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1. Introduction

In recent years, much attention have been given to solve the initial and bound-
ary value problems, which have applications in various branches of pure and ap-
plied sciences. The concept of differential transform was first introduced by Zhou
[13], to solve linear and nonlinear initial value problems in electric circuit analy-
sis. Abdel-Halim Hassan [1] studied the differential transformation method which
is an analytical-numerical method to solve the higher order initial value problems.
Arikoglu and Ozkol [3] extended the solution of boundary value problems for integro-
differential equations by using differential transform method. Allahviranloo et al.
[2] extended the differential transformation method for solving the fuzzy differential
equations. They have used the concept of generalised H-differentiability. Mikaeil-
vand and Khakrangin [8] provided the two-dimensional differential transform method
to solve fuzzy partial differential equations. Recently, Salahshour and Allahviranloo
[12] studied the solutions of fuzzy Volterra integral equations with separable kernel by
using fuzzy differential transform method. In last few years, considerable effort has
been made in the development of fuzzy boundary value problems. Bede [4] proved that
the fuzzy two-point boundary value problem is not equivalent to the integral equation
expressed by Green’s function under Hukuhara differentiability in the fuzzy differen-
tial equations and using fuzzy Auman-type integral in the integral equation. Also,
Bede and Gal [5] introduced the weakly generalized differential of a fuzzy number

valued function. Khastan et al. [7] presented a generalized concept of higher-order
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differentiability for fuzzy functions. Satio [11] gave a new representation of fuzzy
numbers with bounded supports and proved that fuzzy number means a bounded
continuous curve in the two-dimensional metric space. Under this new structure and
certain conditions, Prakash et al. [9] presented the solution of third order three-point
fuzzy boundary value problem by means of Green’s function. However, it should be
emphasized that most of the works in this direction are mainly concerned with the
fuzzy initial value problems and there has been no attempts made to study the fuzzy
boundary value problems by using the differential transform methods. In this paper,
we use the differential transform method for solving second order two-point and third
order three-point fuzzy boundary value problems and carry out the comparison with

the exact and numerical solutions.

2. Preliminaries

Let us denote by Rp the class of fuzzy subsets v : R — [0, 1], satisfying the

following properties:

1. w is normal, that is, there exist xy € R with u(xy) = 1.

2. u is convex fuzzy set, that is,
uAz+ (1= Ny) > min{u(z),u(y)}, Yo,y € R, VA € [0,1].

3. u is upper semi-continuous on R.

4. {x € Rlu(x) > 0} is compact, where A denotes the closure of A.

Then Rp is called the space of fuzzy numbers. For 0 < r < 1, set [u]” = {s €
R|u(s) > r} and [u]® = cl{s € R|u(s) > 0}. Then the r- level set [u]" is a non-empty
compact interval for all 0 < r < 1. The following Theorem gives the parametric form

of a fuzzy number.

Theorem 2.1. The necessary and sufficient conditions for (u(r),u(r)) to define the

parametric form of a fuzzy number are as follows:

1. u(r) is a bounded monotonic increasing (non-decreasing) left-continuous function
Vr € (0,1] and right-continuous for r = 0.

2. u(r) 1s a bounded monotonic decreasing (non-increasing) left-continuous function
Vr € (0,1] and right-continuous for r = 0.

3. u(r) <u(r), 0<r<1.

We refer to u and u as the lower and upper branches on u, respectively. For u € Rp,
we define the length of u as: len(u) =@ —u. A crisp number « is simply represented
by (r) = u(r) =a (0 <r <1)is called singleton. For u,v € Rp and a € R, the

sum u + v and the scalar multiplication au are defined by

utv = ((ut)(r), (wt+o)(r)) = (ulr) +olr),wlr) +0(r)),
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(au(r), au(r)), a =0,
o =
atu(r),au(r)), a<0.
For u,v € Rp, we say u = v if and only if u(r) = v(r) and u(r) = v(r).
The metric structure is given by the Hausdorff distance D : Rp x Rp — R, U{0}, by

D(u,v) = sup maz{|u(r) —u(r)], [a(r) —o(r)]}.

Definition 2.2. Let z,y € Rp. If there exists z € Rp such that x = y + 2 then z is
called the H-difference of x,y and it is denoted x © y.

In this paper the sign “©” stands always for H-difference and x © y # x + (—1)y in
general. Usually we denote x+(-1)y by x-y, while  © y stands for the H-difference.

Definition 2.3. Let F' : [a,b] — Rp for some a,b € R and fix t5 € (a,b). If
there exists an element F'(ty) € Rp such that for all A > 0 sufficiently near to 0,
F(to+ h) & F(ty), F(ty) © F(ty — h) exist and the limits (in the metric D)
lim F(to+h) © F(to) and Lim F(t) © F(to — h)
h—0+ h h—0+ h
exist and equal to F”(¢y), then F said to be (1)-differentiable at ¢y, and it is denoted
by DiF(to). If for all h > 0 sufficiently near to 0, F(tq) © F(to+h), F(to—h)o F(to)
exist and the limits (in the metric D)
i DU Ftoth) o Flla =W S Flte) _
h—0+ —h h—0+ —h

exist and equal to F'(ty), then F'is said to be (2)-differentiable at t, and it is denoted
by DIF(ty). If ty is the end points of I, then we consider the corresponding one-sided

derivative.

Theorem 2.4 ([7]). Let F : [a,b] — Ry and let F(t) = (f(t,r), g(t,r)) for each
r e [0,1].

1. If F is (1)-differentiable then f(t,r) and g(t,r) are differentiable functions and

DIF(t) = (f'(t.r).g'(t,7)).
2. If F is (2)-differentiable then f(t,r) and g(t,r) are differentiable functions and

DyF(t) = (g'(t,r), f'(t,7)).

Definition 2.5. Let F' : [a,0] — Rp and let n,m € {1,2}. If D.F exist on a
neighborhood of ¢y as a fuzzy number valued function and it is (m)-differentiable at
to as a fuzzy number valued function, then F is said to be (n,m)-differentiable at
to € [a,0] and is denoted by D2 F(t).

Theorem 2.6 ([7]). Let F : [a,b] — Rp, DIF : [a,b] — Rp and DIF : [a,b] — Rp
and let F(t) = (f(t,r),g(t, 7)) for each r € [0,1].
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1. If D{F is (1)-differentiable, then f'(t,r) and ¢'(t,r) are differentiable functions
and DY | F(t) = (f"(t,r), g"(t,7)).

2. If DIF is (2)-differentiable, then f'(t,r) and ¢'(t,r) are differentiable functions
and D7 ,F(t) = (¢"(t,7), f"(t,7)).

3. If DYF is (1)-differentiable, then f'(t,r) and g'(t,r) are differentiable functions
and D3 F(t) = (¢"(t,r), f"(t,7)).

4. If DIF is (2)-differentiable, then f'(t,r) and ¢'(t,r) are differentiable functions
and D3, F(t) = (f"(t,r), g"(t. 7).

Definition 2.7. Let F' : [a,b] — Rp and let n,m,l € {1,2}. If D)F and D2 F
exist on a neighborhood of t; as fuzzy number valued functions and D} F' is (I)-
differentiable at ¢y as a fuzzy number valued function, then F is said to be (n,m,[)-
differentiable at to € [a,b] and it is denoted by D3 F(to).

Theorem 2.8 ([7]). Let F' : [a,b] — Rp, D)F : [a,b] — Rp, D2 F :[a,b] — Rp
forn,m € {1,2}and let F(t) = (f(t,r),g(t,r)) for each r € [0,1].

L. If D} | F is (1)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and DY, F(t) = (f"(t,r), 9" (t,7)).

2. If D} | F is (2)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and D§,1,2F(t) = (gm(tv T)u f”/<t7 T))

3. ]fDiQF is (1)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and DYy, F(t) = (¢"(t,7), f"(t,7)).

4. If D}, F is (2)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and DY, F(t) = (f"(t, 1), 9" (t,7)).

5. If D3\ F is (1)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and Dg,l,lF(t) = (gm<t7 T)u f”/(tv T))

6. ]fDilF is (2)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and D3, ,F(t) = (f"(t, 7). 9" (t.7)).

7. If D3 ,F is (1)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and D3, F(t) = (f"(t.r), 9" (t,7)).

8. If D3 ,F is (2)-differentiable, then f"(t,r) and g"(t,r) are differentiable functions
and D3, ,F(t) = (¢"(t,r), f"(t,7)).

Remark 2.9. A fuzzy number valued function F' on [a, b is said to be (1)-differentiable
(or (2)-differentiable) of order k (k € N) on [a,b] if F® is (1)-differentiable (or (2)-
differentiable) for all for s = 1,...,k. In this paper we only consider this kind
of function. Let y be a solution of a fuzzy differential equation of order s. If
y is (1) differentiable, then y(t) = (y(t,7),y(t,r)). If y is (2) differentiable, then

y(t) = (y(t,r),y(t,r)) if s is even and y(t) = (Y(t,r),y(t,r)) if s is odd. In the next

section we calculate 7(t,7) and y(t,r) by using differential transform method.
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3. The Differential Transform Method

Definition 3.1. If y : [a,b] — Rp is differentiable of order k£ in the domain [a, b,
then Y (k,r) and Y (k,r) are defined by

Y(k,r) = M(k) [d’“g(t,r

dtk

Y(k,r) = M(k) [d’“?WLZO

~
[—
~+

Il
=)

k=0,1,2,...

dtk

dky(t,r) t=0 k — 1, 37 5, e
Jom

and
dRy(t,r)
Y(k,r) :M(k>[ %tk L—O k—
_ - P —0,2,4,...
Vk,r) =Mk |2582]

when y is (2)-differentiable. Y, (k,r) and Y;(k,r) are called the lower and the upper

spectrum of y(t) at ¢ = ¢; in the domain [a, b] respectively.

If y is (1)-differentiable, then y(¢,r) and 7(t,r) can be described as

[e.e]

(t— ti)’“ Z(k;, T)

_ > (t— t k: ,T)
(t,r) = .
) = 35S

If y is (2)-differentiable, then y(t,7) and g(¢,r) can be described as

B = (t—t)Y (k,r) = (t—t)F Y (k)
y(tr) = (Z W M) 2 h M(k))’

k=1,odd k=0,even
t =
gl ) < 2. M) T 2 h M) |
k=1,odd k=0,even

where M (k) > 0 is called the weighting factor. The above set of equations are
known as the inverse transformations of Y (k,7) and Y(k,r). In this paper, the

transformation with M (k) = J; is considered. If y is (1)-differentiable, then

Y(k,r) = '[%y(t,r)}

1

Y i
(3.1) =0 k=0,1,2,....
. [dky(t 7“)}

t=0



64 P. PRAKASH, J. J. NIETO, N. UTHIRASAMY, AND G. S. PRIYA

If y is (2)-differentiable, then

Y(kr) =4 _d—?(tﬂ')
?(k ) Ii! f;: ( )=t:0 ]{;:1’3,5,....
r) =g arylr
(3.2) 1| ar 1~
Y(k,r) =g |awylt.r)
— 1 _dk 11=0 k:072747""
Y(k,7) =4 | 5% (t,r)_ 0

Using the differential transformation, a differential equation in the domain of interest
can be transformed to an algebraic equation in the domain {0,1,2,...} and y(t,7)

and 7(t,r) can be obtained as the finite-term Taylor series plus a remainder, as

n

ylt,r) =Y (t—to)Y (k) + Rupa (),
(3.3) ko0
glt,r) =Y (t—to)*Y (k) + Rupa (D),

k=0

when y is (1)-differentiable and

n n

y(t,r) = > (t—t) Y (k) + Y (t—to) Y (k) + Rupa (1),
(34) k:17£0dd k:O;Leven
glt,r) = > (t—t)Y(kr)+ Y (t—to) Y (k) + Rupa(t),

when y is (2)-differentiable. From Definition 3.1, it is easily proven that the transfor-

mation function have basic mathematics operation shown in Table 1.

TABLE 1. The fundamental operations of one-dimensional differential

transform method

Original function  Transformed function

c(t) = u(t) £o(t) C(k) =U(k) £ V(k)

c(t) = au(t) C(k) = aU(k), where « is a constant
ct) = 240 C(k) = (k+ 1)Uk +1)

c(t) = Lol Ck)y=(k+1D(k+2)..(k+r)Uk+7)
o) =ulth(t)  Ck) =, Ur)V(k—r)

c(t)y =tm C(k) =0(k —m)

c(t) = e C(k) =2

c(t) = sin(wt +a) CO(k) = < sin(ZE + )

c(t) = cos(wt+ ) C(k) = “k—lf cos(ZF + a)
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4. Two-point fuzzy boundary value problem

In this section, we discuss the second order two-point fuzzy boundary value prob-

lem of the form,

(4.1) y'(t) = f(ty(), v (1))

y(a) =4, yb) =B,
where t € [a,b], A € Rp, B€ Rp and f € C([a,b] x Rp x Rp,Rp).

Definition 4.1 ([6]). Let y : [a,b] — Rp and let n,m € {1,2}. We say y is a
(n,m) solution for problem (4.1) on [a,b], if D}y and D? vy exist on [a,b] as fuzzy
number valued functions, D7 y(t) = f(t,y(t), Dyy(t)) for all t € [a,b], y(a) = A and
y(b) = B.

Definition 4.2. Let n,m € {1,2} and let I; and be an interval such that I; C [a,b].
Ify: 1U{a,b} — Rp, D}y and D}y exist on I; as fuzzy number valued functions,
D2 y(t) = f(t,y(t), Dyy(t)) for all t € Iy, y(a) = A and y(b) = B, then y is said to
be a (n,m) solution for the boundary value problem (4.1) on I; U {a, b}.

Remark 4.3. I; may or may not contains {a, b}.

The derivatives of type (1) or (2), we may replace the fuzzy boundary value problem
by the following equivalent system. For r € [0, 1],

(4.2) y'(tr) = fQy(tr),y'(tr),y(tr), 7t r))
yla,m)=A, yb,r)= A
g'(tr) = f(ty(t.r).y'(t,r), 5t ), 7 (tr)
y(a,7) =B, yb,r)=B

For any fixed r € [0, 1], the system represents an two-point boundary value problem,
to which any convergent classical numerical procedure can be applied. We proposed
a differential transformation method for solving the problem. Taking the differential
transformation of (4.2), the transformed equation describes the relationship between

the spectrum of y(t), 3/(t) and y"(t) as

(k+1)(k+2)Y(k+2,r) =
(k+1)(k+2)Y(k+2,7r) =

and
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(k+1)(k+2)Y(k+2,r) =FtY(kr),Y (k7)Y (k)Y (k)
(k+1)(k+2)Y(k+2,7r) =FtY(kr),Y (k7). Y(kr),Y (kr),
k=0,24,

when y is (1) and (2)-differentiable respectively, where F(-) and F(-) denote the
transformed function of f(t,y(t,r), y'(t,r), y(t,r), ¥ (t,r)) and f(t,y(t,r), ¥'(t,7),
y(t,r), ¥ (t,r)) respectively.

5. Three-point fuzzy boundary value problem

In this section, we discuss a third order three-point fuzzy boundary value problem

of the form

(5.1) y"(t) = fty().y'(1),y" ()

yla) =4, yl)=0, yb) =B,

where t € [a,b], a <c<b, A€ Rp, BERp, C €Rpand f € C([a,b] x Rp x Rp X
RF7RF)'

Definition 5.1. Let y : [a,b] — Rp and let n,m,l € {1,2}. We say y is a
(n,m, 1) solution for problem (5.1) on [a,b], if D}y, D7,y and D3y exist on [a, b],
D3 (t) = F(t,u(0), Dhy(t), D2,.y(t)) for all £ € [a,b], y(a) = A, y(c) = C and
y(b) = B.

Definition 5.2. Let n,m,[ € {1,2} and let I; and be an interval such that Iy C [a, b].
Ify:I,U{a,c,b} = Ry, Dy, Dy yand D}y exist on I as fuzzy number valued
functions, D} . y(t) = f(t,y(t), Dyy(t), D} ,y(t)) for all t € I, U {a,c,b}, y(a) = A,
y(c) = C and y(b) = B, then y is said to be a (n,m,![) solution for the boundary
value problem (5.1) on Is.

Remark 5.3. I, may or may not contains {a, ¢, b}.

If the derivatives of type (1), we may replace the fuzzy boundary value problem

by the following equivalent system.

y 't r) = f(ty(tr), g (8 ), y" (&), u(E ), ¥ (&), 57 (¢, ),

7" (t,r) = f(t, y(t,r),y't,r),y" (t,r), gt r), 7t r), 7 (tr),
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for r € [0,1]. If the derivatives of type (2), then we get
y"(t,r) = Flty(t,r), g (tr), y" (6 r), 3t ), 7 (), 7' (t ),
yla,7)=A, yb,r) =B, yl,r)=C,

g'(tr) = fylt ),y ),y (), gt ), 7 @), 7" ),
y(a,r):z, y(b,T)IE, y(C,T’):U,

<

for r € [0,1]. Taking the differential transformation of above parametric representa-

tion of (5.1), the transformed equation describes the relationship between the spec-
trum of y(t), y'(t), y"(t) and y"(t) as
(k+1(k+2)(k+3)Y(k+3,r) = FtY(kr),Y'(kr),Y" (k1)

(k+D)(k+2)(k+3)Y(k+3,7) = F@t,Y(kn),Y (k7)Y (k7))

(k,r), Y (k,7), Y (k, 7))
(k,r), Y (k,7), Y (k,7)),

for k =0,1,2,3,... when y is (1) differentiable and when y is (2) differentiable, we
get

Y
Y

(k+1)(k+2)(k+3)Y.(k+3,r) =F(t,Y(k,r),Y (k7),Y"(k7),Y (k7)Y
(k+1)(k+2)(k+3)Y(k+3,7) E(t, Y
for k=1,3,5,... and

/ -/

(k+1D)(k+2)(k+3)Y(k+3,7) =FtY(kr),Y (k,r),Y"(k,r),Y(kr),Y (k7)Y (k7))
(k+1)(k+2)(k+3)Y (k+3,7) =FtY(k,r),Y (k)Y (k7)Y (k7)Y (k7)Y (k,7)),
for k= 0,2,4,..., where F(.) and F(.) denote the transformed function of

Syt ),y (8 7).y (8 7). 5(t,r), 7 (), 7" (t,r)) and

Fltytr),y' ),y (¢ r), 5t ), 7 (t,7),7"(t,r)) respectively.
6. Numerical examples

Example 6.1. Consider the following second order two-point fuzzy boundary value

problem

y"(t) =2(r—1,1—-r),
y(0) = %(r -1,1-r), y(1)= %(r —1,1—r).

If y is (1) or (2)-differentiable, then (6.1) can be written as

(6.1)

(6.2) y'/(t,r) =2(r—1), 7'(t,r)=2(1-r),
with boundary conditions

Q(OJ’) = é(’f’ - 1)7 y(o,'f’) = é(l - T)v
y(lﬂ’) = %(T - 1)a y(]_,’f’) = %(1 - T)‘
If y is (1)-differentiable, the differential transformation of (6.2) becomes
(k+1)(k+2)Y(k+2,7r) =2(r—1)0(k—0)
(k+1D)(k+2)Y(k+2,7) =2(1—7)d(k—0)

(6.3)

(6.4) , when £=0,1,2,...
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From (3.1) and (6.3) we get,

(6.5)

where ay(r) = y'(0,7) and by(r) = 7'(0,7). By recursive method and substituting
(6.5) into (6.4), we get

Y(2,7)
()

(6.6)

—-1,Y(2,r)=1—7r
Y (k,r

T
0, (k,r) =0, for k > 3.

)~<

Substituting all Y, Y in (6.6) into (3.3),

(6.7)

Q| 0ol
/N

ay(r) and by (r) are evaluated from the boundary conditions given in (6.3) at ¢ = 1 as

follows

(6.8) y(t,r) = (%(r — 1)(8t* — 6t + 1), %(1 —7) (8% — 6t + 1))

Theorem 2.1, we see y(t,r) in (6.8) represents a valued fuzzy number when 8t2 — 6t +

1 > 0. Hence (6.8) represents fuzzy number for t € [0, 1] U [3,1]. The (1)-derivative

of (6.8) is given by

and it is a fuzzy number when ¢ € [3,1]. Then it is again (1)-differentiable
y'(t)=2(r—1,1—r)

and it is a fuzzy number when ¢ € [3,1]. Hence y in (6.8) is a (1,1,1)-solution of the
fuzzy boundary value problem (6.2)-(6.3) on {0} U[3, 1]. Lower and upper branch of
(1,1) solution of the fuzzy boundary value problem (6.2)—(6.3) is plotted in Figure 1

for different r.
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— r=0.2(lower)

— r=0.2(upper)

=t [ — r=0.8(lower)

r=0.8(upper)

FIGURE 1. (1,1) solution for different r.

If y is (2)-differentiable, the differential transformation of (6.2) becomes
(k+1)(k+2)Y(k+2,7r) =2(r—1)0(k—0), when k=0.2,...
(6.9) (k+1)(k+2)Y(k+2,7) (1—=7)o(k—0
O (k+D(k+2)Y(k+2,r) =2(1—7r)5(k—0),
— when k=1,3,...
(k+1)(k+2)Y(k+2,r) (r—1)o(k —0)
From (3.2) and (6.3) we get,

X(O>T) = %(T - 1)7
Y(1,7) = ag(r),

<

(6.10)

where as(r) = 7'(0,7) and by(r) = y'(0,7). By recursive method and substituting
(6.10) into (6.9), we get

Y2,r) =r—1,Y(2,r)=1—7r

Y(k,v) =0, Y(k,r)=0, for k > 3.

Substituting all Y, Y into (3.4).

y(t,r) =5(r—1)+ba(r)t + (r — 1),

y(t,r) = é(l — 1)+ ax(r)t + (1 —r)t2

The constants ay(r) and by(r) are evaluated from the boundary conditions given in
(6.3) at t = 1 as follows

(6.11)

(6.12)

as(r) = —2(1 —7r), bo(r) = —z(r —1).

We get y(t,r) as in (6.8). We already see that y(t,r) in (6.8) represents a valued
fuzzy number when for ¢ € [0, 1] U [3,1]. The (2)-derivative of (6.8) is given by

v = (- 9. s -9)

and it is a fuzzy number when ¢ € [0, 1]. Then it is again (2)-differentiable

y'(t)=2(r—1,1—r)
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and it is a fuzzy number when ¢ € [0, 1]. Hence y in (6.8) is a (2,2,2)-solution of the
fuzzy boundary value problem (6.2)-(6.3) on [0, 1] U {1}. Lower and upper branch
of (2,2) solution y is plotted in Figure 2 for different r. The solution of the fuzzy
boundary value problem (6.2)—(6.3) for different ¢ is plotted in Figure 3. From this

figure we see that y is a fuzzy number valued function.

— r=0.2(lower)
— r=0.2(upper)
t | — r=0.8(lower)

r=0.8(upper)

FIGURE 2. (2,2) solution for different r.

0.10F q
— tzg(lower)

0.05
— t=(upper)

=1 o+ 3
| t_4(lower)

3
t=3(uppen)

~010f -

FIGURE 3. y(t,r) and g(t,r) for different ¢ € [0, 1] U [3, 1].

Example 6.2. Consider the following third order three-point fuzzy boundary value

problem
y"(t) =6(r—1,1—r),
y(0) =0,

(0:49) s —Le-11-1),
y(2) :1747(7"—1,1—7‘)

If y is (1)-differentiable, then (6.13) can be written as

(6.14) y"(t,r)=6(r—1), ¥"(t,r)=6(1—1),
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with boundary conditions

y(0,r) =0, y(0,r) =0,
(6.15) y(l,r) = %(r —1), y(1,r) = %(1 —r),
y(2,r) = %(r —1)75(2,7) = %(1 — )

L )

Taking the differential transformation o

)
(6.14)
(k+1)(k+2)(k+3)Y(k+3,7r) =6(r—1)0(k—
(k+1)(k+2)(k+3)Y(k+3,r) =6
From (3.1) and (6.15) we get,

0
(6.16) ) when k£ =0,1,...

Y(0,r) =0, Y(0,r)=0,
(6.17) Y(Lr) =elr), Y(Lr)=car)
Y(2,r) =di(r), Y(2,r)=dr)

where ,(r) = y/(0,r), ca(r) = F(0.r) di(r) = L5 and do(r) = LL2. By

recursive method and substituting (6.17) into (6.16), we get

(6.18) Y(3,r) =r —E Y3, r)=1—r
Y(k,r) =0, Y(k,r)=0, for k > 4.
Substituting all Y, Y in (6.18) into (3.3), we get

(t,7) = c(r)t +dy(r)t? + (r — 1)t3,
(t,7) = co(r)t + do(r)t> + (1 — r)t3.

The constants ¢;(r), di(r), cz2(r) and dy(r) are evaluated from the boundary condi-
t

<o

tions given in (6.15) at t = 1 and t = 2 as follows
1 1
A = S =1, dil) = ~(r=1), o) = S0 -1), dir) = (1)
We get,

619 o0~

(r—1) 3 2 (1—=7) .3 2
S (8t° — 8t + 1), 3 (8t° — 8t +t)).

By Theorem 2.1, y(t) in (6.19) represents a valued fuzzy number for t € [0,2(2 —

1
V2)]U[1(2+ v2),2]. The (1)-derivative of (6.19) is given by

Y (t) = (T (247 — 161 + 1), %(24152 — 16t + 1))

which is a fuzzy number when t € [0, (4 — v/10)] U [2(2 + v/2),2]. Then it is again
(1)-differentiable

y'(t) = ((r = 1)(6t = 2), (1 = r)(6t — 2))
which is a fuzzy number when ¢ € [3(2 + v/2),2] and the (1)-differentiability of y"(t)
is

y"(t)=6(r—1,1—r)
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which is a fuzzy number when ¢ € [1(2++/2),2]. Hence y in (6.19) is a (1,1,1)-solution
of the boundary value problem (6.13) on {0} U [1(2+ v/2),2].

If y is (2)-differentiable, then (6.13) can be written as
(6.20) y’”(t,r) =6(1—r), ¥, r)=6(r—1),

with the boundary conditions (6.15). Taking the differential transformation of (6.20),

we get,

(b+ Dk +2)(k+3)Y(k+3,r) =6(r—1a(k—0) |
(621)(k+1)(k:+2)(k+3)7(k:+3 1) =6(1—r)0(k—0) I
kD) (k+2)(k+3)Y (k+3,r) =6(1—r)d(k—0) when b — 0.2
(k+1)(k+2)(k+3)Y(k+3,7) =6(r—1)(k—0) T
From (3.2) and (6.15) we get,
Y(0,r) =0, Y (0,7) =0,
(6.22) Y(1,r) =e(r), Y(1,r) = ey(r),
X(?,T’) = fl(r)a ?(2>T) = f2(r)>

where ei(r) = 7(0,7), ex(r) = y/(0,r) filr) = L5 and fo(r) = ¢ By
recursive method and substituting (6.22) into (6.21), we get

X(?),’/‘) = (1 - T)v ?(37T> = (T - 1)7

6.23 _
( ) Y(k,r) =0, Y(k,r) =0, for k > 4.

Substituting all Y, Y in (6.22) and (6.23) into (3.4).

y(t,r) = ex(r)t + fr(r)t* + (r — 1)t?,
gtr) = ex(r)t+ fo(r)2 + (1= )i,
f

The constants e;(r), fi(r), es(r) and fy(r) are evaluated from the boundary condi-
t

tions given in (6.15) at t = 1 and ¢ = 2 as follows

fr) = <00 = 1), filr) =~ = 1), () = 0= 1), flr) = ~(r 1)
We get,

8
Theorem 2.1, we see y(t,r) in (6.24) represents a valued fuzzy number when 8¢3 —
8t* +¢ < 0. Hence (6.24) represents fuzzy number for ¢ € [1(2 — v2),1(2 + v2),2].
The (2)-derivative of (6.24) is given by

(6.24) y(t) = ((1 ") (8t° — 8t? + 1), (r g D (8% — 8t? + t)) .

—1 1 —
y(t) = <T 3 (24t* — 16t + 1), %(24152 — 16t + 1))

and it is not a fuzzy number. Hence the fuzzy boundary value problem (6.13) has no

(2,2,2)-solution. Lower and upper branch of (1,1,1) solution of the fuzzy boundary
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value problem (6.15) is plotted for different r and for different ¢ is plotted in Figure 4
and Figure 5 respectively. From Figure 5 we see that y is a fuzzy number valued
function.

— r=0.2(lower)

ir — r=0.2(upper)

! ! ! ! : — ¢ [ — r=0.5(lower)
175 1.80 1.85 190 195 2.00

r=0.5(upper)

FIGURE 4. (1,1,1) solution for different r.

2k — t=1.5(lower)
\\ — t=1.5(upper)
: : - ————u | — t=2(lower)
02 04 06— 08 — 10
L - t=2(upper)
2+ _ -

FIGURE 5. y(¢,r) and g(t,r) for different ¢ € [0, 3] U [(2 + v/2),2].

7. Conclusion

In this paper, we have shown that the differential transform method can be
successfully applied for the (1,1) and (2,2) solutions of the second order two-point
fuzzy boundary value problems and (1,1,1) and (2,2,2) solutions of the third order
three-point fuzzy boundary value problems. Construction of numerical methods for
finding all kind of solutions of fuzzy boundary value problems will be considered in
future.
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