Corollary 3.7 leads to
bluflzay < O [
-1

tj

2
{Z ||ut]|H2(Qi)}dt.
i=1

Similarly, we obtain
bluflizon < O [
i—1

tj

2
{Z ||ut]|H2(Qi)}dt.
i=1



494 B. DEKA, R. K. SINHA, R. C. DEKA, AND T. AHMED

Using above two estimates, we have

(5.5) anwlnmwh? / {Znutnﬂz Lt

Similarly, for the term w?, we have

tj
kw) = v/ —ui™! — kul = —/ (s —tj_1)upds
ti—1

j—

and hence

. t;
Klwdll sz < k / el 2 ds.

tj—1

Summing over j from j = 1 to j = n, we obtain

(5.6) anwznmwk I {ZHutth it

Arguing as in (5.5), we obtain

n tn 2
(5.7) £ el < Ch [ {3 sl e
j=1 i=1

Combining (5.4)—(5.7) and using the fact that

n tn 2
£ 18 ey < € {3 el e
j=1 =1

we obtain

10" 2 < C(h* + k)

2
(5.8) X [Z {HutHLQ(O,T;H?(Qi)) + HuttHL?(O,T;L?(Qi))} + H|9nH|]-

i=1

An application of Corollary 3.7 for p™ yields

2
lo" 2@ < OB Y llu"ll 20,

i=1
Again, it is easy to verify that
tn
ooy < Nl + [ o
0
Thus, we have

2
(5.9) 10" 22y < Ch2{||u0||H2(Q) + Z ||ut||L2(0,T;H2(Qi))}'
i—1

Combining (5.8) and (5.9) the desired estimate is easily obtained. This completes the
proof. O
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TABLE 6.1. Numerical results for the test problem (6.1)—(6.3).

h Ju — Uh||L2(Q)

1/8 |2.06247 x 1073
1/16 | 5.28838 x 1074
1/32 | 1.36298 x 1074
1/64 | 3.47701 x 107°

6. NUMERICAL RESULTS

In this section, a numerical example is considered for the completeness of this
work. We take for the domain the rectangle 2 = (0,2) x (0,1). The interface occurs
at # = 1so that Q; = (0,1) x (0,1), Qs = (1,2) x (0, 1) and the interface I' = Q; N Q.

Consider the following parabolic boundary value problem in :

(6.1) w—V-(BVu)=f in Qx(0,1], i=1,2,
(6.2) u(z,y,0) = uog(x,y) inQ, u(z,y,t) =0 on IN x (0,1]
(6.3) uilr = uplr, (B1Vur-ny)|r + (BVuy - my)|r = 0,
where n; denotes the unit outer normal vector on §2;, i = 1, 2. For the exact solution,
we choose
ui(z,y) = ™ sin(mz) sin(my) in Qp x (0, 1]

and

uy(x,7y) = —esin(27x) sin(my) in Qy x (0, 1].

Then the source function f and the initial data ug are determined from the choice for
uy and uy with 81 =1 and [y = %

For our numerical results, globally continuous piecewise linear finite element func-
tions based on the triangulations of €) as stated in section 3 were used. The L?-norm
and H'-norm errors at ¢t = 1/130 for various step size h are presented in Table 6.1
for the fully discrete solution. The convergence rates are found to be within our

expectation.
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