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A PROBABILISTIC CONSIDERATION ON ONE DIMENSIONAL
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ABSTRACT. In this paper, we perform a consideration on partial differential equations known
as the Keller Segel system (KS) through both probabilistic and numerical methods. Stochastic
differential equation (SDE), having a correspondence with (KS) is the main tool of our probabilistic
consideration. In our main theorem, by using probabilistic expressions of (u,v) with v = u(x,t),
v = v(x, t), the solution of (KS), by means of expectation of functionals of the SDE, we derive a set

of bounds for (u,v) which gives a good estimate of (u,v) around time zero.

AMS (MOS) Subject Classification. 35K15,60H10,60H30.

1. Introduction

The Keller Segel system is a biologcal model which is proposed by Keller and
Segel [3] in 1970’s. Here, we deal with the following one-dimensional Keller Segel
system (1.1), (1.2) with Neuman boundary conditions (1.3).

;

Up = Ugy — a(UV,)y (r,t) € I x(0,00), (1.1)
(KS) Vp = Ugy — YU + Qu (x,t) € I x (0,00), (1.2)
Up(Ly,t) = uy(Lo, t) = vp(L1,t) = vy(Lo,t) =0 ¢ € (0,00), (1.3)

| w(z,0) =7(z), v(z,0) =v(z) xel,

where I = (Ly, Ly) with some L; and Ly such that —oo < Ly < Ls < 00, is a bounded
open interval, and a,«,vy are some positive constants. The solutions v = u(z,1)
and v = wv(x,t) represent the cell density of the cellular slime mold and the cell
concentration of the chemical substance that released by the cellular slime mold in
I x (0,00), respectively.

There exists an intensive consideration on the existence of unique solution of the
Keller Segel system (KS) and its asymptotic behavior. In fact, it is known that (KS)
has a time global unique classical solution (u,v) under suitable initial conditions

(Osaki and Yagi [5]). Nevertheless, the behavior of the solution near to time zero
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16 Y. YAHAGI

has not been investigated in detail. Here we consider such behavior of the solution

through an analytical approach with a help of numerical technique.

Our analytical method for the consideration of the solution (u,v) is a stochastic
analysis, by using the stochastic differential equation (SDE) driven by a standard

Brownian motion.

In Theorem 4.2, by using an expression of (u,v) by means of expectation of
functionals of the SDE, we derive bounds for (u,v) which gives a good estimate of
(u,v) around time zero. This theorem, however, it would been an application or
modification of maximal principle in the usual analysis, can be proved easily through

the stochastic analytic methods.

Figures 4.5 and 4.6 which are composed by using finite defference method, are

visualzations of the results of Theorem 4.2.

The contents of this paper is the following: in section 2, we give a short review
on the correspondence with the Keller Segel system and the original biological phe-
nomenon. Also we summarize a correspondence with heat equation and the standard
Brownian motion, the results of which are basic and important throughout this pa-
per. Section 3 gives two results introduced by [5] and Bensoussan and Lions [1] by
which we derive our main theorem. [5] guarantees the uniqueness and existence of
the classical solution of (KS). Section 4 is devoted to state our main result, and the

final section 5 is the detailed proof of the propositions given in section 4.

2. Preliminaries

le
@Q %Qv%

Y7, &%@
D~

Figure 2.1.1 The life cycle of the cellular slime mold
(From the homepage of Japanese Society for the Study of Cellular Slime Molds)

2.1. The Keller Segel system as the biological model. The cellular slime mold
forms the structure like the plant called a fruit body. Then the spore released from
a fruit body germinates, and increases in the state of the amoeba. After the cell

created from the spore eats whole of feed of bacteria in the surrounding area, it falls
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into starvation. Then it begins to release a chemical substance which attracts other
cells. Hence they are gathering. And a cell body moves to the lightning place, and
it grows to a fruit body. (See Figure 2.1.1.) The Keller Segel system is the biological
model which describes the movement until a cellular slime mold falls in the hunger

state and forms an aggregate.

Figure 2.1.2 Result of the nummerical computation

We introduce the following example. Let parameters a,«, "y, L1, Lo and initial

functions u,v in (KS) be as follows: a =3, a« =y =1, L; = —10, Ly = 10,
() cos(x+7) + 1 (—2r <z < 2m),
u(x) =
0(—10 <z < =27, 27 <z < 10),
_ cosr+1(—m <z <m),
v(z) =
0(-10<z<—m, m<azx<10).

Then we have the above graph of u(z,t) by a direct, numerical computation. If we
interpret Figure 2.1.2 as the biological model, it shows that two groups of the cells

form an aggregate as time passes.

2.2. Brownian motion and heat equation. The heat equation is given by
Uy = kuxwa

with v = wu(z,t) and a positive constant k. Example 2.1, given below, shows a

correspondence between the heat equation and the standard Brownian motion.



18 Y. YAHAGI

Example 2.1. We consider the following example with the initial conditon of the

heat equation:

(2.1) (H) e = %“m (z,t) € R x (0, 00),

u(z,0) =u(x) zeR,

where u = wu(z,t) is the temperature of the object in the location z and at time ¢.

The fundamental solution K (z,t) of (2.1) is given by

1 22
2.2 Kz, t) = e 2,
2.2 (@1 =

The solution of the initial problem of the heat equation (H) is given by the convolution

of K(x,t) and the initial function @ as follows:
23) (e t) = [ K=yt uly) dy.

In fact, the relation K; = %Km can be certified through a direct calculation with
(2.2). By this and by performing differentiations for (2.3) (noting that for ¢ > 0
the kernel K is smooth with respect to both variables), we obviously see that u(z,t)
satisfies (H). On the other hand, we define a sequence of random variables {X,,} as
follows: Suppose that we throw one coin repeatedly. At the k-th trial, if the coin is
head then we define the random variable X, = 1, and if it is tail then we set X, = —1.
Let S,, and B,(x,t) be as follows:

- Sin)
S, = Xk, Bplx,t) = —+=x
Then from the central limit theorem, B,,(x, t) converges to a certain stochastic process
B(z,t) that follows the normal distribution with mean x and variance t. That is, there

exists a Brownian motion B(x,t) which holds the following equation:

Pla< B(z,t) <b) = /bK(x oy t)dy,

where B(x,0) = x, and P is a probability measure on a measurable space of contin-
uous path C(]0,00);R). Let E denote the expectation by means of the probablistic
measure P. In the sequel, we adopt the similar notations (cf. Proposition 4.1). Then

u(x,t) given by (2.3) can be expressed the following equation:

u(a,t) = E[a(B(x,t)) | B(z,0) = al.

The standard Brownian motion is defined as a Markov process from the math-
ematical viewpoint in the probability theory. The standard Brownian motion is a
continuous process, and B(0, 1) has the normal distribution with mean 0 and variance

1. In this paper, we define stochastic processes X (s) and Y (s) which are independent
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standard Brownian motions each other and also give probabilistic expressions to the
solution (u,v) of (KS).

3. Existing results

3.1. The existance and uniqueness of the solution of the Keller Segel sys-
tem. It is known that (KS) has an unique time global classical solution (u,v) under

suitable conditions. (See Theorem 4.2 and section 7 in [5].)

Proposition 3.1 (Osaki, Yagi [5]). Suppose that the initial functions @, v satisfy the
following conditions,
infw >0, infv>0, we HY(I), veHy().
TE jaS]
Then, there ezists a unique time global solution (u,v) of (KS) such that
(3.1)
u € C([0,00); L*(I)) N C((0,00); H'(I)) N C([0, 00); HY(I)) N C((0, 00); Hy(1)),

(3.2)
v e C([0,00); H'(I)) N C([0, 00); Hy (1)) N CH((0,00); HY(1)) N CH((0, 00); Hye (1)),

where
Hy(1) = {ue ) | A0 = 2L =0} (k=2.3)
i) = {u € B | G0 = (L) = 0. T3 (1) = P (0) =0

Moreover, by Sobolev’s embedded theorem, from (3.1) and (3.2) we have

(33) u € CH([0, 00); (1) 1 C((0, 00); C(T)),
(3.0 v € C'([0,00); C() N ([0, 00); C3(T)),
where

C(1) = {we (1) | 520 = () = o}

In this paper, our object is to give a probablistic expression to the time global solution
(u,v) of (KS), and to consider the properties of the solution. To do so, before pro-
ceeding to the main section of the present paper, we recall the fundamental formula

in stochastic analysis.
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3.2. Ito’s formula. As we see in Example 2.1, the solution of the initial problem
of the heat equation is expressed by means of the expectation with the standard
Brownian motion. K. Ito led to the following famous It6’s formula to correspondence

with stochastic differential equations and diffusion equations.

Proposition 3.2 (Theorem 7.4, Bensoussan, Lions [1]). Let u € C*(R). For any
x € R, t €[0,00), let X(s), t < s < 00, be the stochastic process defined by the

following stochastic differential equation:

dX(s) =b(X(s)ds+ o(X(s)) dBs,
X(t) ==,

where By is the standard Brownian motion defined on a complete probability space
(Q, F, P; Fy), with a filtration (F});>o and b € CY(R x [0,00)), ¢ € CY(R). In
addition, if we assume that there exist a positive constant M such that o(y) > M for

any y € R, then the following Ito’s formula holds:

du(X(t)) = /(X () (b(X (1)) dt + o(X (t))dB + 20*(X (1)) - v (X (¢)) dt,
u(X(t)) = u(z).

The above It6’s formula is extended to general semi-martingale (cf. section I1-4
of [2]), known as generalized 1t6’s formula. The first and the second equasions (1.1)
and (1.2) of (KS) are diffusion equations. We give the probablistic expressions to the

solution of backward equations of (KS) by using stochastic differential equations.

4. Main result

As has seen in Proposition 3.1, (KS) has a unique time global classical solution
(u,v) under the initial conditions given in the same proposition. In our main theorem,
Theorem 4.2, we give bounds for the solution (u, v) of (KS). We prepare the backward
equations of the Keller Segel system (KS) which is replaced t by T'—t for any 7" > 0.

(

iy = gy — aliiby), (2,) €T x (0,T), (4.1)

— iy = Tgy — YD + il (2,) €T x (0,T), (4.2)
(KS)"{ - i i i

Uy (L, t) = Uy (Lo, t) = 0y(L1,t) = 0,(Loyt) =0 t € (0,T), (4.3)

u(x, T) =u(z), o(x,T) =v(x) xel,

Note that there exists a unique solution (u,?) of (KS)* that possesses sufficient
regularities by using Proposition 3.1. For the solution @(x,t) of the backward equa-
tions that has sufficient regularity (cf. (3.3), (3.4)), we can apply Itd’s formula to the
stochastic process {u(X(t),t)}i>0 composed by @ with some [td process (X (t))i>o,

and can clearly derive an expression of 4 by means of an expectation of a process



PROBABILISTIC CONSIDERARION ON KS 21

through the standard discussion given e.g. chapter VIII of [1]. We can derive the fol-
lowing results for the solution (@, ?) of our partial differential equations (cf. Pardoux
and Pengor [6], precisely see (4.8) below and its proof). We can also treat a solution
of the forward equations (KS) and discuss a probabilistic expression of it (as was
seen in Example 2.1), but in order to do so, we have to pass through another careful
discussion on interchanging of semi-group and its generator corresponding to the Ito
process, namely, we need to pass through a discussion on identifications between a
solution of a stochastic defferential equation and a diffusion process defined through
Markow semi-group cf. e.g., chapter IV of Tkeda and Watanabe [2] (cf. also Ma and
Réckner [4]).

Proposition 4.1. Suppose that the conditions given by Propositon 3.1 are satisfied.
Let (6, D) be a classical solution of (KS)* in I x(0,T), and let the stochastic processes
X(s),Y(s) be the solutions of the following stochastic differential equations (4.4), (4.5)

respectively:

dX (s) = —ate(X(s),s)x1(X(s)) ds + V2 x1(X(s)) dBs + do (s),

(4.4) o
(4.5) dY (s) = V2 x1(Y () dB, + dos(s),

Y(t) ==z,
where x;(+) is the indicator function, x;(z) = 1 (z€l) bu(s) and da(s) are

0 (otherwise),
the local time of the process {X(s)} and {Y (s)} respectively by which the boundary
points Ly and Ly become reflection boundaries (cf. section IV of [2], and [7] and
references therein). The conditions X (t) = z and Y (t) = x imply that the position
of stochastic processes X (s) and Y (s) at time t are x. Then we have the following

probabilistic expressions:

4.6) (w,t) = E [a(X(T))e fe @eeXDm) 7| X (1) — o],

o(x,t) = F [@(Y(T))e_V(T_t) |Y(t)=z]+FE [/t (Y (s),s)e 7 Vds | Y(t) = x|,

where By is the standard Brownian motion, and E is the expectation depended on

expectation measure P.

Proof of Proposition 4.1. We consider the following functional with stochastic

process X (s)
a(X(S)’ S>€_ fts af)zz(X(T),T) dr (S Z t)
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From Proposition 3.2, in particular by the generalized It6’s formula, and (4.1), we

have
(48) d (ﬂ(X(S)a s)e Je amea (X)) dT) = V2 0y(X(s), s) dB, - e~ I 0wa(X(D)7) d7.

(Refer to Appendix 5.1 for more detailed proof.)
We integrate both sides of (4.8) from ¢ to 7', and take the expectation E, then

we have the following equation:

(4.9)  E[a(X(T), T)e~ I @=XODdr _ 50X (4),1) | X(t) = 2]
= [\/5 / ' e I e (X1 g (X (), 5)dB, | X (t) = x| .

Since the right side of (4.9) equals to zero and u(x,T") equals to u(x), we have the
equation (4.6). By considering the functional (Y (s), s)e™ 7/ 97 we obtain (4.7) in a

similar fashion. (Refer to Appendix 5.2 for the proof.) O
By taking s as the time to go, for the backward equations (KS)*, from (4.6) we
have
(4.10) i, T = 5) = B [a(X(T))e” 5O 7 x (T — ) =
Noting the regularity given by Proposition 4.1, for each T" > 0, by setting
™= o) varl(m 1), M= eI 0) arl: ),

from (4.10) we immediately have
E@(X(T))| X(T —s) =x]-e**M < di(z,T — s)
< B(X(T)) | X(T —s) = a] - e
Therefore, we have the following inequality:

(4.11) ingﬂ(:):) ce M < iz, T — 5) < supa(x) - e 5™,
z€ xel

Note that because of the Neuman boundary condition for v, M > 0 and m < 0 hold.

For the solution o of the backward equation system (KS)*, from (4.7) we have

oz, T — s) = E(Y/(T))e™ | V(T — s) = ]

T

+F {/ Qt(Y (1), 7)e "TTTH) qr | Y(T — 5) = a:} =1+11.
T—s

By (4.5), since the process Y is a Brownian motion with reflection boundaries, we

have the following equation:

[=e " EFY(T)) | Y(T - s) = 1]

_ AO —(+2m )25 nm
— A An Lo—L7 — 1 ,
=€ ( B + ng 1 e 2 COS , ) (x 1) )
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where A, = ﬁ fLLf U(x) cos 72— (x — Ly)dx (n = 0,1,2,...). For the integrand

Lo—1L1
of II, from (4.11) it holds that

w(Y(r),7) =Y (1), T — (T — 7)) < supu- e~ (T=T)am
xel
Thus we have

T
II=E [ / 2t(Y (1), )e T dr | Y(T — s) =«

T—s

T
< a/ sup@ - e~ T=mame=1(r=T+s) g
T—s z€l

T
= asupm - e LamtiT—ys / elam=N7 qr

xel T—s
_ asupm - e-TomT—s__1 [elam=T _ lam=)(T=s)y
z€l am — 7
=« Supﬂ . 6_Tam+'YT_'Y5 1 e(am_'Y)T(]_ _ 6(‘17”_7)(_5))
z€l am — 7
1
= asupT - e ———(1 — elam=(=9))
zel am — 7y
B e—ams _ =78
=asupu- —— (y — am > 0).
zel T —am

Similarly for the estimate of lower bound, we have

e—aMs — e s

ainfg- —  (y—aM #0),
(4.12) r>{ = y—aM
aingﬂuse'ys (v —aM =0).
TE

Refer to Appendix 5.3 for the proof.

As a consequence, since u(x,t) = u(x, T —t), v(x,t) = v(x, T —t), we obtain the
a

main theorem which gives bounds for the solution of (KS) as follows:

Theorem 4.2. Suppose that the conditions given in Proposition 4.1 are satisfied. Let
(u,v) be the classical solution of (KS) defined through the solution (u,0) of (KS)*
by the change of variable t by T —t. Then, for any s (0 < s < T), the following

imequalities hold:

) inf(r) -~ < (e, 5) < upT(r) - e
(4.14) Ky (s) <v(z,s) — ®0)(x,5) < Kn(s),

where ®(v)(z, s) := e 7* (% +> Ape” B0 cog (= Ll)),

2 L2 nmw
A, = T —L)d —0,1,2,...),
I, _L1/L v(x) cos I, L (x Ddx  (n )
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—ams __ ,—7S
K(s) == asupu - ¢ ¢
z€l 7 —am
e e—aMs — e s ( M 7& 0)
ainft- — (y—a ;
Ky (s) == zel v —aM :
ainfu - se’ (v —aM =0)

xzel

Remark 4.3. Theorem 4.2 would be an application or modification of maximal prin-
ciple in usual analysis, can be proved easily through the stochastic analytic methods,

as we have seen above.

Remark 4.4. The above inequalities (4.13) and (4.14) give the good estimates of
u(z,t) and v(z,t) for small £ > 0, respectively.

0 0
x 1 X 10

Figure 4.5. Result of the nummerical computation (7 = 1)

We confirm the result of Theorem 4.2 by the following example. Let parameters
a,a,”, L1, Ly and initial functions @, v in (KS) and the time 7" in (KS)* be as follows:
a=2,a=1,v=2,L=-10, L, =10, T =1,

2+ cosz(—m <ax<m),

I~
8
~—
I
—

u(x) =
I(-10<z<—7 7m<x<10),

Then we have the above graphs of u(x,t) and v(z,t) by a direct numerical computa-
tion. Left figure is the graph of u = u(z,t) and right one is the graph of v = v(z,t).
In case where T is not so large, we see that for 0 < ¢ < T the solution (u,v) is so

similar to (@, 7).
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Figure 4.6. Result of the nummerical computation (7" = 20)

Let parameters a, «, 7, L1, Ly and initial functions @, 7 in (KS) be the same as
the previous ones, but in the present case take T' = 20. We have the above graphs
of u(z,t) and v(z,t) by a direct numerical computation. Left figure is the graph of
u = u(z,t) and right one is the graph of v = v(x,t). In case where T is large, we see

that for 0 < ¢ < T the solution (u,v) becomes not similar to (@,v).

5. Appendix

5.1. Proof of (4.8). In this subsection, we show the detailed proof of (4.8).

d (ﬂ(X (5), 8)e I awxvmdf)

QU

(W(X(s),s)) - e Ji avee(X()m)dr

w(X(s),s)-d (e— [ abae (X (7),7) dT)

(1p(X (5),8) - (—ats(X(s),5)) ds + V2 1y (X (s), s)dB,

l—|+

+ Upe (X (5), 8)ds + 1s(X (), s) ds] e~ I aten (X (7),7)dr
(X (5),5) - (—aBre(X(s), 8)) - e I X OTrg
— [ X)) (0 (X)) ds V20X (), 9B
b By (X (), 5)d5 — aa (X (s), 8)ds + 0 (X(5), 8) - 52X (s), 5)ds
+ ati( X (s), 8)Uze(Xi(5), S)ds] o Ji At (X(7),T)dr

+ G(X(5), 8) - (—abup(X(s), ) - e~ J PeeX(D)1) dr g
= V2ii,(X(s), 8)dB; - e~ i X))

where we have used the differential calculus of a composite function, (4.4) and the

generalized It6’s formula (cf. Prop 3.2) for the second equation, and (4.1) for the third
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equation. Also we have used the fact that the term of local time ¢; in (4.4) vanishes
for the functional @ satisfying @, (L;,t) = U,(La,t) = 0 (cf. section IV-7 of [2], and

[7] and references therein). O

5.2. Proof of (4.7). As was done for the proof of (4.8), we can prove (4.7). Let’s
consider a functional of 9(Y (s),s)e™7/: 97, By using (4.2) and (4.5) instead of (4.1)

and (4.4) in 5.1, we have the following relation:
a (Y (s), s)e 14
= d (Y (s),5)) - e T 5(V(5),5) - d (e )

= {%(Y(s), s) - 0ds + V20, (Y (s), $)dBs 4 055 (Y (s), s)ds
F V(9,9 oY (5)8) - (=) e s
_ [ﬁaxw(s), )AB, + aa (Y (), $)ds — Tual(Y (5), 8)ds + 73(Y (s), 5)ds
QY (s) s)ds| - (5, (<) -
= (V20.(Y (s), $)dB, — ai(Y (s), 5)ds ) e
By integrating both sides from ¢ to T, we have

/tT d(o(Y(s), 3))6—’ths dr g
= /tT (\/ﬁﬁx(Y(S), s)dBs — au(Y (s), S)ds) o fdr

It follows that

-y d’T
S(Y(T),T)e 9 —5(Y (1), t)e /t

T ) T .
=2 / e T, (Y (s), 5)d B, — / at(Y (s), s)e " i 7 s,
t t

After putting in order, we take the expectation F in probability measure P, then we

have

E[B(Y(T), T)e """ —o(Y (1), 1) | Y(t) = 2]
—E {ﬁ / ' e 1505, (Y (s), s)dB; | Y (t) = 4
- F [/t (Y (s),s)e 7 Vds | Y (t) = x} :

Since the first term of the right side equals to zero, and v(x,T) equals to T(x), we
have (4.7). O
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5.3. Proof of (4.12). Finally we shall prove the inequality (4.12). By (4.11),

a(Y(r),7) = a(Y(7), T = (T = 7)) > infw- =@M

zel

hold. Thus for v # aM, we have

T
IT=F [/ (Y (1), 7)e T dr | V(T — s) =z

T—s

T
>« inf - e (T—maM=v(7=T+s) g7
- g TEl

T
— ainf - e TeMT-7s e M=7 47
zel T—s

— ainfw- e_TaM‘i"YT—’YS#{e(aM—’Y)T _ e(aM—y)(T—s)}
xel aM —y
— ainfw - e_TaM‘F’YT—’YS#e(CLM—’Y)T(l _ e(th—ﬁ/)(—g))
zel aM —y
1
= ailgﬂ . e—vsm((l _ e(aM—v)(—s))
e—aMs — eS8

=ainfu -
zel ’}/—CLM

Also for v = aM, we have

T
II=F { / (Y (1), 7)e "I dr | V(T — s) =z

T—s

T
> a/ inf - e~ (T—maM=(r=T+s) g1

T_gT€l
T
= ainfﬂ-e"ys/ dr
zel T—s

= airelgﬂ TS
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