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ABSTRACT: Let C(¢) denote the set of all univalent functions in the unit disk D which are
convex in the direction e’?. A function g analytic in the unit disk D is said to be in the class
DCP (Directional Convexity Preserving) if it preserves the class C(¢) under the Hadamard product,
i.e. g belongs to the class DCP if f x g € C(¢) whenever f € C(¢). It has been proved in the
literature that some well known and most applicable functions of a complex variable like exponential
function e"* for 0 < r < 1 belongs to the class DCP. In this paper we further enlarge this
class by establishing a criterion for closed convex hull of the de la Vallée Poussin kernels Vy(z) =

)\/\—qul(l,l —X24+ X —2), z €D to be in the class DCP.
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1. Imntroduction and Characterization of the class DCP

Definition 1.1. A domain €2 C C is said to be a starlike domain with respect to a
point zg € € if the line segment joining zg to every other points z € 2 lies entirely in

). Goemetrically the requirement is that every point of ) be visible from z.

Definition 1.2. A domain 2 C C is said to be a convex domain if it is starlike
with respect to each of its point. In other words the domain €2 is convex if the line

segments joining any two of its points lie entirely in €.

Definition 1.3. A domain Q C C is said to be convez in the direction ¢, ¢ € R, if
and only if for every a € C the set

Qﬂ{a%—tew : tGR}

is either connected or empty.
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Definition 1.4. Let A denote the set of all analytic functions in the unit disk D =

{z :|z| < 1}. Then we define some standars subclasses of A as follows:

S = {feA : fisunivalent and f(0) =0, f'(0) =1}
C = {feS : f(D) is convex}
S§* = {f eS8 : f(D) is starlike with respect to the origin}
K(¢) = {f€S :f(D)is convex in the direction ", ¢ € R}

Remark 1.5. It is well known that if f € C , then f maps each circle |z| =r < 1
on to a closed curve I' which bounds a convex domain. In other words if f € C, then
g(z) = f(rz) € C for 0 < r < 1. Similar result holds also for the class S*. That is
if f € 8* then f maps each circle |z| =7 < 1 on to a closed curve I" which bounds
a starlike(with respect to the origin) domain, i.e. g(z) = f(rz) is also starlike for
0 < r < 1. But unlike the classes C and §*, the class K(¢) does not entertain this
property. In other words f € K(¢) does not necessarily imply f(rz) € K(¢) for
0<r<l1.

Remark 1.6. (Goodman - Saff Conjecture) In [3] and [5] it has been proved
that for ro := v/2 —1 < r < 1 generally f € K(¢) does not imply f(r z) € K(¢). But
Goodman and Saff conjectured that such an implication may hold for 0 < r < ry. In
1987 J. Brown [2] proved that

feK(¢)= f(rz) e K{y), ¥ € I(f),

where I(f) C [0,27] is a set of positive measure. But unfortunately it was not shown
that ¢ € I(f) and thus the Goodman - Saff conjecture was still open at that time.

In order to solve the Goodman-Saff conjecture Ruscheweyh and Salinas [9] introduced
the class of functions which preserve the directional convexity under the Hadamard

product.

Definition 1.7. Let f(z) =Y " a,2" and g(z) = Y.~ ,b,2" be two functions in A.
Then the Hadamard product of f(z) and ¢(z), denoted by (f * g)(2), is defined by

o0

(1.1) (f*xg)(z) = Zanbnz”

n=0

Definition 1.8. A function g € A is called a Direction-Convexity-Preserving (g €
DCP) if and only if for every ¢ € R and for every f € K(¢), the function g x f is

convex in the direction e*?.

Remark 1.9. Beside the members of K(¢), we also use the term dirction convex or

convex in the direction e’¢ also for not normalized functions of the class A.
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Remark 1.10. Another remark on the class K(¢) is that unlike some other subclasses
of S the class IC(¢) is not rotational invarient. That is f € K(¢) and a # 0, w(mod 27)
do not always imply that e’ f(e™“z) € K(¢). As a result f € DCP does not in
general imply that the function e¢'®g(z) is also in DC'P.

In [9] one can finds a complete description of the members of DC' P, namely

(1.2) gEDCP <+ g(z)+itzg(z)e€ lC(g) for all t € R.

Further it is known that DCP functions are convex univalent. The following

criterion for membership in DCP is a slight variant of [9, Theorem 4] (compare [11])

Lemma 1.11. Let g be analytic in D, convexr univalent and let u(t) := Re (g(e™)),
teR. Then g € DCP if and only if

(1.3) ou = W't =) u"(t) >0, teR.

Remark 1.12. The class DCP is not an isolated one but has a bearing on the
geometric function theory and has been used to prove various results in this field of
mathematics, for instance the preservation of convex harmonic functions in D, and
of Jordan curves in the plane with convex interior domain. It has been proved in the
literature that some well known and most applicable functions of a complex variable
like exponential function €™ for 0 < r < 1 belongs to the class DC'P. We refer to [7],
9], [10] for more details.

2. DCP property of de la VallEe Poussin Kernels

In this section we further enlarge the class DC'P by establishing a criterion for
closed convex hull of the de la Vallée Poussin kernels Vy(z) = A)qul(l? 1— X2+
A;—2), z € D to be in the class DCP. The classical definition of the de la Vallée

Poussin kernel of order n € N is

(2.1) wp(t) = 2n) (1 + cos(t))"
1 & 2n .
- (2n>kzn<”+k)ek‘

But here we are interested in the analytic version of the de la Vallée Poussin kernel

(2.2) Vo(2) = ———
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Note that
(2.3) 2Re V,,(e") = w,(t) —1, n€EN.

Ruscheweyh and Suffridge [12] extended the range of the parameter n € N of the de
la Vallée Poussin kernel to include all positive real numbers A\. We collect some of

their results in the following lemma.

Lemma 2.1. (a) For A > 0, we have
Az

(2.4) Vi(z) = ] oFI(L,1—=XN24 )\ —2), ze€D.
Furthermore, these functions extend continuously onto D, and we have
(25) UJ)\(t) = Re V)\(e“)
1 TA+1)°
= —— 4ot (g ), teR.
5 T F(2A+1)( + cos(t))?, t €

(b) For A >0, Vi(2) is analytic and convex univalent in D.

(c) For A > %, wy(t) is strictly periodically monotone and three times continuously

differentiable. Moreover,
(2.6) wh (t) wh(t) —wy () wi(t) >0, teR.
(d) Va(z) is in DCP for A > 3.
In this section, we give a criterion for closed convex hulls of the de la Vallée
Poussin kernels V) (z) to be in DCP. But first we shall prove a result involving w (%),

which we know from Lemma 2.1 to be three times continuously differentiable for
A>3

Lemma 2.2. For \;, \j; > %, set

" " 1 n / / n
(2.7) wjk(t) = Wy, (t) wAj(t> - §(w/\k (t) wAj(t> + wj, (t) wy; (t), teR.
Then the following hold:

(a) Suppose A\, = \; > 5. Then

1
5
(2.8) wig(t) >0, telR

(b) Suppose Ay > \; > L. Then (2.8) holds if and only if

2
(2.9) by gAkgxﬁ}l <1+\/16Aj—7).

Proof: Part (a) is a particular case of part(b), and it follows directly from part(c)
of Lemma 2.1 if we take A\ = \; = \; in (2.6). To prove part (b), we first note that
if we set A = X\, — Aj, then (2.9) holds if and only if A lies in the closed interval

(2.10) {0, % (1 + \/mﬂ .
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Hence, it is enough to prove that (2.8) holds if and only if A lies in the above closed

interval. Now after simplification (using Mathematica), we get
wip(t) = —K{BXN +3X -6\ —2X;, -2,
F2(=2X =20+ 4NN, + A+ A — 2) cos(t)
0y — )2 cos(20)},
where

1 2% N2 (A + 1)°T () + 1)
16 TLERM+1DD(2)N+1)

<)\k/\ (1 4 cos(t))*+™ sec (%))
(t

Clearly K takes non-negative values for ¢ € R. Hence w;(t) > 0 if and only if

BATHBAL = 6N A — 2N — 2\,
F2(=2X =20+ 4N e+ A + A — 2) cos(t)
+(\; — Ag)? cos(2t) < 0.

If we now set A\, = A+ \; and y = cos(t) in the above inequality, we get, after

simplification,
—A+ AT —20 4+ (A-2-2A7+2)\)y+ A*y* <0.

The left side is a quadratic expression, say F(y), in y, and y = cos(t) takes every
value between -1 and 1. Let
X={A>0:F(y)<0for —1<y<1}.

Then w; () > 0 for all real values of ¢ if and only if A = A\, — A, lies in X. Now F(y)
is linear in y if A = 0 and is quadratic in y with positive leading coefficient if A > 0.
Hence
X={A>0:F(1) and F(—-1) <0}.
It is easily seen that F'(1) = —2. Hence
X={A>0:F(-1) <0}.

Now

F(-1) = (A2 - —A %— AJ)
- (A—— m)
(4= 0+ uon =m).
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By hypothesis, \; > %, and A > 0 by our assumption. If A =0, then F'(—1) <0 and
so0€X. If A>0, then A—1(1—,/16); —7) > 0 and hence

1
F(-1) <0 & A——1+\/16>\»—7 )<0
& A< 1+\/16)\—

We thus see that & is the closed interval represented by (2.10). Hence w,(t) > 0 for
all t € R if and only if A lies in the closed interval (2.10), that is if and only if (2.9)
holds. This completes the proof of part (b).

Theorem 2.3. For A\ > 3, we have

]—")\;:m{‘/)\k(z) A< A < A+- <1+\/16>\ )}gDCP.

Proof: The set F) is by definition compact. Hence in order to prove the theorem,

it suffices to show that the finite sums

V=> W, € DCP
=1

for p, > 0. Now V is analytic in D and continuous on D, because, by Lemma 2.1,

the functions V), have the same properties. Set

u(t) == Re V(e ZNkReVAk ") Z:u’kw/\k

Again by Lemma 2.1, wy, (t) is three times continuously differentiable and strictly
periodically monotone, with the function decreasing on (0, 7) and increasing on
(m, 2m). Hence u(t) is also three times continuously differentiable. Also, since py, > 0,
u(t) is strictly periodically monotone. Therefore, by Lemma 1.11 V' € DCP if and
only if

(2.11) u' () u" () —u" ()W (t) >0, teR.

Now

3

(212) (') —u" () (t) = (Z iy, WY, (t))

k=1

(Zu wit (1 )) (Zuk w&k(t)>

= i 1 wik(t),
k=1
where

(213)  wy(t) = wy, () wy, (t) — l(w&’; (t) wh, () 4wy, () wy ())-



DCP PROPERTY OF POUSSIN KERNELS 437
Since A < A, Aj < A+ %L (1 + 16\ — 7), we have wj, > 0 by Lemma 2.1. Also
i, ft; > 0. Hence (2.11) holds, thus completing the proof of the theorem.

Certainly the requirement

(2.14) Z prft; wyg(t) > 0 for pj, py >0
7, k=1

can hold even if not all w;;(t) > 0 on [0, 27]. One can expect a sharp bound (neces-
sary condition) for inequality (2.14). Unfortunately, because of the very complicated
nature of the functions wjy, it is not easy to get a sharp condition. However, the

following lemma will help to improve the previous result under certain conditions.

Lemma 2.4. Let ¢ be numbers in (0,1) such that Y ,_, e, =1 and

€k 2 €j
T_c wy5() + 2 g e ik (t) + 7= o

(2.15) i wyk(t) >0

for j #k andt € R. Then szzl o pu wig > 0.

Proof: By (2.15), we have

n

€
0 = Z(l - i wja+2,“],“k:wjk+1 Mkwkk)
j.k=1 4 €k

j#k

wy] + 2 Z g foe Wik
J,k=1 k=1

J7#k J7#k

—zzz(

2

//L. n
_j€j> wi; T2 Y g kW

J,k=1

J?ék J#k
= 2 ZI’LJ wjj + 2 Z Hj o Wik
J#k
= ZM] wjj + Zﬂjﬂkwjk
7,k=1
J#k

Hence

Z My PreWik = Z,u] Wy + Z Mg o Wij >0
J.k=1 jk=1
J#k

and the lemma is proved.
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Theorem 2.5. Let A\, > %, k=1,2,--- ,n. Suppose there exists numbers € € (0, 1)
such that >} _, e, =1 and

€ exw; (1) wii(?)
(210 il = ‘\/ (1)1~ )

fort € R and j # k. Then

(2.17) > Vi, (2) € DCP
k=1

for all py, > 0.

Proof: As in Theorem 2.3, the function
> Vs (2) € DCP
k=1

if and only if

(2.18) Dy wii(t) > 0.
k=1

And by Lemma 2.4, the above inequality holds if

fj wip >0

€k o €
SW; 5+ 2 e W
l_ejlu] ]]+ Hj Kk ]k+1_€k

(2.19)

for j # k. It was shown in Lemma 2.2 that wj;, wg, > 0. Hence if pu = 0 or if
wj > 0, then (2.19) is obvious. If wj; = 0, then wj; > 0 by (2.16) and (2.19) again
holds. So suppose w;; > 0, p; > 0, and w;, < 0. Then by (2.16),

€ €k wjj(t) wkk<t>
(2.20) wik(®)] < \/ I—e)1—ep)

Also, (2.19) holds if and only if
2
(2.21) (ﬁ) po o) <ﬂ> A
i €k Wj [k ex (1 — er) wy
Let A denote the discriminant of the quadratic equation

1 —¢€)w; 1 — €;) wiy

x 4 9l
€ Wy j er (1 =€) wy

}lA _ <(1 —ej)w]-k)Q _ Ej(l —ej)wkk <0

€ Wj er(l—epwj; =
by (2.20). This proves (2.21) and with it the theorem.

X2+2< = 0.

Then

If we take n = 2 in Theorem 2.5, then 1 — ¢; = €3 and 1 — €5 = ¢; and we obtain the

following corollary.
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Corollary 2.6. Let \j, \y, > 5. If

w]k(t) > — wjj(t) wkk(t), t e R,

then

s Vi, (2) + e Vi, (2) € DCP

for all pj, pu, > 0.
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