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ABSTRACT. We develop a third (four) order accurate new nine-point compact finite difference
scheme for the numerical solution of two-dimensional Poisson equation in polar form. The peculiar
character of the exponential expanding mesh parameters help us in resolving interior or boundary
layer in the partial differential equations. The proposed scheme takes care of grid singularity and
oblique coefficient that accompany the polar form of Poisson equation. A detailed discrete con-
vergence analysis for the difference scheme has been developed based on monotone and irreducible
property of the iteration matrix. Numerical accuracy of the solutions has been obtained that shows
the applicability of the scheme in the presence of singularity and thin layers. Comparing the pro-
posed third order compact scheme with the corresponding fourth order uniform mesh strategy, the

solution accuracy proved to be highly satisfactory.
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1. INTRODUCTION

In this work, we investigate numerical solution of elliptic boundary value problems
(EBVPs) of semi-linear type, which is associated with Dirichlet’s boundary values. It
is common practice to consider approximating solution technique, because the semi-
linear problems may not exhibit theoretical solution in general. We are familiar with
some of the approximate solution methods such as finite element, boundary element,
collocation method, B-spline and Haar wavelets in the context of EBVPs [1, 2, 3.
The second and fourth order finite difference schemes for the numerical estimates
of Poisson equation in polar coordinate system has been discussed by Mittal [4].
With these available solution procedures, finite difference method (FDM) is one of
an elegant tool, used to discretize the EBVPs so as to obtain system of recurrence

relations, that can be easily solved with the help of matrix algebra.

We consider the following two space variables EBVPs in polar coordinate
(L1 Ad(r,0) = (9" +d(r)d" +b(r)d”™) ¢(r,0) = H(r,0,9),(r,0) € Q
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Ficure 1. Computational molecules of [0 < r < 1] x [0 < 8 < 7].

and associated Dirichlet’s boundary values
(1.2) o(r,0) = H*(r,0), (r,0) € 00

where 7,0 are radial and polar coordinates, b(r) = 1/r?,d(r) = 1/r, and 09 is
bounding the finite semi-circular region Q@ = [0 <r < 1] x [0 < 0 < 7.

The major difficulty to the solution of above equation arises from the singularity
at origin » = 0. In the subsequent section, we develop a new method and the proce-
dure so as to retain order and accuracy of the scheme in the vicinity of singularity on

a variable mesh step-size network.

2. EXPONENTIAL EXPANDING MESHES AND COMPACT
SCHEMES

In order to obtain the discrete form to the equation (1.1), we discretize the region
) using nine-point meshes as Q = {(r;,0,,) : (,m) € D}, D ={n—1,n,n+1}®{j—
1,75,7+1}, where0=rg<r; <---<ry<ryy1 =1, h,=7r,—7p_1,n=11)N+1,
0=60<b1<---<l;<0;1=mkj=0;—0,_1,7=11)J+1, hps1 = ahy, kj11 =
Bk;, n=1(1)N, j =1(1)J, o, 5 € R (see figure 1) and «a, § > 0 are the exponential
expanding mesh parameters, whose values are associated with the location of layer(s)
and their finite range will be obtained while discussing convergence criterion. Such a
mesh structure has been found suitable in the application area of electrochemistry [5]
and other one dimensional problems [6, 7]. Let 7, ; = kj/h,,n = 1(1)N,j = 1(1)J
be the spatial mesh ratio parameters. The solution values ¢(r,6) at the mesh point
(rn, ;) is represented by ¢, ; as an exact solution and ¢,, ; as an approximate solution

values.
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Let us define the operators

) Arng = Ha+ 1) g1+ (a = 1), —ala+ 1),

) A9¢n7j = 6_1(ﬁ + 1>_1¢n,j+1 + ﬁ_l(ﬁ - 1)¢n,j - ﬁ(ﬁ + 1)_1¢n7j—17

) B =20 (a+ 1) gy — 20 4+ 2(a+ 1) huyy,

) Bypn; =268+ 1) b1 — 287 0ny + 208+ 1) oy,

With the help of operators (2.1)—(2.4), it is possible to approximate the first and
second order partial derivatives in r- and 6- directions. These operators are defined
on three-by-three mesh points D and since three is the minimum number of mesh

points needed to discretize the highest order derivative term present in equation

(1.1), thus the operators (2.1)—(2.4) and their composites are compact.
Initially, we discretize the two space EBVPs with oblique coefficient

(2.5) Lo = (0" +b(r)0")é(r,0) = H(r,0).

With the application of finite Taylor’s series expansion, the finite difference replace-

ment of equation (2.5) is given by

(2.6) Lhtybng = 200K > fimHym + Togyn = 1(1)N, j = 1(1)J],

(IL,m)eD
where
Ci s, = 36K2B, + 302120, + 4hy (0 — DB, + h2(a® — a + )b By
(2.7) +12(8 — D)kiB, Ag + 6h2[2(a — 1)b, + (o — a + 1)h, by ] A By
+3[hi(a® — o+ )by, + K3 (62 — B+ 1)]B. By,
is the discretization of the local operator £ = 9" + b(r)0%, b, = 1/r2, b = —2/r3,
b =6/r} and
O(R2K2(h3 + h2k; + h, k2 + k3)),a A1V B #1,
(2.8) Th; = ! b
O(h2K: (hy + h2ES + Ej)),a = 1A G =1,

be the local truncated error (LTE) and

= (20" = B +2)(0” +1) — (5 = 88 + 1)al/[af],
fn+1] = (26" = B +2)(a = 1) + 3a*8]/[(a + 1)as],
oy = (267 = B+ 2)a(l — a) + 36]/[(a + 1)4],
fager =128 = 1)(@® +1) + a(36” — B+ 1)]/[aB(8 + 1)),
[

frg—1=128(1 = B)(a® +1) + a(8* — B+ 3)]/[a(5 + 1)],
frrgr =206 = D(a = 1)/[ef(a+1)(6 + 1)),

2 2 2 12
Jnt1j-1 = =B for1j1 famijmr = = fagi vt fam1j-1 = @787 fag a1
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Thus, the method (2.6) is third order accurate for the arbitrary finite values of
a # 1 or f # 1 and in particular, it is fourth order accurate if « = g = 1 for the
numerical solution of EBVPs (2.5).

Our goal is to obtain compact scheme for (1.1), which involves first order partial

derivative in radial direction, therefore we need to define some more approximations

as follows:
For p =0, 41,
[ 1 al=1 1 = ][ dusm
n—1.j+p (1+a)? -1 —ala+2)| |Pn-1j4p

Now, we construct the functional for (I,m) € D ~ {(n,j)} as follows
(210) Rl,m - _dlqum + H(’I"l, ema ¢l,m)7 Rl,m - —dlﬁb;m + H(Tb ema qbl,m)a

where d; = 1/rpand df = —1/r}, l=n,n+1.

With the help of series expansion, we obtain

(2.11)
Rizﬂ,jq Ryy1j1 32 (dy +04h dy) by O(hy,)
AR”“J = | Ruy1y | + F"a(cwr M ”‘“"/4 + [O(hH) |,
Rn+1,j+1 Rn+1,j+1 k’ d Trre O(hi)
Aﬁfl,jfl Ry 151 9 (d —h dr) Trr O<hi)
(2.12) Roag | = | By +€"(a+1)M_ h dngb”"”/él + [O(h2) |
Rn—l,j+1 Rn—l,j+1 k? d, rr7’9 O(hi)
: wo] [oun
(2.13) g”’{‘l g”’i‘l - f? ad, M° m?r/4 + (O]
n,j+1 n,j+1 ]¢rrr9 O(hzrll)
where
1 a—2 -1 1 2a—1 —1 1 a—1 -1
M~ =11 a=-2 0| ,Mt=a|l 2a—-1 0| ,M°=1{1 a—-1 1
1 a—2 § 1 2a—1 3 1 a—1 -1

Now, we define a linear combination so as to obtain new approximation of first order

derivative in radial-direction at the central mesh point (r,,6;) as follows

~

L=+ hy [51(lffn+1 g1 — R j+1) + 0o (Rpg1jo1 — Ry j1)

(2.14)
+53(¢TL+1] )+64< n—1,j )] +h2<65¢n+1j +56 n— 1])

where

Qﬁiw 2Pntr i1 — (B4 1) nirj + Bonsrja)/[B(B+ 1)K, 7=0,1,
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and d;, i = 1(1)6, are the undetermined coefficients, to be obtained in such a manner
that the resulting difference scheme for the numerical solution of (1.1) gives rise to
third and fourth order of truncation error in an exponential mesh and uniform mesh

network respectively.

Let us construct the functional at the central mesh (r,,0;) as

(215) Rn,j = _dna);,j + H(Tna 0j7 ¢n7j)7 Rn,j = _dngb:z,j + H<Tna Qj, ¢n,j)-

The explicit algebraic expression to the equation (2.10) can be obtained with the help

of Taylor’s expansion as

(2.16)

R,; = Ry — (h2/2)d, [(a + 1) (hn(a — 1B 4 207)(8) + 02) 4 2(65 + 06)] 6%
— (h2/6)dy (v + 1) (hn(c — 1)dyy + 6)(61 + 0) + ] g7

n,j
— B2y [(o + 1) (hn (@ — 1) 4 ba) (81 + 85) — 84 + b3 — hn (06 — ad5)]¢%"
— (13 /24)d, (@ — D)[12( + 1)(81 + 6) + Q] @7 — W2k (a + 1)(361 — 62) )7

— (h2k;/3)d,[3bu(cr + 1)(861 — 2) + (5 — 1)(ads — 6,)]¢,%
— (h2k; /3)dn[3(cx + 1)V (861 — 62) + (B — 1)(5 + 06)]¢""
— (B3 /2)dn[bu(a® = 1)(81 + 62) + 0265 + 6:)677% + O(h2).

Incorporating the above functional approximations (2.11)—(2.13) and (2.16) in the
compact scheme (2.6), one obtains

(2.17) Lhtyng = 202K > fimBim +Tojo n=1(1)N,j=1(1)J,

(I,m)eD

as the finite difference replacement of equation (1.1) and d4 = b, (a4 1)(d1 + d2) + s,
06 = —bl (a+1)(01 +09) — 05, 61 = =0y —afB(a® +a+1)/{2(a+1)[(a*+1)(26% - 3+
2) —a(B* =83+ 1)]}, gives Tp,; = O(h2 k3 (b3 + hlk; + hyk? + k), for the arbitrary
values of d5,93 and d5(may be zero). In addition to these values of undetermined
coefficients, if « = 8 = 1 and 6, = —1/32, §3 = b,/16, o5 = b’ /16, the local
truncation error in equation (2.17) becomes T,, ; = O(h7k? (hy + k3 +k})). Thus, we
conclude this section with the observation that it is possible to develop a lower order
(three) compact scheme on exponential expanding meshes and the scheme achieve an

accuracy of order four, if the meshes are uniformly distributed.

3. APPLICATION TO POISSON EQUATION IN POLAR
COORDINATES

Consider the Poisson equation in polar coordinates

1 1
(31) (o4 30+ 50 ) 06) = (1),
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defined on the finite domain 2. The application of method (2.17) to the equation (3.1)
gives rise to terms like - 171 , which fails to compute at n = 1, as % leads to zero divisor.
A similar observation may occurs with H,1q ;41 . For example, if H(r,0) = sin(6)

r—17
then H, 4141 = ‘Tir—ffll) and at n = N, r,.1 = 1, thus we again land up with zero

divisor. Keeping these observation, it is suitable to replace all ﬁ, Hy41 j41 terms
in its equivalent finite Taylor series up to the accuracy compatible with 75, ;. Such a
replacement gives rise to the difference scheme
(3:2) Ay j + hok2[36H, 5 +12(8 — Dk Hy  +3(6° — 6+ D)k H,Y,

+4(a = 1) (8 = Dhok;HY, + 3(0* — a+ 1)L H],

+ (hn/r0) (0% + a + 1)y,

+12r,(a = 1)) H, ;] = Th j,

where
k2
A= é[(w — Ta+5)h2 — 12(a — 1)rph, — 36128,
4k3
— —L(B—1D)[(a — 1)hy, + 37,] B, Ag

n

+ 2R Jr (@ +a+1) = 9(a® — a+ 1)r, }h2 +12(a — 1)hy,r, — 18721 By

+ (hy Jro)[(11e® — 13 + 11) A, By — (50 — T+ 5)k3 A, ]

+ (h2/r2) Al = DK (BA, + (B — 1) A Ag) — 12(or — 1) A By — 3(0® — a + 1) B, By)
— (hak? /7)[36A, 4 3(3° — B+ 1).A, By + 12(8 — 1).A,By) — 3k7 (3% — 3+ 1)B,By

The scheme (3.2) is compact and free from the terms H,,4q j41 or 1/r,1q, and thus

easily computed inside the domain of integration ).

4. CONVERGENCE ANALYSIS

In this section, we prove that the compact scheme (2.17) for the numerical solution
of (1.1) converges for sufficiently small mesh spacing. At the mesh point (r,,60;),
equation(1.1) can be written as

(4.1) (O + dn0" +b,0") Gy = H(rn, 05, 6n ),

where b, = 1/r2 > 0 and d,, = 1/r,,.

The discretized compact scheme (2.17) for the equation (1.1) can be expressed as
(4.2) Gn; +O(R) =0, n=1(1)N,j=1(1)J,

In the vector notation

(4.3) G(¢)+T:ONJ><NJ,
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where G(¢p) = [G11>-'-aGN1>--'aG1J7-'-7GNJ]T7¢ = [¢11a---7¢N17---a¢1J>---7¢NJ]T
and T = [T11,...,Tn1,. .., T1y, ..., Tns]T be the vector of fifth order of local trunca-

tion error.

Let €,,; = ¥n;j —¢n; be the discretization error of approximate and exact solution

values and € = [e11,...,€N1,---,€17,---,€x7]] be the error vector.

The approximate solution ¢ satisfy
(4.4) G(p) = Onyxny-

For (I,m) € D ~ {(n,7)}, define gl,m = —d(r)@],, + H(ri,0m, o1m) and Sw- =
_d<rn)é2,j + H(rp,0;,n,;) and let

(45) EAl’m = S’l,m — f%l,m, (l, m) eD.
With the help of Mean value theorem , it is easy to write

(46) El,m - Xl,mﬂ,m + )/l,mgzma (l, m) €D~ {(n7]>}7 En,j = Xn,jen,j + Yn,jé:%ja

where X;,, = X(r,0,,) corresponds to %—g and Y, = Y(r;,0,,) , (I,m) € D are
suitable finite constants and €], (I,m) € D can be obtained from the equation (2.9)
simply replacing ¢ by €. In a similar manner é:w- can be obtained from equation

(2.14).
Hence, we can explicitly write the error equation as
A7) G(p) = G(P) = [~hiLhk,n + 270 500 D FrmErmln=10)nj=101)s
(IL,m)eD
or equivalently in matrix notation, we have
(48) G(p) - G(¢) = Me
where M = [M,,],p,q = 1(1)NJ, is a block tri-diagonal matrix and has only non-
zero elements for a, 3 # (v/5 4 1)/2 at the following locations:
For j =2(1)J
M 12 —a—1)
(j-1)N+n,(j—2)N+n—-1 — (Oé T ].)(/6 T 1)7“%

12%21,]‘@2 - B - 1)
(a+1)(B+1)

12(a® + 3a+ 1)
M) Ntn,(j—2)N4n = — (B 1 D)2
B 12%21;(52 - B - 1)
a(f+1)
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M | _ 12(e*+a-1)
(G=1)N+n,(j—2)N+n+1 — O{(O{ + 1)(6 + 1)7,%
12%%,]'(52 - B-1)

ala+1)(B+1)

+O(h,), n=1(1)N —1,

For j = 1(1)J
12(a? —a — 1)
MG-1)N4n,(i-1)N4n—1 = — (a+1)3r2
127, (5> + 33 +1)
_ u O hn ) =2(1 N’
(a+1)8 (). W
12(a? + 3a + 1)
M- 1)N-n,(i-1)N+n = afr?
1292 (B*+36+1
af
12(a® +a — 1)
M(G-1)N-+n,(j-1)N+n+1 = ala+1)0r2
1292 ,(8% + 38+ 1)
B , hn , — 1 1 N - 17
ala+1)p Ot =1y
For j=1(1)J -1
12(a® —a — 1)

Momoneninent = G306 1 12
_ 12%21,3'(52 +8-1)
(+1)B(B+1)

12(a® + 3a+ 1)
M- \)NtnjN+n = — WBB+ )2
12%21,3'(52 +8-1)
aB(B+1)

Y A . R(@*+a-1)
ORI ala + A+ 113

12%21,3‘(52 +8-1)
ala+1)F(F+1)
From the equations (4.3), (4.4) and (4.8), we obtain

L O(h), n=201)N,

+O(hy), n=1(1)N -1,

(4.9) Me=T

The lower, upper and main tri-diagonal blocks of the matrix M have non-zero values
at its sub-, sup- and main-diagonal provided a, 8 # (v/541)/2. Further, if the arrow
p — ¢ denotes the directed path to each non-zero values M, , of the matrix M, then

there exists a directed path (p — p1), (p1 — p2),...,(pn — ¢) connecting any two
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ordered pair of nodes (p, q). Therefore, graph of the matrix M is strongly connected
and hence M is irreducible [8, 9].

Let = min X, ;,y = minY, ;,7 = miny,;,1 <n < N,1 < j < J. Let W,
denote the weak row elements sum of the matrix M. Then, for sufficiently small
values of h,, or in the limiting case as h,, — 0% and | @ —v/5/2 [< 1/2,| 8 —v5/2 |<

1/2, we find
12(a? +5a +5)  1292(8%+ 53+ 5)

M2 ner) T ernen
72

12(502 4+ bar + 1) N 129%(3* + 56 + 5)
ala+1)(B+1)  ala+1)(B+1)

72~
Wiiynsr > 71 >0, t=2(1)J—1,
(6%

Wy >

> 0,

Wi-n)N+q = 3627°h2 >0, t=2(1)J -1, ¢=2(1)N -1, x>0,
7272
ala+1)

12(a? +5a+5) 1292532 +58+1)
Wi—iyn+1 2 +
(a+1)pE+1)  (a+1)B(B+1)

72
Wi-1)Nt+q = ﬁ(ﬁ+ 0 >0, ¢=2(1)N -1,
- - 12(5a2 +ba+ 1)  1292(58% + 58 + 1)
(J—1)N+N_a(a+1)ﬁ(ﬂ+1) oo+ BB+ 1)
since 1/r2 > 1, n=1(1)N.

W(tfl)N+N > > 07 = 2(1)J - 17

> 0,

> 0,

As all weak row sum (except corresponding to the main diagonal) are positive,
thus the matrix M is monotone [10, 11]. As a consequence, M is monotone and
irreducible, if | @ —v/5/2 |< 1/2, | B—+/5/2 |< 1. Hence, M " exists and M " > 0.

Let M, be the (p,q)" element of M~ and define the matrix norm

M;;11|+Z‘ ’+’MpN’+’MJ1N+1|+Z’MJ1N—H1
Mo = max )

=1(1)NJ J—1

Myl + 3 (] ,,(HNHHZ!MHMH! i)
t=2

and the vector norm
|T|oe = max > T
J=1(1)J
The elementary matrix identity M (M) = I, where I is the N.J x 1 column matrix
with one as all of its elements, gives rise
(4.10) Z MW, =1,p=1(1)NJ.
1)NJ
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With the help of equation (4.10), it is possible to determine the bounds on the ele-

ments of matrix M ~'. Applying finite Taylor’s expansion, we observed,

For h = max,—i(1)n hn and p = 1(1)N J:

1 (a+1)(B+1)
1~ 12[02 +5a+ 5+ 22+ 56+ 5)]

+ O(h),

1

1 (e+ DB+

< O(h),
-~ Wy~ 12[5a2+5a+1+’y(ﬁ2+5ﬁ+5)]+ (h)

1 a+1
M < — < +0(h),
P=DNHL = ming oy g1 Waenynr — 7292 )

J-1N-1 ZN‘]MlVV—lx—O
M} <
,(r—1)N — 1
t=2 ¢q=2 PN ming_21)N-1 Wit—1)N+4 = 36$720(h2)7$ >0,
t=2(1)J—1
J—1
- 1 ala+1)
M7y < — < +O(h),
p ptN Miny_o(1)./-1 Win 7272 ( )
1 (a+1)B(B+1)
M~ 1 < < + O(h )
PUDNAL =4 v — 12[a2 + 504+ 5+ 12(532 + 56 + 1)] ")
N-1 1 1
M} <— < 5P+ h),
o p,(J—1)N+q ming_s(1)nN—1 W(J—l)N—I—q 79 ( ) ( )
o 1 afa + DA(B+ 1) Lo,

PNS =Y = 12[5a? 4+ 5a+ 1 + (562 + 56 + 1)]

Incorporating the above inequalities in equation (4.9), the bounds of error are given
by

+OMhY. 2>0
(411) el < M o T < 4 7+ O
O(h%),z =0

Thus, € — 0 as h — 0. Hence, the compact method (2.17) for the numerical solution

of semi-linear EBVPs (1.1) converges, if z > 0 i.e. %{Z > 0.



CONVERGENCE ANALYSIS OF EEM COMPACT-FDM FOR POISSON EQUATION 303

5. NUMERICAL VALIDATION

The presented nine-point compact scheme will be applied on Poisson equation,
Helmholtz equation, Schrodinger equation and on a semi-linear equation. The solu-
tion values for the linear equations are computed using Gauss-Seidel method. For
semi-linear equation, Newton-Raphson method is applied. In all the problems, zero
vector is taken as an initial guess with 107 as a tolerance of the iterative method
and the minimum number of converging iterations is denoted by (I). All the alge-
braic calculations are performed using symbolic tool of Maple software and numerical

calculations have been performed with C programming using Mac OS.

Example 5.1 ([12]). Consider the Poisson equation A¢ = (4 + 72) cosh(76), having

equilibrium temperature as ¢(r, ) = r* cosh(70).

Example 5.2 ([13]). We consider the Helmholtz equation in two space dimensions
A¢ = ¢. The theoretical solution is given by ¢(r,§) = ez(cosf+V3sin6),

Example 5.3 ([12]). Consider the stationary Schrodinger equation representing nu-
clear motion A¢ = wr?¢. The theoretical solution is given by ¢(r, ) = [r? cos(20) +
2][cosh(y/wr? cos 0 sin 0) + sinh(y/wr? cos 0 sin 0)] /2.

Example 5.4 ([14]). We solve semi-linear Poisson equation A¢ = 4¢>. The theoret-
ical solution is given by ¢(r,8) = 1/[4 + r(cos 0 + sin 0)].

All the above examples are solved using proposed third and fourth order compact
scheme by taking a # 1,6 # 1 and a = 3 = 1 respectively. The boundary values are
obtained from the theoretical solution as a test procedure. The accuracy of approx-
imate and theoretical solution values in terms of maximum absolute errors (MAE)

EX ;= max,—11)n |Pn,j — ¢n,j| and convergence order © = log, (Eﬁj/ggﬁ,ﬂyﬂ) are
j=1(1)J

presented in Table 1-4 for various mesh spacing (N = J). The numerical results
show that the exponential expanding meshes third order compact scheme is superior
as compared with uniform meshes fourth order compact scheme both in terms of

accuracy and convergence iteration number.

6. CONCLUSION

A new non-uniform mesh nine-point compact scheme for the solution of two space
dimensional singular EBVPs have been presented with third and fourth order of accu-

racy. The application of proposed method to Cartesian coordinate is straightforward
by taking b(r) = 1.
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TABLE 1. MAE of solution values for example 1
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[e e}
5N,J

©

(07

&

I

00
EN,J

1.00

1.00

116

3.45e+01

0.632

0.894

89

5.68e-01

11

1.00

1.00

412

2.45e-00

3.8

0.640

0.946

254

4.34e-02

3.7

23

1.00

1.00

1368

1.63e-01

3.9

0.910

0.970

1059

8.84e-03

2.3

47

1.00

1.00

4558

1.03e-02
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0.910

0.990

3329

1.56e-03

2.5

TABLE 2. MAE of solution values for example 2

«

g

I

00
EX

©

(67

&

I

00
Ex

1.00

1.00

117

1.95e-04

1.220
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1.65e-05

3.6
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3.9

31

1.00

1.00

1129

1.97e-06

3.1

1.070

1.010

829

3.68e-07

4.0

63

1.00

1.00

3038

2.43e-07

3.0

1.040

1.000

2086

2.97e-08

3.6

TABLE 3. MAE of solution values for example 3 at w = 25
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3.8

1.110
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0.71e-03

3.7

23

1.00

1.00

692

6.16e-04

4.0

1.040

1.020

620

3.64e-04

4.0

47

1.00

1.00

1950

4.18e-05

3.9

1.020

1.010

1744

2.33e-05

4.0
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TABLE 4. MAE of solution values for example 4

Nlalsl 1] &, [0 al 1] e Jo
5[1.00[1.00| 61 |1.67e-05|--|1.120]0.930| 53 | 6.03¢-06 | - -
111.00]1.00 | 195 | 2.33¢-06 | 2.8 | 1.110| 0.990 | 150 | 5.54¢-07 | 3.4
23[1.00 | 1.00| 568 |3.00e-07[3.0]1.070 | 1.000 | 379 | 6.58¢-08 | 3.1
47[1.00 | 1.00 | 1439 | 3.79¢-08 | 3.0 | 1.050 | 1.000 | 980 | 5.61¢-09 | 3.6
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