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ABSTRACT. We seek to find critical points of a functional defined by
1
E,(u) = / §|Aa/2u|2 + F(z,u) de, o€ (0,1],
Td

on an infinite dimensional space (Sobolev Space), where A is a self-adjoint, uniformly elliptic

operator of order 2 with suitable symmetric and smoothness conditions on the coefficients and
fo ) dz has the properties that the real-valued nonlinear functional f(z,y) o

']I‘d X R is continuous Wlth respect to the spatial variable x and Lipschitz continuous with respect to

the functional component y.

We first consider Sobolev gradient of E, as an element of a Sobolev space H*? 3 € (0,1),
then the steepest descent (Sobolev gradient descent) equation for E,. Under suitable initial and
periodic boundary conditions, we prove existence and uniqueness of semi-flow (a strong solution) of

this equation.

AMS (MOS) Subject Classification. 35S11.

1. Introduction

Consider a compact domain T¢ = [0,1]¢ (or the compact manifold R?/Z9). Let

us consider a functional of type
(1.1) E.(u) = / —|A*2y? 4 F(x,u) dz, o€ (0,1]
Td

where F(z,y) fo x, z) dz has the properties that for each fixed y € R the map
x> f(x,y) lies in C(T? R) and for each fixed x € T? the map y +— f(z,y) lies in
CYYR,R), and A is a linear, self-adjoint, and uniformly elliptic operator of order 2
on L*(T¢) given by

d

(1.2) (Au)(z) = = ) ((ay(@)uz,(2))s,, x €T

ij=1
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with the properties that a;; = a; Vi, j=1, 2...,d and a;; € C*°(T?), and

d
(13) 91|f|2 S Z aij(l’)&fj S 92|§|2 Ve Td, Vf S Rd.

ij=1
for some positive real numbers 6;, 0-.
A reason why we are interested in the functional E, is to find solutions of a

pseudo-differential equations satisfied by critical points of E,. These critical points

are those u in Sobolev space H*?, 3 > 0 for which
VagEa (u) = 0,

where V,3F,(u), an element of H*?| is the Sobolev gradient of E, at u, which we
will discuss later in detail. Intuitively, we can think of such gradient as a counterpart
of the gradient of a function defined on R? in multi-variable calculus. It is defined in

abstract sense on an infinite dimensional Hilbert space, namely on H®? in our case.

As a method of finding critical points of E,, we consider the gradient descent
equation
Ou = —VosEq(u)

subject to an initial condition and periodic boundary condition. Then equilibrium
solutions of this initial-boundary value problem are critical points of F,. Even though
our future goal is to find such equilibrium solutions, in this paper we will prove
existence and uniqueness of global semi-flow u(t,x), t > 0 of this initial-boundary

value problem.

The results analogous to ours for the case & = 1 and the nonlinear functional
F(z,y) satisfying stronger assumptions has been proved by T. Blass, R. de la 1Lave
and E. Valdinoci in [1]. Further, T. Blass, R. de la 1Lave have used this method to
compute numerical solution of perturbed nonlinear problem reducing to the one with
periodic boundary condition for the case a« = 1, A = —A, and F(z,y) again satisfying
stronger assumptions. Also analogous results for the case A® replaced by (—A)* have
been proved by R. de la lLave and E. Valdinoci in [2]. Our results generalize some
of their results. The idea of the problem we mentioned here has been proposed in [1]

with some outlines.

The proofs of the main results rely on abstract semigroup theory on a Banach
space, spectral theory of linear unbounded self-adjoint operator on a Hilbert space,
and many other concepts from functional analysis and theory of partial differential
equations and pseudo-differential equations such as Riesz Representation Theorem,
Banach Fixed Point Theorem, variation of constant formula, Sobolev Embedding

Theorem, Inverse Operator Theorem etc.

Now we briefly discuss how we will develop a setting of our work by introduc-

ing some tools needed for establishing our main results and giving an overview of
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the proofs of these results. In section 1, we will introduce Euler-Lagrange Equa-
tion for E,, Sobolev spaces, Sobolev gradient, expressions for Sobolev gradient, and
Sobolev gradient descent equation. We will begin section 2 with stating the main
result. Then we will develop proof of this result throughout section 2. In sec-
tion 2.1, we will characterize Sobolev spaces and define various fractional powers
of operators involving A using spectral theory of closed positive unbounded self-
adjoint operators on a Hilbert space with compact resolvent. In section 2.2, we
will construct a contraction Cy-semigroups generated by —A and negative of frac-
tional powers of operators involving A. More precisely, a closed densely defined
unbounded linear operator B on a Hilbert space H is an infinitesimal generator
of a contraction Cp-semigroup of bounded linear operators T'(t),¢ > 0 on H if
TO)=1I, T(ty +t2) =T(t1) o T(t2) ¥ t1, to > 0, limpyo ||T(h)u — u||lp =0V u € H,
and ||T(t)||zmy £ 1Vt > 0. Such semi-group has an important property, namely for
each ug € D(B) = {u € H : limyo || "%~ u — Bul|y = 0}

dT(t)

T(t)up € D(B) and o

That is, u(t) = T'(t)ug is a solution of abstract Cauchy problem

du __
du By, t>0

Since B can not generate more than one Cy-semigroup, u = 7T'(.)ug is a unique solution
of above abstract Cauchy problem that starts in D(A) and always remains there (for
more properties of Cy-semigroup, see [10, 15, 14]). In section 2.3, we will discuss
some regularity and boundedness properties of a contraction Cy-semigroup. Finally
in section 2.4, we will construct variation of constant formula (mild solution) for
the Sobolev gradient descent equation and a contraction map on the space of mild
solutions, which is a Banach space with suitable norm. We will apply Banach Fixed
Point Theorem to find a unique fixed point, which will be a unique mild solution of the
gradient descent equation. Finally we will use regularity and boundedness properties
of semigroup and nonlinear operator appearing in the gradient descent equation to
improve regularity of the fixed point. Hence we will obtain unique solution of the

gradient descent equation.

1.1. Euler-Lagrange Equation. The main motivational to the problem of finding
critical points of F, is that these critical points are solutions of the Euler-Lagrange

equation of F,,

(1.4) A%+ f(o,u) =0, z T



362 RAMESH KARKI!

In other words, our interest is guided by a problem of solving the pseudo-differential

equation (1.4). To see (1.4) as Euler-Lagrange equation of E,, if ¢ € C*°(T?) then
d d 1 /2 /2

— Ea(u+70)[rm0 = {5 (A" (u+7¢), A% (u+79))12 + | F(x,u+7¢)dr}r—
dt dr "2 Td

—(A% + f(x,u),¢)2 =0 (because A%/? is self-adjoint)

implies that A%u + f(x,u) =0
We will easily see in section 1.4 that (1.4) is equivalent to V,5E,(u) = 0 for each

critical point u of F,.

1.2. Sobolev spaces. Following [5, 8, 11, 14, 16], first we recall definitions of some
fractional order Sobolev spaces and then introduce new Sobolev spaces.

For any s € R, H*(T?) = {u € D'(T?) : 3, pa(1 + 171°)¥%u(5)e s € L*(T4)} =
D(A?), where Au(z) := 3, pa(1+ 1713)5/%0(5)e* for u € D'(T?), is a Hilbert space
with the inner product (u,v)gsey = (A°u, Av)p2(raey = 3 cza(1 + i3 a()o(5)
woray = {3 jena (L + )10 P72,

In particular, if s = 0 then H%(T?) = {u € D'(T%) : 3,y t(j)e’* € L*(T%)} =
L*(T?) with the inner product (u, v) go(ray = (3250 W) €7, 3 cpa 0(R)™*) L2 (pay =
5 ez 8(7V03) = (1 ) 2oy and the norm |[ul ey = {5 ege [4(7) P}, Moreover
if 5 >0 then 3 |0(5)|* < 30 eza(1+ 131°)|a()* = H*(T?) € L*(T).

Notice that A* = (I — A)*? on D'(T?) so that D((I — A)*/?) = H*(T?).
For 3 € [0,1], the interpolation method (proposition 2.2 in [5]) yields HY*(T%) =
[L2(TY), H*(T)]s = [L*(T%), D(A%)]s = D(A*) = D(I — A)**/? with norm given
by graph norm ||u||gas ey = ||(I — A)*?u||p2(pay = |[|[A?u||2(ey and inner product
(w,0) rosray = (I = A)PPu, (I = D)) 2y = (A, AP0) 12 ay.

Next we define H**(T?) = {u € L*(T9) : (I + A2y € L*(T%)} with inner
product given by (u, v)gasray = ((I + A%)*?u, (I + A*)?/2v) 2(pay which induces the
norm |[ul|gascray = ||(I + A*)?/2u|12¢ray. In section 2.1, it will be implied that the

which induces the norm ||u|

operator A := I + A* satisfies the following properties: p(A{) contains the sector
Soo={0£ A€ C: o< [argN)| < 76 € (0.7/2)}, and [\ — A9) | erorray <
M/ for A € Sy 4 for some M > 0. In other words, A is a sectorial positive operator
so that fractional power of A on H*#(T9) can be defined (for more detail, see section
1.3 in [18]).

In section 2.1, we will show that the spaces H®?(T¢) given in the last two para-

graphs with their respective norms are the same.

1.3. Sobolev gradients. Sobolev gradient or H*?(T%)-gradient of E, at u € H*(T?)
is a unique element g € H*?(T%) such that

DE,(u)n = (g,n) gosray = (I + A)?2g, (I + A*)P/20) 2 (pay ¥ 1 € H*P(T?),
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where DE,(u) is Fréchet derivative of E, at u. The Riesz Representation Theorem
guarantees that such a g € H*?(T¢) always exists, since DE,(u) is a continuous linear
functional on H*?(T?). We write g = V gas ey Eq (u).

In particular, if § = 0 then DE,(u)n = (g,n)goray = (9,1m)r2(rayV 1 € L*(T%)
and g = Vpgope)Eq(u). In this case, g is L?(T%)-gradient of E, at u and is also
denoted by V 2 (a) Eq (u).

Now we establish the formulas for H*#(T¢)-gradient and L?(T%)-gradient.

Lemma 1.1. For every n € C*°(T?), we have
Z) DEa(U)U = (Aau + f(xa U), n)LQ(’]I‘d)a
i) DEa(u)n = (I + A%~ — (I + A°) P (u = Vi, 0)), 1) oo

Proof. Since
|Ea(u + 77) — Eoz<u> — DEa(u)m

lim
1911 2 ¢ty >0 17l] L2(ra)

=0,

it follows that
Eqo(u+n) = Eo(u) + DEa(w)n + o([|n]]72(ga))

On the other hand
Eo(u+mn) = /

1
AP+ Pl utn)

1
= [ 3Au s AP+ Fla,)+ Fy(o o+ oflnf)
~Ealu) + (1. A"Wroe + | S+ oflnf)

=Fu(u) + (n, A%+ f(z,u))2014) + o(|n]?)

Combining above two expressions for F,(u + 1), we obtain part(i) of lemma.

Since (I + A%)%/? is a self-adjoint operator, we have

DEq(u)n =(A% + f(x,u),n)r2(1a)
=((I 4+ AP (I + A*)P(A%u+u —u+ f(x,u), 1) L2(14)
=((I + A) UL + A% — {u — f(z,u)}],n) gos o)
=((I+ A% Pu— (I + A*) ™ {u— f(2,u)}, 1) oz
Thus part (ii) of lemma follows. O

Since C*(T?) is dense in each of L*(T%) and H**(T¢), lemma 1.1 shows that

(1.5) Vizqay Ea(u) = A%+ f(z,u)

(L6) V pgesray Ea(t) = (14 A°)Pu = (I + A%) P {u — f(,u)}
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1.4. Sobolev gradient descent equations. As we discussed early in the section,
we want to solve nonlinear pseudo-differential equation (1.4) by finding the critical
points of the functional E,. At these critical points, we expect to minimize (or

maximize) F, by considering H*?(T¢)-gradient descent equation given by
(9tu = _VHOLB('H‘d)Ea(U)
which then by part (ii) of lemma 1.1 becomes

o = —(I + A Put (I + A*) P (u — f(x,u))

We set linear operator L := —(I + A%)'~# and nonlinear operator N := (I +
A*)7P(I(.) — f(z,.)), impose initial condition u(0,z) = u(x) and periodic bound-
ary condition u(t,z + e;) = u(t,z) (t > 0) for all e; = (0, ...,1 ...,0), j =
1, 2...d, x € T and write u(t,z) = u[t](x) by fixing = to represent t — u[t] as
a map from time interval into a function space . Then we get the abstract Cauchy
problem

wlt] _ 10 u .
(1.7) o = L(u[t]) + N(u[t]) if t>0

ul0] = o
accompanied by above mentioned periodic boundary condition.

Because of the more complicated nature of H%(T9)-gradient of E, than its
L?(T9)-gradient, it seems more natural to consider the L?(T?)-gradient. But one
of main advantages of considering the former one is that numerical solution in higher
Fourier frequency mode of (1.7) converges to its equilibrium solution much faster as
compared to its L?(T?)-gradient counterpart.

We notice that equilibrium solutions of (1.7) satisfy V jas(4)Eq(u) = 0 which is
equivalent to the nonlinear pseudo-differential equation (1.4) (Recall (1.6)). There-
fore, existence of unique solution u(t,z) to (1.7) is a key to study such equilibrium

solutions.

2. The Existence and Uniqueness Theorem

In this section, we prove existence and uniqueness of global solution of the initial
boundary-value problem (1.7) in a Sobolev space. Such a solution is a strong solution
to the problem.

For the sake of simplicity, we will write L? for L*(T¢), L> for L°°(T%), H*® for
H?(T%), (., )2 or (., .)o for (., .)r2(pay, and (., .)ap for (., .)gas(pey in the rest of the
paper.

Theorem 2.1 (Main). Let x — f(x,y) € C(T4R) for every y € R, y — f(x,y) €

COUYR,R) for every x € T¢, and ug € L*°. Then there exists a unique solution u in
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C([0,00), L>® N H?>*) N C*((0, 00), L= N H?**?) of the initial-boundary value problem
(1.7).

2.1. Characterization of Sobolev spaces. In this section, we basically verify the

observation we made at the end of section 1.2.

By inverse operator theorem (Theorem 8.2, [11]) (A — AI)~! is compact in L? for
A ¢ o(A). By theorem 8.3, [11], there is a complete orthonormal basis {w;}32, for
L? of eigenfunctions of A corresponding to the eigenvalues {A;}32, with |A;| — co as

J — 00. Moreover, each w; is smooth on T¢ and o(A) = 0,(A) (point spectrum).

Since A is symmetric and positive definite, all eigenvalues of A are real, positive
and 0 < A\; < X\ < ... < A; < ... (counting multiplicity) with \; — oo as j — oc.
So we can write u € L? as Fourier series u = Y. (u, w;) p2(payw;.

Now onward we write (u,w;)r2 = 4;. Then Parseval’s identity (L?-inner product)
(u,v)12 = 351105 yields |[ulF. = (u, u)p2 = 37, |a; [

Thus we can characterize L* as L? = {u € D'(Q) : 3, |4,]* < oo}

By proposition 10.3 in [11], for any complex z
J

(a spectral integral in discrete form). Moreover w; are eigenfunctions of A* with the

corresponding eigenvalues A’.

We will discuss in section 2.2 that — A generates a Cy-semigroup on L? and define
A® on L? in terms of Cy-semigroup generated by —A. Also we will prove that —A®
generates Cp-semigroup on L2 Then —(I + A®) will be infinitesimal generator of a
Co-semigroup on L? ([17]). So (I + A®) which is negative of —(I + A®) is a positive
operator on L? from chapter 1 of [6]. In similar fashion as A%, we can define (I + A%)?
on L? in terms of Cy-semigroup generated by —(I + A%). But at this moment, we
apply (2.1) to define an operator (I + A%)Y/2: L2 — L2 by

D((I+A)Y?) ={ue L*: ) (1+\)|i,]* < oo},
J
(I + Aa)l/zu = Z(l + )\?)1/217,]'11)]'

J

Here D((I 4+ A%)'/?) as a subspace of L? with inner product (u, V) p((1+A)1/2) =
(I + A*)Pu, (I + A)20) 2 = 37.(1 + A?)i;w; that induces the graph norm
ull pereamyizy = 11+ A% 2ul| 2 = 30 (14 A9)]a,]? is equal to D((1 + (—A)*)1/?)
with analogous inner product and norm because two inner products induce the equiv-
alent norms (see Chapter 1 in [11]). On the other hand, > ;.(1 + [j[**)|a(5)[* <
00 & Y iepa(1+[41%)2]a(5)]* < oo implies that D((1 4 (—A)*)!/?) = D((I — A)*/?)
with the respective inner products that induce the graph norms. Thus we have



366 RAMESH KARKI'
D((I + A*)Y/2) = H*. For any B € [0,1], interpolation method yields H* =
[HO, H)g = HPH0U=0) = g8 = L2 D((I + A*)Y?)]5 = D((I + A%)#/?) with inner
product (u, v) piraayszy = (I + A*)P2u, (I + A*)P/20) ;> that induces the graph
norm [[ullp(ryacysrzy = (1 + A 2ullre = {32 jez0(1+ AF) [t P72,

Hence H*? defined as D((I 4+ A*)?/?) with inner product that induces the graph
norm is equal to H*? defined as D((I — (—A))*#/?) with the corresponding inner

product that induces the graph norm. Finally, we summarize
HY ={ueL?: (I+A"?uecL?}y (Bel0,1)),
(1, V) = (T + AP/, (1 + A%)H20) 2 = 37 (14 X8)%05;,
lullag = {32;(1+ AF) [y 2 }72
More interestingly, we can easily extend the definition of H*? for any 8 > 0 via
implementation of interpolation method.

We notice that {w;} is an orthogonal basis for H*® but not necessarily orthonor-

mal because |Jw;||3qs = (14 A$)* V3.

2.2. Construction of some Cj-semigroups. In order to prove theorem 2.1, we will
first solve the abstract Cauchy problem obtained by dropping nonlinear term N(u)
in the first equation of (1.7)

=Lu if t>0

(2.2)
u(0) = ug

subject to the periodic boundary condition as mentioned in (1.7). Therefore, we
need to construct Cy-semigroup efuy, ¢ > 0 generated by L. This will be done
by constructing various Cp-semigroups generated by operators involving fractional

powers of A.

Theorem 2.2. —A generates a contraction Cy semigroup on L*(Q).

Proof. Define for each t > 0
e Ay = Z e Mijw;, u € L*Q).
J
Then for any real number a and u, v € L*(R2), we have [|e™"ul[3, = 37 e 7Y i,[* <

> a1 = ||ul[7. and
e " au +v) Ze X (qu + v)
=a Z e ujw; + Z e VW,
J J

—ae + et
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Thus e, t > 0 is a one parameter family of bounded linear operators on L? with
le™|gz2.r2) < 1V ¢ > 0. Further, it satisfies the following properties.

Aulig = v and (e oe )y =

For every u € L?, it is not hard to show that e~
e~ (94 ¥V ¢ > 0, and for given any € > 0, to choose N € N such that > P <

€?/2 since 3 |u;]* < co. With this N, we have

N 0o
le u—ullf < (1—e )2 i + Y iyl
j=1 j=N+1

So we can choose §(/N) > 0 small enough such that we can make the first term

on the right side of above inequality less than €¢2/2 for 0 < ¢ < §(N) and hence

tA

|[e7u — u||z2 < € proving that limg o e *u = w under L*-norm.

At this point, we have proved that e *4, ¢t > 0 is a contraction Cy-semigruop of

bounded linear operators on L2.

Finally it remains to show that —A is an infinitesimal generator of e7*4, ¢ > 0.
For u € D(A),
—tA —tA; 1

e “u—u et — 1 tA;
| Al = SO Al = e — P
J J
e~ tAy
t
an infinitesimal generator for e=*4, t > 0.

~% ynder L2-convergence exists and equals to —Au. Hence —A is

and so limy

Thus the proof is complete. O]

Since —A is an infinitesimal generator of contraction Cj semigroup e *4, t > 0
on L2, so —A is a closed operator and D(A) is dense in L?. From Chapter IX, section
11 in [12] (or [10, 18]), expressions for fractional power of a closed positive operator

A are given by

(2.3) lwu:sm“”/ 1 (sI + A) " Auds, u e D(A)

m 0
and

1 o0
2.4 A% = / s Ne™A — Duds, ue D(A
(2.4) ey ) e ) (4)
It is also proved that —A® generates a contraction Cy-semigroup given by

00 _sA .
(2.5) A, Iy fra(s)e™*tuds  ift >0
u ift=20

where f; , in the integrand is defined by
{ L faﬂoo e#t2%dz ifs>0

2wt Jo—i00

Juals) = 0 if s <0

with 0 > 0,¢ > 0,0 < a < 1 and shown that f;,(s) >0 for all s >0
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In proof of Theorem 1 in Chapter IX, section 11 in [12], it is established that

—tA™

le™* ull2 < sup|le™ |
>0

which follows that ||e ™% ||z(z2) < 1 since ||e™* | z(z2) < 1.

We summarize the above discussions below:

Theorem 2.3. —A® generates a contraction Cy-semigroup e 4", t > 0 given in 2.5

on L2

Thus (1) 4+ (=A%) = —(I + A%) also generates a contraction Cy-semigroup on
L?. But this is not what we want. However, we want to construct a contraction Cy-
semigroup generated by —(I + A%) on H®?. Then using this semigroup and formula
2.5, we will be able to construct a contraction Cy-semigroup generated by L on H*”.
To this end, we use (2.1) and Sobolev spaces with corresponding inner products and
norms discussed in section 2.1 to define a pseudo-differential operator (I + A®) :
D(I + A%) C H*® — H° of order 2a by

D(I+A%) ={u € H :||(I + A)ullZ5 = > (14 A3)"[a,]* < oo},
J
(14 A%u = (1+A)iw;
J
Theorem 2.4. —(I+A?%) generates a contraction Cy-semigroup, namely et U+4%) ¢ >
0, on H*P.

Proof. Define

6—t(I+A0‘)u — z:eft(lJr)\;-’)aju}j7 t>0, ue Ha,B
J
Then rest of the proof is just analytic routine similar to we did in theorem 2.2, but

this time we need to work with H*’-norm instead of L2-norm. O

Either using the ideas of proof of theorem 2.3 (basically (2.3)-(2.5)) or defining a
semigroup by et := Zj e*t(H’\?)l_'Bﬂjwj on H*® as in the proofs of theorem 2.2 and

theorem 2.4, we can prove the following.

Theorem 2.5. The linear operator L generates a contraction Cy-semigroup, namely
eLu, t >0, on H*®, B € (0,1).

2.3. Regularity and boundeness properties of e¢'*. The following technical re-
sult which states that et increases regularity is very useful to prove regularity result

of main theorem 2.1.
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Theorem 2.6. If u € L?, then e®u € H*? for any B > 0. For instance, we have the

following estimates:
n

(2.6) ||6tLH£(HO¢B,Ha(ﬁ+2n/\)) < <ﬁ) (n €N)
and for each p € (0,1), there exists a constant C, r such that

o
2.7 eS| gagon ocrszunsy < G (5)

Proof. By [2], we have the following estimates on the semigroup and its generator:

If B is a self adjoint and m-dissipative operator on a Hilbert space H, and if
u € H then ePu € D(B™) for all n = 1,2,... and

n n
2.8 —-B)" = |[(B)" < (—
(28 =B llen = 1B leom < ()
and for any p € (0,1), there exists C,, 7 such that for any ¢ € (0, 7]
[\ K
(2.9) =B llewn < Cur (%)

Since L is self adjoint and generates a Cy-semigroup on H*?, by Lumer Phillips

Theorem L is m-dissipative and therefore by (2.8)

(=L)" | eeasy = [[(L)"[] £aresy < (ft)n

and by (2.9), for any p € (0,1), there exists C, r such that for any ¢ € (0, 7]
g
LY lleqen < Cur (5)
Since (—L)3 = (7 + A%) where § = 1 — 8, for u € H*?, we have

2.10 eTul|aisronsy = |[(=L)"eTul|o ( ) B
(2.10) |le" u||a(g+2n8) = ||(—L) llag < NG |[u]|ap

(2.11) le™ullaga2u) = | (=LY e“ullag < Cour (&) s

By virtue of theorem 2.5, it suffices to prove that if v € L? then e¢Mu € H*® for
all § > 1 which follows from 2.6 and 2.7. m

We see from previous theorem 2.6 that if u € L> C L? then efu € H*?, 3 > 0.
For large enough 3 > 0, ety € L by Sobolev Embedding Theorem. Thus we can
assume that e is an operator on L*°. Using the method analogous to proposition

3.6 in [1], we can establish bounds for ™ and N as operators on L™ into itself.

Theorem 2.7. Ifu € L™, then (a) ||N(u)||oo < ||t|loe + 1S (., w)||ee and (b) for each
t >0, [le"ulls < [|ullo-

This theorem shows that N : L>® — L* is locally bounded and et : L>® — L
is bounded with |||z () < 1.
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2.4. Proof of main theorem 2.1. Next we introduce an integral form of (1.7) and
apply Banach Fixed Point Theorem to prove that a unique solution in this form

always exists.

An intergral form of (1.7)
¢
u(t, ) := e™ug(z) —I—/ e N (u(s, z)) ds
0

is called a muld solution of the equation.

We write u(t, x) := u[t](x) to see that ¢t — u[t] defines a map from a time interval

into a function space. Then for any uy € L* and T' > 0, we define a subspace
Wr ={ue C([0,T], L>) : u[0] = up}
of C([0,T], L>) with norm
fulloor = max [t o

Notice that if 0 < ¢ < T then Wp C W; and ||u[s]||oor < [|u]8]|]oor

Theorem 2.8. A map V : Wy — Wy defined by

W (ult]) := eTug +/0 e EN(uls]) ds

s a contraction map for some small T > 0 independent of uyg.

Proof. We see that W(u[0]) = up and applying Theorem 2.7

Il < ol + [ Dl + 117 alsD]
< ol o + [l + gmas 1. ufs]) 1]
< 00

implying that ¥ defines a map on Wr.

Since |f($7y1) - f(x7y2)| < L(f)|y1 - y2| Ve Tdav Y1, Y2 € R for some
constant L(f) depending on f, this yields

(2.12) FCouls]) = fCoulsDlloo < LOHIuls] = vsllee u, vE W,

If u, v € W, then an argument analogous to the previous theorem 2.7 yields

[IN(uls]) = N(v[s])[|eo < [[uls] = v[s]lloc +[|f(; uls]) = F( 0[]l
< [+ L(N)]uls] = vis]l]s
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and hence

W (ult]) = T(ot])]leo < /O 12| 2ezoe) N (uls]) — N(v[s])]]oo ds

< [0+ LOals) = ol s

0
<1+ LNl = vfloos

Choose T = m Since [1 + L(f)] is independent of ug, T' is independent of
ug and for every ¢t with 0 <t < T

1uft]) ~ WDl < 5llu—vllr

Taking supremum over all ¢ € [0,7] on the left side, we get

1
10 (w) = T(0)]leor < 5llu = vloor

and hence ¥ is a contraction map on Wr. O

Proof of theorem 2.1: As a closed subset of a Banach space, Wr with the norm
||-||co.r is complete. Applying Banach Fixed Point Theorem, theorem 2.8 now follows
that the map ¥ : Wy — Wy has a unique fixed point ugp € Wy for a small enough 7.
That is,

t
uplt]) = U(uplt]) = e™ug —|—/ e N (up[s]) ds
0
which is, in fact, a mild solution of (1.7) in C([0, 17, L>).

Since 7' is independent of initial data ug, we can follow the same method as above
with starting solution at ¢ = T instead of starting at ¢ = 0, we can obtain a unique
mild solution in C([T,2T], L>) of (1.7) with the initial data replaced by u[T"] = wuy.
Then we can apply concatenation (Gluing Lemma) to obtain a unique mild solution
on [0,27T] of (1.7) with u[0] = uy. Repeating this process indefinitely, we can obtain
a unique mild solution on [0,00) of (1.7) with u[0] = uy. We again denote it by ug.
Then up € C([0,00), L) with ug[0] = uy.

Since ||(7 + A%) P ul|a(sr28) = |[ullas ¥V u € H*, s > 0, the operator (I + A*)~#
maps H® into H*+28) that is, it increases regularity by 2a. In particular, L>® C
L? = H (I 4 A*)~% maps L™ into H***. Also ||(I + A%) || z(pas patsszey = 1.
Further, we notice that IN increases regularity by 2« on regularity of u — f(., u).

For instance, as up[.] € L™, by theorem 2.7 N(ug[.]) € L* and so N(ug[.]) €
H?% with

IN(up[Dll2as = [lurl] = Fur[ D)o < (Jurl oo + [1F (5 url])loo)

Regularity and contracting Cy-semigroup properties of e (Theorems 2.5, 2.6)

imply that ||€"]| £ gr2esy < 1V ¢ > 0. Applying this inequality and previous inequality,
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for each fixed t > 0 we get

[lur(t)llaas < 1l toll2ap + (llurllocs + max [1f (- up[f])[]o) < o0

This inequality together with (2.12) follows that ur € C(]0,00), H?**#) and hence
up € C([0,00), H?**# N L>).

Till now we have only proved the unique existence of mild solution and improved
its regularity. To complete the proof of theorem 2.1, we have to show that the map
t > uplt] is C* from (0, 00) into H**. In order to show this, 2 = L(up) + N(up)
helps us anticipate what the first derivative of this map should be. So we define

v[t] := L(up(t]) + N(up[t]) = Le™ug + /t Le™ YN (up[s]) ds + N(up[t]) fort >0
Then 7 (uplt + h] — uplt]) — v[t]
1

= {h(ehL — 1) — LYe™ug + /Ow{%(eh]; —I) — L}e""9YN(up[s]) ds

b [ AN gl s~ NGl

Since ePuy € D(L), by definition of infinitesimal generator limy, h( et — ety =
Letuy under H2*$-convergence. That is, limpo [|[{(e"* — I) — L}e™ug||aas = 0

As we have (e — 1) fo = th Le™™ dr and Le® )t = ¢(=9)LL, 50
1o {5 "™ =1) L}et S)LN(UF[ ])d8||2a5 < [ fy €™ dr—I}e LN (up[s))|[aasds.
Since for every u € H?*P limy o 5 foh e™u dr = v under H?*#-convergence, the inte—
grand on right side of above inequality approaches to 0 as h | 0. Thus limy, || fo e —
I) — L}el"9"N(up[s])ds| 205 = 0.

Substituting s =t + 7, we get

% /t =N (o [s]) ds — N(uplt]) = % /0 "= LN(uplr + 1)) dr — N(uglt])

_ {% /0 e" N (uplt]) dr — N(up[t])} + % /0 " N (up[r +1]) = N(ur[t])} dr

Because of the similar reason as in previous paragraph, the first term on the right side
converges to 0 as h | 0 under H?*5-convergence. Applying ||e(t+h*s)L||ga/g <1 and
IN(ur[r+1]) =N(ur[t])|l2ap = [[(ur[r+1] = (., up[r+1])) = (urlt] = f( urlt])]lo <
1+ L(f)]||up[T +t] — up[t]||oo with continuity of 7 — up[7] from [0, 00) into L*°, the
second term on the right side also converges to 0 as h | 0 under H?*’-convergence.
13 /" =N (up[s]) ds = N(uplt])||2as = 0.

Thus limypo || (uplt + h] — upt]) — v[t]||2ap = 0. Therefore, dud—i[t] =o[t] € H*P.
It is not hard to show that v[t] € L*>. Since ¢ — vl[t] is continuous, it is C"*.

Finally, we have ur[.] € C*((0,00), H**® N L*>). Hence the proof of theorem 2.1

is complete.

Hence limy,
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