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ABSTRACT. We present a macroscopic model for the flow of pedestrians including an optimal

route choice. The optimal path of pedestrians is determined by solving the nonlinear Eikonal equa-

tion with a density-dependent speed function to minimize travel times and avoid high density areas.

We use a finite pointset method to solve the governing equations and the Eikonal equation as well.

We numerically study the pedestrian flow in straight corridors and T-junctions and compare our

results with experimental data.

AMS (MOS) Subject Classification. 90B20, 35L60, 35L65.

1. Introduction

In recent years, research on pedestrian and traffic flow has become more popular

and attracted to the interest of an increasing number of scientists. Analytical and

numerical methods are effective tools to investigate, predict and simulate the com-

plex behavior of pedestrians. A description of human crowds is strongly non-standard

due to the intelligence and decision making abilities of pedestrians. Their behavior

depends on the physical form of individuals and on the purpose and conditions of

their motion. Numerous models for pedestrian flow have been proposed on different

description levels. On the microscopic (individual based) level, models relying on

Newtons equations have been developed as well as vision-based models or cellular au-

tomata models, see Refs. [14, 15] and [2, 8, 24, 27] for further references. Equations

on the mesoscopic or kinetic level are discussed for example in Refs. [9, 13]. Hy-

drodynamic pedestrian flow equations involving equations for the density and mean

velocity of the flow are derived in Refs. [3, 13]. The first modeling attempt is due

to Hughes [16] who defined the crowd as a ’thinking fluid’ and described the time
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evolution of its density using a scalar conservation law. For a general recent review

on pedestrian flow models we refer again to Refs. [2, 8].

The only available results using the Hughes’ model for simulations of pedestrian

flows on a large platform with a rectangular or circular obstacle in its interior can

be found in [18, 23]. To the best of our knowledge, none of the works analyzed

bi-directional pedestrian flow in straight corridors and T-junctions using Hughes’

approach. However, the pedestrian flow in straight corridors and T-junctions is an

important issue, for instance for the evacuation of buildings. In this kind of structure,

lane formation, bottleneck situations, merging or split flow are possible scenarios that

should be captured.

In this paper, we analyze the pedestrian flow in corridors and through T-junctions

using the macroscopic model derived in [10]. For our numerical study, we consider

the experiments recently conducted by J. Zhang et al. [32, 33, 34], in which they

develop fundamental diagrams in straight corridors and T-junctions. To do so, we

present a macroscopic model using Hughes approach and compare our results with

experimental data. We use a finite pointset method to solve the governing equations.

To solve the Eikonal equation, we apply a least square approximation coupled to

the idea of fast marching [28]. Note that our method differs in approximating the

derivatives of the Eikonal equation and can be used on arbitrary grids and complex

geometries.

The paper is organized in the following way: In Section 2 the mathematical

model is presented. Section 3 contains the numerical method to solve the governing

equations. Section 4 is devoted to the numerical results and a comparison with

experimental data. Finally, Section 5 concludes the present work.

2. Mathematical Model

We consider the mathematical model for pedestrian flow [10] including an optimal

path computation as proposed by Hughes. Denoting by ρ the density of pedestrians

and by u their mean velocity, the model is described by the following mass and

momentum balance equations

∂tρ+∇x · (ρu) = 0

∂tu+ (u · ∇x)u = G(x, u, ρ) + F̂ (ρ, u),(2.1)

where G(x, u, ρ) is the relaxation force towards the desired direction and velocity

given by

G(x, u, ρ) =
1

T
(U(ρ(x))d− u).(2.2)

Here T denotes the reaction time describing how fast pedestrian can correct their

current velocity to the desired one. The function U(ρ) describes the speed-density
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relationship and d is the unit vector in the direction of the optimal path. There are

many speed-density relationships available [20]. For our simulations, we choose

(2.3) U(ρ(x)) = umax

(
1−

( ρ

ρmax

)n1
)n2

,

for some real values n1 and n2, the maximum velocity umax and the maximum density

ρmax. The interaction force F̂ is given by

(2.4) F̂ (ρ, u) =

∫
F (x− y, u(x)− u(y))ρ(y)dy

with

F (x, v) = Fint(x) + Fdiss(x, v).

The interaction force Fint is given by

Fint = Fint(x) = −∇xV (‖x‖)

where V is an interaction potential of the form

V = V (x) = kn

(
2R2 − ‖x‖(2R− ‖x‖

2
)

)
H(2R− ‖x‖)

and H is the Heaviside function. This yields

Fint(x) = knn(x)(2R− ‖x‖)H(2R− ‖x‖)

where

n = n(x) =
x

‖x‖
is the normal unit vector. This force is complemented by a dissipative force, compare

e.g. Ref. [14]. The dissipative force is given by

Fdiss =
(
F n
diss + F t

diss

)
H(2R− ‖x‖).

Here, the normal dissipative force is given by

F n
diss(x, v) = −γn < v, n > n.

The tangential friction force is

F t
diss(x, v) = −γtvt = −γt < v, n⊥ > n⊥

where

vt = v− < v, n > n

is the tangential unit vector pointing into the direction of of the tangential component

of the relative velocity and n⊥ is the normal to n. R denotes the radius of pedestrians

interactions, kn is the interaction constant and γn, γt are suitable positive friction

constants.



318 R. ETIKYALA1, S. GÖTTLICH2, A. KLAR1, AND S. TIWARI1

Remark 2.1. Finite size effects with a minimal radius around an individual pedes-

trian could be included using interaction potentials including a singularity. Other

variants are given by an elliptical interaction force

fn
int(x, v) = −∇xV (x, v)

with a potential

V (x, v) = V (b(x, v))

consisting of

b(x, v) = ‖x‖+ ‖x− vTe‖

or by a force including the human vision cone.

2.1. Optimal path. Let φ be the travel costs for pedestrians to reach their des-

tination. As one might expect, pedestrians intend to minimize these travel costs.

Hughes [16, 17] proposed that pedestrians move in opposite to the gradient of the

scalar potential φ, that is

(2.5) d = − ∇φ
‖∇φ‖

.

The potential φ is determined by the nonlinear Eikonal equation

|∇φ| = g(ρ) in Ω,(2.6)

φ = 0 on Ωd(2.7)

where Ωd is the destination for pedestrians and g(ρ) is a density-dependent cost

function increasing in ρ. Pedestrians want to minimize the path length towards their

destination but temper the estimated travel time by avoiding high densities. This

behavior can be expressed by the ’density driven’ rearrangement of the equipotential

curves of φ using the cost function [16]

g(ρ) =
1

U(ρ)
.

3. Numerical Method

In this section, we present the numerical scheme we used in for simulations. The

governing equations (2.1) are solved by a macroscopic particle method, see Ref. [30].

The particle method is based on a Lagrangian formulation of the hydrodynamic equa-

tions (2.1). We consider

dx

dt
= u

dρ

dt
= −ρ∂u

∂x
du

dt
= Ĝ(ρ,Φ, u) + F̂ (ρ, u).
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One evaluates these quantities at the particle locations and approximates the spatial

derivative of u by a difference approximation using a least square approach. In order

to evaluate the interaction potential, the complete distance matrix (di,j) = |xi − xj|
has to be computed. Since this is costly, there is a restriction on the number particles

which can be simulated in this way. In our case, we use an implementation with

a nearest neighbor list reducing the computational effort considerably. The integral

over the interaction potential is evaluated by a straightforward integration rule:

F̂ (ρ, u) ∼
∑
j

F (x− xj, u(x)− uj)ρjdVj

where dVj is the local area around a particle determined by a nearest neighbor search.

In case the numerical simulation is underresolved a higher order approximation of

the integral has to be implemented. We refer to Ref. [21] for details. The resulting

equations are then solved by a suitable time discretization. Diffusive terms can be

included as well in a straightforward way using again a least squares approach to

determine the finite difference approximation on the point cloud.

3.1. Solving the Eikonal equation. For our simulations, we use two types of grid

points, one for solving the pedestrian flow model and another one for solving the

Eikonal equation. Therefore, we establish two clusters of grid points, which are

decoupled from each other, however, we interchange the necessary information from

one cluster of grids to another and vice-versa. To update the velocity at each time step

we need the gradient of the solution of the Eikonal equation to compute the direction

vector (2.5). The Eikonal equation is a special case of the static Hamilton-Jacobi

equation, for which many numerical methods have been developed, for example fast

marching methods [19, 28], fast sweeping methods [35] or level set methods [26]. For

complex geometries and non uniform problems, the fast marching method is quicker

than the fast sweeping method [11]. But the disadvantage of the fast marching method

is that it is applicable either to rectangular grids [28] or triangulation grids [19]. We

use a mesh free method to solve the Eikonal equation which uses the idea of the fast

marching method but differs in approximating the derivatives of the Eikonal equation.

We use a least square approximation to approximate the derivatives. Our method

has a time complexity of O(N logN) for N grid points. This corresponds to the

complexity of the fast marching method but with the advantage that the mesh free

approach can be used for any arbitrary point cloud.

3.2. Boundary and Initial conditions. For our simulations, we consider the fol-

lowing initial conditions for the density and velocity

ρ0(x) =

ρ0, if x ∈ Ω0

0, otherwise
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and

(3.1) u = 0

where ρ0 is a positive constant and Ω0 describes a waiting area. The boundary

condition for the Eikonal equation is

φ(x) = 0, if x ∈ Ωd(3.2)

φ(x) = ∞, if x ∈ Ωw

where Ωd is the destination for pedestrians and Ωw is the wall or obstacle in the

domain.

3.3. Parameters. We choose the desired speed and maximal density as in the exper-

iments from [33, 34]. The free flow velocity is 1.55ms−1 and the maximum density is

3.7 pedestrians for m2. Furthermore, we fix the time step size to dt = 0.0001 and set

the relaxation parameter as T = 0.001. The interaction constant kn is equal to 1000

and the friction and tangential coefficients are γn = 10.0 and γt = 2.0. The constants

n1 and n2 in the speed-density relationship are set to 0.4 and 0.8 respectively.

4. Numerical Examples

In this section numerical results are presented. We are interested to reproduce

the experimental results of pedestrian flows in straight corridor [33, 32] and through

T-junctions [34], i.e. our numerical results are compared to the experimental data.

4.1. Example 1. In the first example, we consider the uni-directional pedestrian

flow in a straight corridor. The experimental set up from [32] is shown in Fig. 1.

Figure 1. Straight corridor: sketch of the experimental setup where

bcor is the width of the corridor, ben is the width of the entrance of the

waiting area and bex is the width of the exit of the corridor.
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The corridor is of length 8m. Initially, participants stay in the waiting area. There

is a 4m passage between the waiting area and the corridor to minimize the effect

of ben. In the experiments, the participants once they reach the exit of the corridor

they will come back to the waiting area for another run. To emulate this behavior

in our simulations, we provide the continuous stream of pedestrians. In Fig. 2, the

trajectories of uni-directional pedestrian flow for high and low densities are shown.

Fig.2(A) shows the trajectory of a uni-directional flow at high density and Fig. 2(B)

shows the trajectory at low density. High density flow is obtained by ben > bex and

low density flow is obtained by ben < bex.

8 9 10 11 12 13 14 15 16
1

1.5

2

2.5

3

3.5

4

(a) High density: ben > bex.
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(b) Low density: ben < bex.

Figure 2. Trajectories of pedestrians inside the corridor.

We investigate the influence of the corridor width on the fundamental diagram.

Fig. 3 shows the relationship between density, velocity and flow for different sizes

of corridor widths bcor = 1.8m, bcor = 2.4m and bcor = 3.0m. In Fig. 3 it can be

observed that the width of the corridor has no effect on the fundamental diagram.

4.2. Example 2. In the second example, we consider the bi-directional pedestrian

flow in a straight corridor. The experimental set up from [33] is shown in Fig. 4.
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(a) Fundamental diagram: density vs. velocity.
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(b) Fundamental diagram: density vs. flow.

Figure 3. Comparison of fundamental diagrams for different corridor widths.

Figure 4. Straight corridor: sketch of the experimental setup where

bl and br are the width of the entrances of the waiting areas on the left

and right side of the corridor.

The corridor is of length 8m and bcor is the width of the corridor. Initially,

pedestrians stand in the waiting areas stationed at both sides of the corridor. There

is a 4m passage between the waiting area and the corridor to minimize the effect of

bl and br. In the experiments, when the participants arrive at the other side of the

corridor, they leave the corridor and return to the waiting area for another run. In

our simulations, we provide continuous stream of pedestrians in the waiting area to

match with the experiments. To vary the form of the ordering, the participants get

different instructions that result in different types of flows [33].

BFR-SSL flow: This type of flow is observed by using the same entrance width for

both directions (bl = br) and giving no instructions to the participants about which

exit they have to choose.

BFR-DML flow: In this case also bl is same as br, but the instruction to the

participants is changed. The participants were asked to choose an exit at the end of

the corridor according to a number given to them in advance.
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UFR-DML flow: In this case the widths of entrances bl and br are different and the

participants are instructed to choose an exit at the end of the corridor according to

a number given at the beginning.

In our simulations, to emulate the BFR-SSL flow, we solve the Eikonal equation

two times with different boundary conditions. Since for the pedestrians in left waiting

area, the destination is the right end of the corridor and for pedestrians in right wait-

ing area, the left end of the corridor is the destination. We solve the Eikonal equation

with right and left ends of the corridor as boundary conditions and the corresponding

Eikonal solutions are φ1 and φ2 respectively. The velocity of left stream pedestrians

is updated using φ1 and the velocity of right stream pedestrians is updated using φ2.

Similarly, to emulate the BFR-DML and UFR-DML flows, we solve the Eikonal equa-

tion four times with right-bottom, right-top, left-bottom and left-top corners of the

corridor as boundary conditions and φ1, φ2, φ3 and φ4 present the corresponding solu-

tions of the Eikonal equations. The velocity of odd-numbered left stream pedestrians

will be updated by using φ1, even-numbered left stream pedestrians will be updated

using φ2. The velocity of odd-numbered right stream velocity is updated by using

φ3 and finally the velocity of even-numbered right stream pedestrians is updated by

using φ4. In Fig. 5, the trajectories of all these three flows are presented.

Lane formation: Lane formation is an important phenomenon in bi-directional

flow. In Fig. 5, lane formation of pedestrians can be seen. In case of SSL flow,

the pedestrians form two separate lanes and in case of DML flows, pedestrians form

multiple lanes. In Figure 6, we plot the velocity profiles of BFR-DML flow for bcor =

3.6m and bl = br = 1.6m at t = 13sec and t = 51sec. We calculate the density in

classical way. Our density profiles match with the experimental results [33].

Fundamental diagram: For the analysis of fundamental diagrams, a rectangle

with a length of 2m is chosen, see Fig. 4. To determine the fundamental diagram,

we use the data from stationary flow. First, the influence of the corridor width on

the fundamental diagram is studied. We consider bcor = 3.6m and bcor = 3.0m as two

different widths of the corridor. Figure 7 shows the relationship between the density

versus velocity and density versus specific flows. It can observed that the fundamental

diagrams provide good results compared to the experimental data.

To investigate the influence of head-on conflicts and cross-directional conflicts in

DML types of flow, numerical comparisons between the fundamental diagrams of SSL

and DML flow for bcor = 3.6m are performed. The comparisons are presented in Fig.

8 and obviously both are consistent with each other. This means, head-on conflicts

in multilanes have the same influence on the fundamental diagram as conflicts at the

borders in stable separated lane flow. Due to limited computational time resources,

the fundamental diagram is computed only for density values less than 2.0m−2 in the

experiments for bcor = 3.0.
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(a) BFR-SSL flow.
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(b) BFR-DML flow.
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(c) UFR-DML flow.

Figure 5. Trajectories of pedestrians inside the corridor.

Finally, the influence of flow ratio of opposing streams on the fundamental dia-

gram is studied. We compare the fundamental diagrams of BFR and UFR flow in

Figure 9. It can be seen that the asymmetry in the flows does not affect the fun-

damental diagrams. In all three cases, our numerical results are consistent with the

experimental data.
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(a) Density at t = 13sec. (b) Density at t = 51sec.

Figure 6. Density profiles at time t = 13 and t = 51 seconds.
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(a) Fundamental diagram: density vs. velocity.
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(b) Fundamental diagram: density vs. flow.

Figure 7. Comparison of fundamental diagrams of DML flow for different

corridor widths.

4.3. Example 3: In the third example, the pedestrian flow through a T-junction is

considered. The experimental set up for the T-junction [34] is shown in Fig. 10.

Initially, the pedestrians are located in the waiting areas stationed at the left and

right sides of the T-junction. Pedestrians move from two branches oppositely and then

merge into the main stream at the T-junction. Here, bcor1 is the width of the corridor

where pedestrians enter and bcor2 is the width of the corridor where pedestrians exit

the T-junction, as shown in Fig. 10. To emulate the experiments, we provide the

continuous pedestrian streams from both directions. As in the corridor example, there

is a 4m passage between the T-junction and the waiting areas to minimize the effect

of entrance. In this way, the flow in the corridor was nearly homogeneous over its

entire width. Fig. 11 shows the pedestrian trajectories through the T-junction.
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(a) Fundamental diagram: density vs. velocity.
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(b) Fundamental diagram: density vs. flow.

Figure 8. Comparison of fundamental diagrams for SSL and DML flow.
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(a) Fundamental diagram: density vs. velocity.
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(b) Fundamental diagram: density vs. flow.

Figure 9. Comparison of fundamental diagrams for BFR and UFR flow.

In Fig 12, density profiles for low density and high density situations are pre-

sented. Density of the flow is varied by changing the width of the entrance of the

waiting areas. For low density flow situation, the widths of the waiting area are set

as ben = 2.4m and for high density flow situation, the widths of the waiting area are

set as ben = 0.5m. The density distribution in T-junction is not homogeneous both

for low and high density situations. For low density situation, the higher density

region locates at the main stream after merging and for the high density situation,

high density region locates at junction. In Fig. 13, we compare the fundamental

diagrams. The data assigned with ’T-left’ and ’T-right’ are measured in the areas

before the streams merge, while the data assigned with ’T-front’ are measured in the

region where the streams have already merged. The locations of these measurements

can be seen in the Fig. 10. In the experimental results by [34], the velocities of the
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Figure 10. T-junction: sketch of the experimental setup where ben is

the width of the entrances of waiting areas at the left and right sides

of the T-junction.
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Figure 11. Trajectory of pedestrians through a T-junction.

pedestrians after merging is higher than the velocities of pedestrian before merging.

This is because, before the merging pedestrians slow down near the corner when ap-

proaching pedestrians from the opposite stream. Another reason might be the fact

that, when the destination is visible, pedestrians tend to walk fast. In our model,

this idea is not included and can be considered as future work.

5. Concluding Remarks

We have presented a second order macroscopic model for the pedestrian flow

where the desired direction is associated with the non-linear Eikonal equation. We

have used a finite pointset method for solving the governing equations and the Eikonal

equation. We have considered different test cases and compared our results with
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(a) low density profile (b) high density profile

Figure 12. Density profiles for low and high density situations.
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(a) Fundamental diagram: density vs. velocity.
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(b) Fundamental diagram: density vs. flow.

Figure 13. Fundamental diagrams of pedestrian flow at different measure-

ment locations at a T-junction.

experimental data. In case of the T-junction, the slowing down of the velocity near

the corner will be considered as future work.
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