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QUENCHING BEHAVIOR OF INITIAL-BOUNDARY VALUE
PROBLEM FOR A GENERALIZED EULER-POISSON-DARBOUX
EQUATION
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ABSTRACT. We consider a generalization of the Euler-Poisson-Darboux equation with initial and
boundary conditions. Criteria under which week solutions of the initial-boundary value problem for
the generalized Euler-Poisson-Darboux equation quench in finite time are obtained. Also, criteria
under which the first derivative of a weak solution of the problem blows up in finite time are given.

Furthermore, numerical results for one-dimensional problems are discussed.
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1. INTRODUCTION

The concept of quenching was introduced in 1975 by Kawarada [5] through a first
initial-boundary value problem for a semilinear heat equation. Chang and Levine [4]
extended the concept to hyperbolic equations through a first initial-boundary value
problem for a semilinear wave equation in 1981. For the one-dimensional semilinear
Euler-Poisson-Darboux equations, Chan and Nip [1, 2] studied the critical length, and
the blow-up of the second derivative of the solution with respect to time at quenching.
Chan and Zhu [3] furthered the study of quenching for an initial-boundary value
problem involving the n-dimensional semilinear Euler-Poisson-Darboux equations.
Let a and b be any real numbers with b greater than 0, A be the n-dimensional
Laplace operator, f : (—oo,c) — (0,00) for some positive constant ¢ such that f is
convex, and lim, .- f(s) = 0o, 2 be a bounded domain in R* with a piecewise smooth

boundary 9f2, and ug(x) € C(€2). Let us consider the initial-boundary problem,

(1.1) Uy + <a+?) u— Au = f(u), (x,t) € Qx(0,7T),
(1.2) u(z,0) = ug(x),us(x,0) =0, =z €,
(1.3) u(z,t) =0, (x,t)€0Qx][0,T).
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In this paper, we give criteria under which a weak solution of the problem (1.1)-(1.3)
quenches. For a = 0, the case when b = 0, ug(x) = 0 and f’ > 0 was discussed by
Chang and Levine [4] , the case when b < 1, ug(x) > 0, and f" > 0 was investigated
by Chan and Nip [1] for one spatial dimension; and for multi-dimensional case, it was
studied by Chan and Zhu [3]. Furthermore, we obtain criteria under which the first
derivative of a weak solution of the problem (1.1)—(1.3) blows up in finite time and

numerical results for one-dimensional initial-boundary value problems.

2. QUENCHING RESULTS FOR SOLUTIONS

Definition 2.1 The function u : Q x [0,7') — R is called a weak solution of the
problem (1.1)—(1.3) if v and u, are continuous in §2 x [0, T'), u satisfies (1.2) and (1.3),

and for all ¢ : Q x [0,7) — R which are twice continuously differentiable in ¢, satisfy
(1.3) and

(2.1) / /'“0 L dt+/ /'wt Lzt < oo,

we have
(2.2)
2a

k t b b
/ uppdr+(a+—) / updr = / / [‘Pn“n +ulp + of + —pyu+ (— — =) pu| dvdn.
Q " Jo 0 JO n n n?
Let A be the first eigenvalue of the eigenvalue problem,
Ap+Xp=0,2€Q; =0,z € 09,

and ¢(x) denote the corresponding eigenfunction. Then, A > 0, and ¢(z) > 0, z € Q
with [, ¢(x)dz = 1. Let

(2.3) w(t) = /Q¢(x)u(:l: t)dx

where u is a weak solution of the problem (1.1)—-(1.3).
Lemma 2.1. Assume that

(1) f(s)— )\s >0 for s € (0,¢),

(ir) [ ([, (z)dz) > X [, (x)uo () dz, and
(11i) w(t) < cfor t > 0.

Then w'(t) > 0 for t > 0.

Proof. From (2.3), we have

= /Qqﬁ(a:)ut(x, t)dx
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Let p(x,t) = t*¢(x). It is obvious that (2.1) is satisfied with the definition of ¢(x).

From (2.2), we have
2w (t) + at*w (t) + btw (1) = /0 20w’ (n) + (b — M) w (n)
v [ 0@ f wlen) dx] .

w”(t)+(a+l§) "(t) = —dw (t /¢

Since f is positive and convex, by Jensen’s inequality (Wheeden and Zygmund [6]),

Therefore,

we have the following inequality

4 b
(2.4) w (t) + (a + Z) w' (t) > f(w(t) — A w(t).
Define
g(t) =te"t>0,
then, g () is continuous on [0, 00) and differentiable on (0, o).

Since do () (1
S =g 0w () g (B (1),

it follows from f (s) —As > 0 on (0,¢), g(t) >0 for t >0, f(s) > 0 on (—o0,c), and
A > 0 that
(2.5) ,

B g0 [ 0+ (a5 ) w0)] 2001 @) - Moot >0
It follows that f ([, #(x)uo (z)dz) > X [, ¢(x)uo (x) dz and g (t) > 0 for ¢ > 0 that
there exists a positive constant € such that

dg (1) w' (t)
dt

Since ¢ (0)w’' (0) = 0, then g (¢)w’ (t) > 0 for ¢t € (0,¢). It follows from g (t) > 0 for
t >0 that w' () > 0 for t € (0,¢).

>0,t € (0,¢).

To prove that w' (t) > 0 for ¢t > 0, we suppose that there exists some 7 > ¢ such
that w' (1) = 0 and w’ (t) > 0 for ¢t € (0, 7). Define

then
P (r) =0,
and
P(t)>0,t € (0,7).
Define

Q (t) — t2b€2at,t Z O,
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then, @ () > 0 for ¢ > 0.
By the definitions of P (t) and @ (), we know that for ¢t € (0, 7)

dP(t)Q(t)

(2.6) -

. (2a—i— 271’) Q)P +Q) P ().

It follows from (2.4) and w’ (¢t) > 0 for ¢ € (0, 7) that

.7 P02 (0= F) P+ 20 O w(0) = 1),
From (2.6) and (2.7), we have

dPMHe®) | Q(t)[(—a—%b)P(t)—I—Qw’(t)(f(w(t))—)\w(t))

dt -
+ (2a+ %b) P(t)Q(t)
> 2Q (0w (1) (F (w (1) ~ (1),
Therefore,
(2.5) WO 5 50 (tyw' (1) (f (w (1)) 20 (1),

By integrating (2.8) from ¢y to 7 for some constant ty,0 < ¢ty < 7, we have
P(r)Q(r) = 2/t Q@) w' (1) (f (w (1)) — Aw (1)) dt + P (to) Q (to) -

It follows from @ (t) > 0,w’' (t) > 0, f(w(t)) — Adw (t) > 0, and P (to) Q (to) > 0
that P (7)Q (7) > 0. Since @ (7) > 0, then P (7) > 0, which is a contradiction to
P (1) = 0. Therefore, w’ (t) > 0 for ¢t > 0.

Theorem 2.1. For the problem (1.1)—(1.3), assume that

(1) f(s)—As>0 for s € (0,c),
(it) [ ([oo(@)uo (x)dx) > X [, p(x)uo (z) dz, and
(1) a <0 and b<1.

Then a weak solution of the problem (1.1)—(1.3) must quench in finite time.

Proof. Suppose that u (x,t) < ¢ for (z,t) € 2 x [0,00). By the definition of w (t), we
know that w (t) < ¢ for ¢t > 0. Since all conditions in Lemma 2.1 are satisfied, then
w'(t) > 0 for ¢ > 0. It follows from (2.4) and f (s) — As > 0 in (0, c) that

b
w (£) + 7/ (t) 2 0.

Integrating this over (¢1,t), t; > 0, we have

S thw' (t1)
p— tb .

w' (1)
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Integrating this over (¢y,t), we have

tow’ (t
w(t) + —11w (kl) (-1, 0<b< 1,

w (tl) -+ tlw’ (tl) In %, b=1.

w(t) >

Since w' (t;) > 0, there exists some ¢y > t; such that w () > ¢ for ¢ > t5. This

contradiction shows that v must quench in finite time.

Theorem 2.2. For the problem (1.1)—(1.3), assume that

(i) f(s)— ( + a) As >0 in (0,¢) for any positive constant «,
(it) f'(Jq, & (z)dz) >0, and
(111) a <0 and b > 1.
Then a weak solution of the problem (1.1)—(1.3) must quench in finite time.

Proof. Suppose that u (z,t) < ¢ for (x,t) € Q x [0,00). By the definition of w (),
we know that w (t) < ¢ for t > 0. It follows from f(s) — (1 4+ a)As > 0 in (0,¢)
that f(s) —As > 0 in (0,¢). Since all conditions in Lemma 2.1 are satisfied, then
w' (t) > 0 for t > 0.

Assume that w (0) = [, &( z)dx > 0. Then 0 < w (t) < ¢, and f(s) — As >
als in (0,¢). Since w ( ) > 0, it follows from w (t) > w (0), and (2.4) that

;i ("' (1)) = (adw (0))t°, ¢ > 0.

Integrating this from 0 to ¢, we have

Another integration gives

aiw (0) ,
w(t)zmt +w (0).

It follows from v > 0, and w (0) > 0 that there exists some t5 > 0 such that w (t3) > ¢

This contradiction proves that u must quench in finite time.

Assume that w (0) = f D x)dr < 0. We claim that there exists some
t3 > 0 such that w (t3) Z 0. Suppose th1s is not true. Then, w (t) < 0 for t > 0. Since
w'(t) > 0, and —b/t > —1 for any ¢t > b > 1. It follows from (2.4) that,

w” (t) > —w' (t) + f (w(t)) — Aw ().
Since w (t) < 0, f7( [, ¢(x)uo(x)dz) >0, f > 0 is convex and w' (t) > 0, we have

fw () = dw(t) > f(w(t) = f(w(0) > 0.

Hence,
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Integrating this inequality twice over (b,t), it follows from w (t) < 0 that

1
w(t) > §f(w(0))t2++[w'(b) +w (b) = bf (w(0))]t +w(b).
Since f(w (0)) > 0, then there exists ¢, > 0 such that w (t4) > 0. This proves our
claim.
Since w (t4) > 0 and w’ (t) > 0, we have w (¢) > 0 for ¢t > t4. For any t5 > ¢4 such
that w (t5) < ¢, it follows from (7) and f (s) — As > aAs in (0, ¢) that

cczlt (tPw' () = adw (t)t" = adw () ¢,

where w (t5) > 0. An argument similar to the above case in which w (0) > 0 shows

that u must quench in finite time.

Theorem 2.3. For the problem (1.1)—(1.3), assume that

(i) f(s ) (1 —I— a)As >0 in (0,c¢) for any positive constant «,
(i) [, o( x)dz > 0, and
(iii) a > 0.

Then a weak solution of the problem (1.1)—(1.3) must quench in finite time.

Proof. Suppose that u (z,t) < ¢ for (x,t) € Q x [0,00). By the definition of w (t),
we know that w (t) < ¢ for t > 0. It follows from f(s) — (1 4+ a)As > 0 in (0,¢)
that f(s) —As > 0 in (0,c¢). Since all conditions in Lemma 2.1 are satisfied, then
w' (t) >0 for t > 0.

Since w’ (t) > 0, it follows from (2.5) and ¢ (¢) > 0 that

d(g (1) w'(t))
dt
It follows from (2.9), g (t) > 0,¢'(t) > 0 for t > 0 and ¢ (t) — oo as t — oo that

w' (t) > aApw (0) for some positive constant 3. Integrating the inequality over [0, ¢]

(2.9) > (aw (0)) g (1), t > 0.

gives
(2.10) w(t) > arpw (0)t +w(0).

It follows from (2.10), a > 0, and w (0) > 0 that there exists some tg > 0 such that

w (tg) = c. This contradiction proves that w must quench in finite time.

Theorem 2.4. For the problem (1.1)—(1.3), assume that
(i) f(s)— (1 —|— a) As > 0 in (0,c) for any positive constant «,

(ii) f’ (fQ (z)dz) >0,
(1) [ d( dx <0, and
() a> 0.

Then a weak solution of the problem (1.1)—(1.3) must quench in finite time.

Proof. Suppose that u (z,t) < ¢ for (z,t) € Q x [0,00). By the definition of w (¢),
we know that w (t) < ¢ for t > 0. We claim that there exists some ¢ > 0 such that
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w (tg) > 0. Suppose this is not true. Then, w(t) < 0 for ¢ > 0. It follows from
f(s)—(14+a)As >0 in (0,c) that f(s) — As > 0 in (0,c¢). Since all conditions in
Lemma 2.1 are satisfied, then w’ () > 0 for ¢ > 0. Since w/(t) > 0, and —b/t > —1
for any ¢ > b > 1. It follows (2.4) that,

w’ () > = (L+a)w' () + f (w (1) — dw ().
Since w (t) < 0, f' ([, #(x)uo(x)dz) >0, f > 0 is convex and w' (t) > 0, we have

fw(t)) = Aw (t) > f(w(t)) = f(w(0)) > 0.
Hence,

w' (t) > =1 +a)w' () + f (w(0)).

Multiplying this inequality by e+ and integrating twice over (b,t), we have
[ (B) = f (w (0))] (1 = ™ 00) + f (w (0)) (¢ = ).
It follows from 0 < 1 — e1+9®=8 < 1 for t > b and a > 0 that
> w(b) — 1+a| w' (b) = f (w(0))] + f (w (0)) (t = b).

It follows from f (w (0)) > 0 that w (tg) > 0 for some tg > 0. This proves our claim.

w(t)Zw(b)+l+a

w (1)

Since w' (t) > 0, we have w () > 0 for t > tg. For any t; > t¢ such that w (t7) < c,
it follows from (2.5) and f (s) — As > aAs in (0, ¢) that

o)1) > (1) (1) > adu () g (1),

where w (t7) > 0. It follows from (2.11), g (¢) > 0, ¢’ (t) > 0 for t > 0 and ¢ (t) — oo
as t — oo that w' (t) > aApw (0) for some positive constant 3. Integrating the

(2.11)

inequality over [t7,] gives
(2.12) w (t) > arpw (t7)t +w (t7) .

It follows from (2.12), @ > 0, and w (t7) > 0 that there exists some tg > 0 such that

w (tg) = c¢. This contradiction proves that u must quench in finite time.

3. BLOW-UP RESULTS FOR DERIVATIVES OF SOLUTIONS

We have the following conclusions.

Theorem 3.1. For the problem (1.1)-(1.3), assume that

(i) f(s)— )\s>0f0rs€(0 c),
(ir) f([fq o (z) dz) > X [, d(2)uo () du,

(11i) a <0 and b< 1, and

(iv) [ f(u)du=
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Then the first derivative of a weak solution of the problem (1.1)—(1.3) blows up in

finite time.

Proof. Since all conditions in Theorem 2.1 are satisfied, we know that there exists a

positive number t* such that lim, ., w (t) = ¢, and w’ (t) > 0 for ¢ > 0.
By the definition of P (t) we know that P (¢) > 0 for ¢ > 0. Similar to (2.8), we
have

d(P(t)Q(t))

(3.1) -

> 2Q (1) w' (1) (f (w (1)) = Aw (1)), > 0.

Integrating (3.1) over (v,t) for some v > 0, we have

PHQ®) > +2/@ 7)) = Xw (7)) W' (7) dr
(32) — QW) +2 / Q(7) (f(w (7)) — A (7)) ! (7) dr.
From (3.2) and Q (#) > 0, we have
(33) P(t)ﬂ%( / Q (7) (f(w () - A (7)) w! (7) dr.

Applying the fact that 0 < Q (t) < t?, @' (t) > 0 and a < 0 to (3.3), we obtain

(3.4) P> (1‘;;(7)) +2;b /Y (f(w (1) = dw (1)) ' (7) dr.

It follows from (3.4), w' () > 0, P (t) = (w'(t))* and ¢ >~ > 0 that

iy V2 Y :
w'(t) > m [/wm (f(s) —)\s)ds] .

From [ f (u)du = oo, we have lim,_;- w' (t) = oo. Since

/¢ z)ug(x, t)dr < maxu(x,t),

e

it follows that u; blows up in finite time.

Theorem 3.2. For the problem (1.1)—(1.3), assume that

(i) f(s)— (1 —|— a) As > 0 in (0,c) for any positive constant «,

(ii) f' (fQ dx) 0,
(iii) a < O and b > 1, and
(iiv) [ f (u)du =

Then the first derivative of a weak solution of the problem (1.1)—(1.3) blows up in

finite time.
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Proof. Since all conditions in Theorem 2.2 are satisfied, we know that there exists a
positive number t* such that lim; 4 w (¢) = ¢, and w’ (¢) > 0 for £ > 0. Similar to

Theorem 3.1, upon integrating (3.1) over (d,¢) for some 6 > 0, we have

. \/§5b w(t) %
w'(t) > m [/w(a) (f(s) = As) ds] .

From [J f (u)du = oo, we have lim,_ w’ () = co. Since

/(b x)ug(z, t)dr < maxu(z,t),

z€Q

it follows that u; blows up in finite time.

Theorem 3.3. For the problem (1.1)—(1.3), assume that

(i) f(s ) (1 + a)As >0 in (0,c) for any positive constant «,

(i) [, o( x)dx > 0,
(11i) a >0, and
(iv) [ f(u)du=

Then the first derivative of a weak solution of the problem (1.1)—(1.3) blows up in

finite time.
Proof. Since all conditions in Theorem 2.3 are satisfied, we know that there exists a
positive number ¢* such that lim; .« w (t) = ¢, and w’ () > 0 for ¢ > 0.

By the definition of P (¢), we know that P (¢) > 0 for ¢ > 0. Similar to (2.8), we
have

w > 20 (1) w' (£) (f (w (£)) — Mw (£)) £ > 0.

Integrating (3.5) over (n,t) for some 1 > 0, we have

(3.5)

PH)Q@) = P(n)Q(n)+2/ Q(7) (f(w (7)) = dw (7)) w' (7) d7

(3.6) — Q) +2/Q ) = X (7)) W' (7) dr.
From (3.6) and @ (¢) > 0, we have
3.7) P(t)> Q(”)C;( /Q 7)) — \w (7)) w' (1) dr.

Applying the fact that @ (¢) > 0, and Q’( ) > 0 to (3.7), we obtain

Q) (w'(m)® 20 [ (N () dr
a8 Pz CEE T [ () - o)l ()i

It follows from (3.8), w' (n) > 0, P (t) = (w'(¢))* and t > n > 0 that

w'(t) Q [ " ds]Q.
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From [J f (u)du = oo and Q (t) < oo on (0,¢*), we have lim,_ w' () = co. Since

z€Q

/qﬁ x)u(z, t)dr < maxuy(z,t),

it follows that u; blows up in finite time.

Theorem 3.4. For the problem (1.1)-(1.3), assume that

(i) f(s)— ( —i— 04) As >0 in (0,¢) for any positive constant «,
(i) f' (fQ (z)dz) >0,
(i) [o, &( dx <0,
(iv) a > 0 and

(v) fo u) du =

Then the first derivative of a weak solution of the problem (1.1)—(1.3) blows up in
finite time.

Proof. Since all conditions in Theorem 2.4 are satisfied, we know that there exists a

positive number t* such that lim, ., w (t) = ¢, and w' (t) > 0 for ¢ > 0.
By the definition of P (t) we know that P (¢) > 0 for ¢ > 0. Similar to Theo-

rem 3.3, we have

(3.9) w >2Q (t)w' (t) (f (w(t)) — Aw (t)),t > 0.

Upon integrating (3.9) over (p,t) for some p > 0, we have

M [/w(t)

w(p)

1
2

(f(s) = As) ds]
From [ f (u)du = 0o and Q () < oo on (0,t*), we have lim;_;- w' () = oo. Since
w' (t) = / o(x)u(z, t)dr < maxug(x,t),
Q xeQ)
it follows that u; blows up in finite time.
4. NUMERICAL RESULTS

In this section, quenching phenomena of various initial-boundary value problems
for the generalized Euler-Poisson-Darboux equation are discussed with application of
theorems stated in Section 2. The numerical solutions of these problems before the

quenching time are obtained. Let us consider the one-dimensional initial-boundary

problem,
(4.1) Uy + (a + IZ)) u — Au = f(u), (x,t) € (0,L)x(0,7),
(4.2) u(z,0) = ug(x),u(z,0) =0, =x€(0,L),

(4.3) u(0,t) =0, u(L,t) =0, te][0,T).
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Considering the problem (4.1)—(4.3) with a = —1,b = 0.5,L = 2, f (s) = 1, and
the initial condition ugy (z) = 0. With a < 0, b < 1, and u (z) = 0, it is obvious that
conditions (ii) and (iii) are satisfied, and if L > 7, then the condition (i) is satisfied.
According to the Theorem 2.1, a solution of the one-dimensional initial-boundary
problem (4.1)—(4.3) quenches in finite time. Figure 1.1 shows the behavior of the
solution u (z,t), = € [0, 2] before the quenching time; Figure 1.2 shows the solution at
different times ¢ = 0.0, 0.2, 0.4, 0.8, 1.0, 1.2, and 1.31. The numerical results indicate

that the quenching time is approximately 1.311.

u(x.t) 034

0 0.5 1 1.3 2
X
Figure 1.1. Solutionu(x.t) in 3-dim ensional space Figure 1.2, Solutionsatt=0.0.02, 0.4, 08,10, 12, 1.51

For the problem (4.1)~(4.3) with given a =1, b=1, L =2, f (s) = 1=, and the
initial condition ug (z) = x(2;m); since a < 0,b < 1, and ug (z) > 0, for x € (0,2), it is

obvious that conditions (ii) and (iii) are satisfied, and if L > 7, then the condition (i)

is satisfied, it follows the Theorem 2.3 that a solution of the one-dimensional initial-
boundary problem (4.1)—(4.3) quenches in finite time. Figure 2.1 shows the behavior
of the solution wu (z,t), = € [0,2] before the quenching time; Figure 2.2 shows the
solution at different times ¢t = 0.0, 0.4, 0.8, 1.2, 1.6, 1.8 and 1.97. The numerical

results indicate that the quenching time is approximately 1.971.

For the problem (4.1)(4.3) with given a =1, b=1, L = 2, f (s) = 1=, and the
z(2—x)

initial condition ug () = —=%=, since a < 0, b < 1, and ug (x) > 0, for z € (0,2),

then conditions (ii) and (iii) are satisfied, and if L > 7, then the condition (i) is

satisfied, therefore, according to the Theorem 2.4, a solution of the one-dimensional

initial-boundary problem (4.1)—(4.3) quenches in finite time. Figure 3.1 shows the
behavior of the solution u(x,t), x € [0,2] before the quenching time; Figure 3.2
shows the solution at different times ¢t = 0.0, 0.4, 0.8, 1.2, 1.6, 2.0, 2.4 and 2.489. The

numerical results indicate that the quenching time is approximately 2.490.

We investigate the effect of the length of the interval on the behavior of solutions
of the problem (4.1)—(4.3). Let us consider the problem (4.1)—(4.3) with a = —1,



250 J. ZHU

u(x.t) 034

0 0.3 1 1.3 2
X
Figure 2.2, Solutionsatt=0.0,04, 0.8, 1.2, 16, 1.5, 1.97

u(x.t)

Figure 3.1. Solutionu(x,t) in 3-dimensional space Figure3.2. Solutions att=0.0, 0.4, 0.8, 12, 1.6, 2.0, 2.4, 2 489

b =05, f(s) = 1=, and the initial condition ug (z) = 0, also L = 1.6 > %. Figure
4.1 shows the behavior of the solution u (z,t), x € [0,1] and ¢ € [0, 1.45]; Figure 4.2
shows the solution at different times t = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, and 1.45. The
numerical results indicate that the quenching time is approximately 1.451. Figures 1.1
and 1.2 and Figures 4.1 and 4.2 contrast the behavior of a solution of u of (4.1)—(4.3)
for different values of L, and the numerical results for L = 2 and L = 1 show that
with the same a, b and the initial condition ug (), the length of the interval plays an

important role in determining the quenching time.
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