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ABSTRACT. In this paper, spectral analysis of discrete Sturm-Liouville equation with boundary
condition is taken under investigation for hyperbolic eigenparameter. Introducing the Jost solution
and spectrum of the problem, we established several analogies between hyperbolic eigenparameter

and trigonometric eigenparameter cases in [1, 4].
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1. PRELIMINARIES

Spectral analysis of operators have received a lot of attention by various authors
since they play a crucial role in the solutions of certain problems in engineering,
quantum mechanics, economics and control theory [17-20]. In particular, spectral
properties of some discrete equations have been taken into consideration in [1, 4, 5,
6, 9].

Let the discrete boundary value problem (BVP)

(1.1) n-1Yn-1 + bnYn + anYns1 = Ayn, neN={1,2...},

(12) Yo = 07

where (a,) and (b,) are complex sequences, ag # 0 and A is a spectral parameter.
In [9], it has been shown that the spectrum of the BVP (1.1), (1.2) consists of a
continuous spectrum, eigenvalues and spectral singularities. Also, the spectral the-
ory of discrete operators have been studied in connection with the classical moment
problem in [2, 3, 16]. It is also worth to point out here that the Jost solutions are
especially useful in the study of the spectral analysis of differential and difference
operators [1, 5-9]. Therefore the Jost solutions of Dirac systems, Schrodinger and

discrete Sturm-Liouville equations have been obtained in [4, 12, 14, 15].
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Let us consider the non-selfadjoint boundary value problem (BVP) for the differ-

ence equation of second order

(1.3) An-1Yn—1 + bnYn + @nYns1 = Ay, ne€N={1,2,...},

(1.4) (Yo + 1Ny + (Bo+ BiN)yo =0, Y06 —1Bo#0, m f—z

where (a,), (b,), n € N are complex sequences, a,, # 0 for all n € NU{0}, 4, 8; € C,

i =0,1. Note that, (1.3) can be rewritten in the following Sturm-Liouville form:

where h, = a,_1 + a, + b,, A is the forward difference operator, A v, = Ypi1 — Yn

and V is the backward difference operator, Vy, = ¥, — Yn_1.

There have been many studies concerning discrete Sturm-Liouville, discrete Dirac
and discrete Schrodinger problems on upper half-plane. Differently other studies in
the literature, discrete Sturm-Liouville equation with boundary condition is taken
under investigation for hyperbolic eigenparameter, as a result, representation of Jost
solution has changed. As a consequence of this, analicity region of Jost solution
and application region of Naimark and Pavlov conditions have shifted from upper
half-plane to left half-plane. This new approach will provide a wide perspective on

applications of these problems in physics, economics and engineering.

In this paper, we investigate the eigenvalues and spectral singularities of the BVP
(1.3), (1.4) and prove that this BVP has a finite number of eigenvalues and spectral

singularities with finite multiplicities if

sup exp(en®) (|1 — ayp| + [bn]) < 00
neN

forsomee>0and%§5§1.

2. JOST SOLUTION AND JOST FUNCTION OF (1.3), (1.4)

Suppose that complex sequences (a,,) and (b,) satisfy

(2.1) > n(]1 = an| + [bal) < 0.

neN

Under the condition (2.1), Eq. (1.3) has the solution

(2.2) en(2) = aue™ <1 + Z Anmemz) , neNuU{0},
m=1
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for A = 2cosh z where z € @eﬁ :={z:2€C,Re 2 <0} and A, o, are expressed

in terms of (a,) and (b,) as

A== by
k=n+1
A = Z {(1—&2) + by Z bs},
m=1 s=k+1
Anm = An+l,m—2 + Z {(1 - CL%) Ak+1,m—2 - bkAk,m—l} y M= 3a 47 s
k=n-+1
Moreover A, satisfy
(2.3) [Awn| <C > (11— ax| + [be])
]

k=n+[%

where C' > 0 is constant and [%7] is the integer part of 4. Hence, e,(z) is analytic

with respect to z in Ciep := {2 : 2 € C,Re z < 0} and continuous in Re z = 0.

Using the boundary condition (1.3) and (2.2), we define the function f,

(2.4) f(z) = (70 + 271 cosh 2)e1 (2) + (Bo + 251 cosh z)eq(2).

The function f is analytic in Cp. s, continuous in Cp.p; and f(2) = f(z + 2mi).

Analogously to the Sturm-Liouville differential equation, the solution
e(z) ={en(2)}, mneNuU{0}

and the function f are called the Jost solution and Jost function of (1.3), (1.4),
respectively ([20]).

Let (A\) = {®n(N)}, n € NU {0} be the solution of (1.3) satisfying the initial

conditions

Co(A) = (o +mA),  G1(A) = =(6o + BiA).
If we define
v(2) = @(2coshz) ={P.(2coshz2)}, neNU{0}

then ¢ is entire function and
0(z) = o(z + 2mi).

Let us take the semi-strip Py := {z 2e€Cz=¢&+1T1,—
P()U{ZZZGC,Z:f—}—i’T,—gSTS%’gzo}.

ggTS%’T,§<O}andP::
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For all z € P and f(z) # 0, we define

e@en®  p o<y
(2.5) Gor(2) = afz) » T =7
_en@ala) Lo,

aof(z) ’

The function G,k (z) is called the Green function of the BVP (1.3), (1.4). It is clear
that for g = (gx) and k € NU {0},

(2.6) Z Gue(2)gr, n € NU{0}
k=0

is the resolvent of the BVP (1.3), (1.4).

3. CONTINUOUS SPECTRUM OF (1.3) AND (1.4)

Let L denote the difference operator of second order generated in [?(N) by the

difference expression

(ly>n = Gp—1Yn—1 + bnyn + apYny1, N E N = {17 27 .- } )

where (a,), (b,), n € N are complex sequences, a, # 0 for all n € NU{0}. Note that

(1.3) can be rewritten as
(1Y)n = An.
Suppose that L; and L, denote difference operators in [?(N) by

(31) (lly>n = Yn—1 + Yn+t1,

(32) (l2y)n = (an—l - 1)yn—1 + (an - 1)yn+1 + bnym ne N>

respectively. It is evident that L = L; + Lo and Ly = Lj. L, is bounded in Hilbert

—nz

space [*(N) and it is obvious that €™ and e "* are solutions of (l,y), = My, for

A=2coshz and z € @eft.

Definition 3.1 ([1]). The Wronskian of two solutions y = {y,(\)} and u = {u,(\)}
of (1.1) is defined by

Wy, u] = an[yn(Ntns1(A) = Ynr1(Nun(N)],  n € NU{0}.
From definition (3.1), we get
W [e™, e ™] = a, [e”ze_(”“)z - e("H)Ze_”Z} = —2sinhz, 2z € Cpy.

For all z € P and ag = 1, we define the Green function of L; by

—kz nz
(3.3) () = :isj_if k<n,
k> n.

2sinh z ?
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It is easy to see that

(34) (R)\ Ll Z§nk k for ’QD € l2(N)

keN

is resolvent of L;.

Lemma 3.2. For every 9 > 0, there is a number c, such that

C
3.5 Ry(L1)|| > z
(3:5) R P NN =

for all z € {z € Py : |Re z| < V}.
Proof. Let us define the function

0, k<n
gr(2) = .
e " k>n

where z € C, z = x 4+ iy and 2 = —z + iy. Thus, we obtain

||9k(z)||2:Z‘ —kz Z‘eﬂcRez < 0.

k=n

Then gi(2) € I*(N). Using (3.3) and (3.4), we obtain

e—nz
Ry\(L
(Ra(L1)g), = 5o llgn(2)l
Since
‘e—nz‘ Z enRoz7
we get that

R L 2_ Hgk( )H 6—n22
IRs (gl = nhz‘ Z\ |

||g/€ nRez
4 |smhz\2 Z

Hgk( )H Z (62Rez)”

4 |s1nhz|

[lge(2)||" e
4 sinh z|? (1 — e2Re?)

(z)HeRCZk

By choosing ¢, = llgx , the proof is complete. O

Theorem 3.3. o(L;) = 0.(L1) = [-2,2], where o(Ly) and o.(Ly) denote the spec-

trum and continuous spectrum of the operator Ly, respectively.
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Proof. (=) It is easy to see that L, is self-adjoint and bounded operator. So, the
spectrum of the operator L, consists of only its continuous spectrum. Firstly, take
an arbitrary element \g € o.(L;). Then, limit of ||Ry,(L1)|| is obtained from the
definition of continuous spectrum [20]. From this definition, if A\ € o.(L), then
R),(L) is unbounded which implies ||Ry,(L1)|| — oo. From the definition of Ry(L1)
in (3.3) and (3.4), we get ||[Ry,(L1)|| — o0 = Rezy — 0. If Rezp — 0 then,
Ao = 2cosh zg € [-2,2].

(<) Now, take an arbitrary element A = 2coshz € [-2,2]. It is clear that
A =2coshz € [-2,2] = Re z = 0. From (3.5), we find ||Rx(L,)|| — oo for Re z — 0.
S o, we show that A € o.(L). This completes the proof. a

Theorem 3.4. If (2.1) holds, then o.(L) = [—2,2].

Proof. Since Ly is compact operator in [?(N), using Theorem 3.3 and Weyl’s theorem

of a compact perturbation [13, p. 13], we get

0o (L) = 0(L1) = oo(Ly) = [~2,2].

4. EIGENVALUES AND SPECTRAL SINGULARITIES OF
(1.3) AND (1.4)

We will denote the set of all eigenvalues and spectral singularities of the BVP
(1.3) and (1.4) by 04 and o, respectively. From (2.5) and (2.6) and the definition of

the eigenvalues and the spectral singularities, we have [20]

(4.1) og={N:A=2coshz, z€ P, f(z)=0},
(4.2) 058:{)\:)\:2coshz,z:§+i7‘,§:0,7‘€{—g,%],f(z)zo}\{()}

From (2.2) and (2.4), we obtain

Q) (1 + i Aomemz)]

= apbe " + a1y + aofo + (ayo + afr)e” + 04171622

+ [Bo+ Bi (" +e77)]

+ Z OéoﬂlAOme(m_l)z + Z (a1 Arm + @ofoAom) €M7

m=1 m=1
[

-3 oA £ a0hon) P+ 3 a5

m=1 m=1
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Let

(4.3) F(z) = f(z)e7;

then, the function /' is analytic in Cj. s, continuous in @eﬁ,
F(z) = F(z + 2mi)

and

(4.4) F(z) = apfi + (a1 + o) € + [a1yo + aoBi] €7 + (ar)e®

+ Z apy Agme™ + Z (a1y1A1m + @ofoAom) elmt)z

m=1 m=1
+ ) (90 Amm + aoBiAom) e + ) " any Ap e,
m=1 m=1

It follows from (4.1)—(4.3) that

(4.5) o4={N:A=2coshzz € Ry, F(z) =0},
(4.6) o0g = {)\:Achoshz,z:§+z'T,§:0,7'6 {—g,?’?ﬁ} ,F(2) :0}\{0}

Definition 4.1. The multiplicity of a zero of F' in P is called the multiplicity of the
corresponding eigenvalue or spectral singularity of the BVP (1.3) and (1.4).

From (4.5) and (4.6) we get that, in order to investigate the quantitative prop-
erties of the sets o4 and oy, we need to discuss the quantitive properties of the zeros
of Fin P. Let us define

Al = {ZZZGPQ,F(Z):O},
Ay = {z:z=§+z’7‘,§:0,7'6 [—g,%ﬂ ,F(2) :O}.
We also denote the set of all limit points of A; by Az and the set of all zeros of F
with infinite multiplicity by Aj.

From (4.5), (4.6) and (4.7) we find that

(4.7)

(4.8) og={A:A=2coshz,z€ A1}, o ={A:A=2coshz, z¢€ Ay} \{0}.

Theorem 4.2. If (2.1) holds, then

(i) The set Ay is bounded and countable.
(i) AANA;=92, AANA =0.
(i) The set Ay is compact and u(As) = 0, where p is Lebesgue measure in the
1Maginary aris.
(iv) A3 C Aa, Ay C As; u(As) = p(Ay) = 0.
(v) As C Ay
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Proof. From (2.3) and (4.4), we have

(4.9) Fl) o1 + O(eb), 01 #0,z€ P,§ — —o0,

(i + aofo) € + O(e*), B =0,z € P,§ — —o0.
(4.9) shows that the set A; is bounded. Since F'is analytic in Cj. s, and is a 27i periodic
function, we get that A; has at most a countable number of elements. This proves (i).
From the boundary uniqueness theorems of analytic functions, we obtain (ii)—(iv) [11].
Using the continuity of all derivatives of F' on {z ceC:z=¢+in,6=0,7€ [—%, 37”} },
we get (V). O

From Theorem 4.2 and (4.8), we have the following:

Theorem 4.3. Under the condition (2.1),

(i) the set of eigenvalues of the BVP (1.3), (1.4) is bounded, has at most a countable
number of elements, and its limit points can lie only in [—2,2].
(ii) 055 C [—2,2] and p(oss) = 0.

Let us assume that the complex sequences (a,) and (b,,) satisfy

(4.10) sup [exp(en’) (|1 — an| +[ba])] < o0,
neN

for some € > 0 and % < § < 1. Note that, for § = 1, (4.10) reduces to the condition

(4.11) iléIN) [exp(en) (|1 — an| + |ba])] < 0.

Theorem 4.4. Under the condition (4.11), the BVP (1.3), (1.4) has a finite number

of eigenvalues and spectral singularities with a finite multiplicity.

Proof. From (2.3), we obtain that
|Apm| < Cexp [—Z(njtm)} , n,meN

where C' > 0 is a constant. Using (4.4), we observe that the function F' has an analytic

continuation to the right half-plane Re z < §. Since F' is a 27i periodic function, the

limit points of its zeros in P cannot lie in {z ceC:z=¢+ir,£=0,7 € [—g, 37“] }

Also we obtain that the bounded sets A; and A, have a finite number of elements

from Bolzano-Weierstrass Theorem and Theorem 4.2. Using the analyticity of F' in

£

Re z < £, we get that all zeros of F' in P have a finite multiplicity. Therefore we

4
obtain the finiteness of the eigenvalues and the spectral singularities of the BVP (1.3)
and (1.4). O

Now let us suppose that

<0<,

N —

(4.12) sup exp(en®) (|1 — an| + |ba]) < 00, €3> 0,
neN
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which is weaker than (4.11). It is seen that the condition (4.11) guarantees the analytic
continuation of F' from the imaginary axis to the right half-plane. Consequently, the
finiteness of the eigenvalues and the spectral singularities of the BVP (1.3), (1.4)
is achieved as a result of this analytic continuation. It is evident that, under the
condition (4.12), the function F is analytic in C.p; and infinitely differentiable on
imaginary axis. But F' does not have an analytic continuation from the imaginary
axis to the right half-plane. Therefore, under the condition (4.12), the finiteness of
the eigenvalues and the spectral singularities of the BVP (1.3), (1.4) cannot be shown

in a way similar to Theorem 4.4.

Under the condition (4.12), to show that the eigenvalues and the spectral singu-
larities of the BVP (1.3), (1.4) are of finite number, we will use the following:

Theorem 4.5 ([5]). Let us assume that the 2mi periodic function g is analytic in
Cieye, all of its derivatives are continuous in @eft, and

sug ‘g(k)(z)‘ <mn, keNU{0}.

zE€

If the set G C {z ceC:z=¢+in,6=0,7 € [—g, 37“]} with Lebesque measure zero
1s the set of all zeros the function g with infinite multiplicity in P, and if

/0 " It(s)du(G.) = —oc,

ﬁksk

where t(s) = infy, = and (Gy) is the Lebesgue measure of s-neighborhood of G and

w > 0 is an arbitrary constant, then g =0 in Cyy.

It follows from (2.3) and (4.4) that
[FO)] <m, keNu{o},

where

ne = 4°C Z m* exp(—em?).
m=1

We can get the estimate for 7:

(4.13) e < 4’“0/ 2* exp(—ex?)dx < dek!k:kl%é,
0

where D and d are constants depending on C, £ and .

Theorem 4.6. If (4.12) holds, then Ay = &.

Proof. Using Theorem 4.5, we obtain that the function F' satisfies the condition

(4.14) / () d(Ary) > —oo,

where t(s) = i%f "ljjk, k € NU{0}, pu(Ass) is the Lebesgue measure of the s-

neighborhood of A4, and 7 is defined by (4.13).
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Now we get
t(s) = Di%f[k'ﬂ%—l)(ds)k].

)

To be able to determine ¢(s), we define the auxilary function h(z) := 2% =1 (ds)* for
7 € [0,00) and calculate the minumum of h(z) as zy = e~1(ds)T5. So that we find

4.15 t(s) < Dexp —ﬂe_ld_%s_%é )
)

It follows from (4.14) and (4.15) that

(4.16) / s_l%édu(ALLs) < 0.
0

From (4.16) and since 12 > 1, we obtain that for arbitrary s, pu(As,) = 0 or Ay =

. U

Theorem 4.7. Under the condition (4.12), the BVP (1.3), (1.4) has a finite number

of etgenvalues and spectral singularities with finite multiplicity.

Proof. To be able to prove the theorem we have to show that the function F has a finite
number of zeros with finite multiplicities in P. Using Theorem 4.2 and Theorem 4.6,
we find that A3 = @. So the bounded sets A; and A have no limit points, i.e., the
function F' has only a finite number of zeros in P. Since A4 = &, these zeros are of

finite multiplicity. O
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