Neural, Parallel, and Scientific Computations 24 (2016) 97-106

EXPECTED NUMBER OF REAL ROOTS OF CERTAIN GAUSSIAN
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SOUDABEH SHEMEHSAVAR* AND KAMBIZ FARAHMAND

School of Mathematics, Statistics and Computer Science
University of Tehran, Tehran, Iran

Department of Mathematics, University of Ulster at Jordanstown, UK

ABSTRACT. Let D, (0) = >} _,(Ak coskf + By sinkf) be a random trigonometric polynomial
where the coefficients Ag, 41, ..., Ay, and By, B1,..., B,, form sequences of Gaussian random vari-
ables. Moreover, we assume that the increments Aj = Ay —Ay_1, A? = By—Bg_1,k=0,1,2,...,n,
are independent, with conventional notation of A_; = B_; = 0. The coefficients Ag, A1, ..., Ay,
and By, By, ..., B,, can be considered as n consecutive observations of a Brownian motion. In this
paper we provide the asymptotic behavior of the expected number of real roots of D,,(6) = 0 as order
2v2n - Algg by the symmetric property assumption of coefficients, i.e., Ay = A,_, Br = Bp_k, we

V3
show that the expected number of real roots is of order 2—\/%
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1. PRELIMINARIES

There are two different forms of random trigonometric polynomials previously
studied.

T.(0) = Z Ay, cos(k6)

and

n

(1.1) D, (0) =) (Aycoskt) + By sin kd),
k=0

Dunnage [2] first studied the classical random trigonometric polynomials 7'(¢). He
showed that in the case of identically and normally distributed coefficients Ag, A4, ...,
A, with mean zero and variances 1, the expected number of real roots in the interval
(0, 27), outside of an exceptional set of measure zero, is % +O0{n"/3(logn*?)}, when
n is large. In Farahmand [3, 4, 5], it is shown the asymptotic formula for the expected
number of K-level crossings remain valid when the level K increases. The work of
Sambandham and Renganathan [13] and Farahmand [6] among other obtained this

result for different assumption on the distribution of the coefficients. For various
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aspects on random polynomials see Bharucha-Reid and Sambandham [1], which in-
cludes a comprehensive reference. Farahmand and Sambandham [8] study a case of
coefficients with different mean and variances, which shows an interesting results for
the expected number of level crossing in the interval (0, 27). Farahmand and T. Li [9]
obtained asymptotic behavior for the expected number of real roots of two different
forms of random trigonometric polynomials T,,(0) and D, (6), where the coefficients
of polynomials are normally distributed random variables with different means and
variances. Also They studied a case of reciprocal random polynomials for 7,,(0) and
D, (0). We consider the classical forms of random trigonometric polynomials D,,(#)
where the coefficients Ag, Ay,..., A, and Bg, By,..., B, be a mean zero Gaussian
random sequence in which the increments A,(cl) = A, — Ap_; and A,(f) = B, — Bi_1,
k= 0,1,2,..., are independent, A_; = 0, B_; = 0. The sequence Ay, Aq,...
and By, By, ... may be considered as successive Brownian points, i.e., Ay = W;(tx),
By = Ws(t),k =0,1,...,n, where tqg < t; < --- and {W;(tx),t > 0}, i = 1,2, are the
standard Brownian motion. In this physical interpretation, Var(A,(j)) is the distance

between successive times t;_1, t;. We note that
A=AV + AV 4 AV B = AP AP 4 AP =01, 0,

where A,(f) ~ N(0,02),k=0,1,...,n,i=1,2, and A,(f) are independent. Thus

zn: [(Z cos ]9> (Z sin ]9> AP

k=0

S

(a1 (O)A) + b (0)A)

k=0
and
:Z[< Z]sm]@) <Z]COS]9>
k=0 =
=3 (m (@A +da(0)2)
k=0
where

sin(2n + 1)% — sin(2k — 1)%

2sin(%) ’

ap(0) = Zcosj@ =
=k

cos(2k — 1)% — cos(2n + 1)%

2sin(%) ’

be1(0) = Z sin j60 =
=k

sin(2n + 1)% — sin(2k — 1)g>/

ek (0 Z]Slﬂj@— < 23111(9)

j=k 2
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12 )= jeonjo= (COS@’f ~ 18— coxn ¢ 1>%>
j=k 2sin(3)

Now given D, (6) in (1.1) with a symmetric property of coefficients, i.e., Ay = A, _x
and By = B,y for k =0,1,...,n, we can write @, (0) for odd n’s as follows:

n—1

2
(1.3) Q.(0) = Z[Ak(cos kO + cos (n — k)0) + By(sin kf + sin (n — k)6)]
k=0
The polynomials will have one additional term for even n’s and we will not discuss

this case here.

n—1

Qn(0) = i[Ak(cos kO + cos (n — k)8) + Bi(sin k6 + sin (n — k)0)]
k=0
— 2 i(cosj@ + cos (n — 7)0) A,(Ql) + i(sinj@ + sin (n — 7)0) A,(f)
k=0 j=k j=k
S (w2(0)A + bia(0)2)
k=0
Q.(6) = [(— D (ising6 + (n— j)sin (n - j>9>) A
k= =k

om0 e ) o

3
|

- A ()
<. 3
Il ©||
ol =

l\)‘

(ckz(e)A,i” + dm(e)Agf’)
0

B
Il

where by using this results

n—1

- in(2n — 2k + 1)¢ — sin(2k — 1)2
age(0) = (cos jO + cos (n — j)0) = sin(2n + )‘2 . sin ( )2’
= 2sin
Jj=k 3
= 2k —1)% — cos(2n — 2k +1)%
br2(0) = ) (sinjf +sin (n — j)0) = cos( )3 C‘OS(E n + )27
j 2sin ¢
Jj=k 3
anl.. ‘ N , sin(2n — 2k +1)¢ — sin(2k — 1)¢ !
cra(0) = —Z(] sin jO+(n—7j)sin (n — 5)0) = ( ( ).2 h ( )2> ’
j=k 2sin 5
(1.4)
& . . . . cos(2k — 1) — cos(2n — 2k + 1)2 '
Ba(6) = 3 cos 8+ (n — ) cos (n — o) —  22H=1a = con )2
j=k 2sin 3
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2. Kac-Rice Formula

Let N(0,27) be denotes the number of real roots of the random trigonometric
polynomials in the interval (0,27) and E(N(0,27)) be its expected value. To deal
with the asymptotic behavior of the expected number of real roots of D,,(6) = 0 and
Q. (0) = 0, we refer to Kac-Rice formula [10, 11}, which is defined as

(2.1) E(N(0,27)) = /0 " %d&,

where A? = A?B? — C?. For D, (0) given in (1.1) we have

n

A}, = Var(D,(0)) = > (a2, (0)a7 + b7, (0)03),
k=0

n

B}, = Var(D,,(6)) = Y _(c;1(6)0F + di1(6)73),

k=0

n

(2.2) Cp = Cov(D,(0), D.,(9)) = Z(akl(ﬁ)ckl(ﬁ)af + b1 (0)dg1 (0)03),

k=0

where ag1(0), bg1(0), cx1(0) and di1(0) are defined in (1.2). For @, (0) given in (1.3)

we have

‘3
||
—

A% = Var(Qu(0)) =Y (aly(0)07 + by(0)03),

B
Il
o

‘3
||
—

B} = Var(Q,,(0)) (o (0)0F + d2,(0)0),

e
i
o

n—1

(23)  Co=Cov(Qu(0),Q,(0)) = >_(ara(0)cka(0)7 + bra(0)dia(0)3),

0

where ago(0), br2(0), cka(0) and dio(0) are defined in (1.4).

[\)‘

B
Il

As in algebraic case the above identities are not well behaved around 0, 7 and
2. Therefore we first consider the intervals (e, 7 —¢), (7 + ¢, 27 — ¢), where ¢ is any
positive constant, smaller than 7 and arbitrary at this point to be chosen later. It
should be positive and small enough to facilitate handling the roots in the intervals
(e,m —¢€), (T +¢&,2mr — ¢) and for roots inside this two intervals, we use (2.1). For
the real roots lying in the intervals (0,¢), (m —e,m+¢) and (27 — ¢, 27), which it so

happens, are negligible, we will use a different method based on the Jensen’s theorem.

We now define some functions to make the estimations, define S(#) = sin(2n +

1)0/ sin @, see from [5, page 74] which is continuous at § = jr and will occur frequently
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in follows. Since for 6 € (e,m —¢) and 6 € (7 + ¢,2m — ¢), we have |S(0)| < 1/sine.

Hence, we can obtain

Further

_ sin2n+1)2 1 S +1 1
24 _ 2 _ 2% _ 1
(24) ;COS 2sin 4 +2 2 O(E)’
and
=~ S'(%) n ~ S"(3) n?
(2.5) Zywmws-4 _ot) gym%w_— 5 _océ»

cos(2n+1)6

In similar way, we define P(f) = cost — =55

, we also have |P(f)| < 1/sine.

Hence, we can obtain

Further

We can show

u cos ¢ — cos(2n +1)¢ 0 1
2.6 E in k6 = 2 2 _p(Z o=
(29) k:0$n 2sin § (2) (a)’

2

and

P(

~—

n n ' P,,(Q) 9
(2.7) kzzokcos/ﬂ?: :O<g), kzzokzslnkﬁz— 82 :O(%),

Now, using the above identities, we are able to evaluate the characteristics required

in using the Kac-Rice formula in (2.1).

3. Asymptotic Behavior of E(N(0,27))

This section includes two subsection. We evaluate the asymptotic behavior of the
expected number of real roots of D,,(#) = 0 in the intervals (e, 7 —¢), (7 4¢,2m—¢) in

subsection 3.1 and in the intervals (0,¢), (7 —e,m +¢), (2 — &, 27) in subsection 3.2.
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3.1. Results On the Intervals (¢,7 —¢), (7 + ¢,27m — ¢). In this part, we obtain
our results by applying the Kac-Rice formula. The main contribution of this part for

the two different cases is stated separately in the following theorems.

Theorem 3.1. Let D,(0) be the random trigonometric polynomial given in (1.1) for
which Ay, = A(()l)—l—Agl)—l—- : -+A,(€1), By, = A(()2)—|—A§2)—I—- : -—I—Al(f), kE=0,1,...,n, where
A,(j), k=0,1,...,n,t=1,2 are standard normal i.i.d random variables independent.
We prove that for all sufficiently large n, the expected number of real roots of the
equation D,(0) = 0, satisfies

\/§n
V3
Proof. In order to use the Kac-Rice formula, we first evaluate asymptotic value for

each variable needed by using the error terms obtained in (2.4)—(2.7). Since E(A;) =0
and E(Bg) = 0 we have

EN(e,m—e)=EN(mr+¢e,2r —¢) ~

(3.1) E(Dn(0)) =0, E(D,(6)) =0,

Now using (2.4)-(2.7) and (1.2) and using some trigonometric identities, we obtain
the variance of D, (f) and D/ (), as

Ap = Var(D,(0)) = > (i1 (0) + 05, (0))
k=0
(3.2) = (Z cosy@) + (Zsmy@) = 57 +O0(=),
k=0 j=k j=k SI 5
B, = Var(D;,(6)) = > _(ci1(0) + di1(0))
k=0
= (—Z] smj@) + (Z] cosg@)
k=0 j=k j=k
n 4 2 4 2 2 3 2

(3.3) _ Ak <”_): n_ <_)

Pt 16 sin” 5 € 3sin” 5 €

3

Cp = Cov(D,(0),D.(0)) =) (ar1(0)cr1(0) + br1(60)dr1(6))

(Z j9> <_ > j9> + (Z ain je) (Z i jeﬂ
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Then, finally from (3.2)-(3.4), we can obtain

nt n3
(3.5) A* = AL B2 — CF = 49+0( )
sin® 3 £
The results of (3.2) and (3.5) into the Kac-Rice formula (2.1), we have

Van

E(N(e,m—¢))=E(N(r+¢,2mr—¢)) ~ 7

The theorem is proved. O
Theorem 3.2. Let Q,(0 ) be the random trigonometric polynomial given in (1.3)
where Ay = AP + A 4. 4 AP B = AP + AP 4 AP k=0,1,..., 551,
where A,(C ,kE=0,1,..., 21, = 1,2, are standard normal i.i.d random variables.

We prove that for all sufficiently large n, the expected number of real roots of the
equation @, (0) = 0, satisfies

n
EN(e,m—¢e)=EN(r+¢,2mr —¢) ~ 73
Proof. We obtain our results by applying the Kac-Rice formula. Since E(A;) = 0 and
E(Bg) = 0 we have

E(@n(0)) =0, E(Q,(0)) =0

Now from (1.4) and (2.4)—(2.7) and making some trigonometric identities, we obtain

A2Q = Var(Qn(e)) = (ai2(9) + 622(9))
k=0
n-1 n-1 2 2t ?
. > (cos 0 +cos(n—j)0) | + | Y (sinjf +sin (n — j)6)
k=0 j=k Jj=k
n
3.6) = 0
(36) 4sin2g 00,
Bg = Var(Q,(0)) = ) _(cia0) + dia(0))
k=0
n—1 n-1 2
= (jsinj6 + (n — j)sin (n — 5)0)
k=0 j=k
s 2
+ (jcosjb+ (n—j)cos(n—75)0)
=k
N An2 — 8k2 — 8nk n2 n? n?
3.7 = O(—) = Ol
(3.7) ; 1681n23 * (5 12Sin2g+ (5)’
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C = Cov(Qu(0), Q,(0)) = > (ara(0)crs(8) + bra(6)ds(0))
— Z(cosj9+cos (n—4)6) (jsinjf + (n — j)sin (n — 5)6)
+ ( 2 (sin j0 + sin (n — 5)0) 2 (jcosjl + (n—j)cos(n—j7)0)
s i=k
(3.8)

-0 (2).

Then, finally from (3.6)—(3.8) we can get
4 3
3.9 A2=A2B2 —(2=—"__to(L),
(39) ePe e gt
The results of (3.6) and (3.9) into the Kac-Rice formula (2.1), we can obtain
n
E(N(e,m—¢))=E(N(m+¢,2mr—¢)) ~ —
(V( ) = E(N( ) 7
]

3.2. Results On the Intervals (0,¢), (1 —¢,m+¢), (2r—¢,27). In this subsection,
we are going to show the expected number of real roots in the intervals (0,¢), (7 —
e, m+¢), (2m — €, 2m) is negligible. The period of D,(#) is 27, and so the number of
real roots in the interval (0,¢) and (27 — ¢, 27) is the same as the number in (—¢,¢),
the interval (m — e, 7 + €) can be treated in the same way to give the same result.
Here we deal only with D, (6), since the same method is applicable for the random
trigonometric polynomial, @, (#), and the results of D,,(#) remain the same for Q,, ().
We consider the function of the complex variable z,

n

Dy(z,w) = Z(Ak(w) coskz + By(w)sinkz)
k=0

We seek an upper bound to the number of real roots in the segment of the real axis
joining the points +¢, and this certainly does not exceed the number of real roots in

the circle |z| < e.

Let N(r) = N(r,w) denote the number of real roots of D, (z,w) = 0 in |z| < e.
We will modify the method based on the Jensen’s theorem [12], which has been used
by Dunnage [2], then By Jensen’s theorem,

r N (r)dr < “IN(r)dr = — 256 |d6
[ [ =g [ 5
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for which we have

2w
(3.10) N(e)log?2 < —/ 256 "ol Dn(2ec”,0) 49

Now since the distribution function of D, (0,w) = Zk 02 ik A} (w) is

Gl() ~N(0, (2n® + 9n? +13n+6))

6

We can see that for any positive v,

P(—e™" < D,(0,w) <e™)

3 e v 3t2
= / exp 4 — dt
m(2n3 +9n?2 +13n+6) J_.—» 2n3 4+ 9n? +13n+6

24/3¢7?

3.11 < :
(3.11) V(203 + 9n2 + 13n + 6)

Also we have

|D,,(2e€)| = |Z <Z cos(2jeei9)) A; +
k=0 \j=k

(3.12) <2M(n+1)(n + 2)e*™,

n

(o)

k=0

where M = Maxj(max |A} |, max |AZ]). The distribution function of |Al| and |AZ| is

1 x 2.
—— [ie"z ifx>0
0 ifz <0
For any positive v and all sufficiently large n, the probability M > ne" is

P(M > ne’) < nP(|A7| > ne)

(3.13) —n— /n e dt ~ \/iexp{ - <n€;>2},

Therefore from (3.12) and (3.13), except for sample functions in an w-set of measure

not exceeding
2 v)2 .

(314) \/iexp {—U _ @} \Dn(2€e“9)\ < Bn(n + 1)(77, 4 2)62715—{-117
T

Hence from (3.11), (3.14) and since we obtain

D, (2¢€?, w)

(3.15) IR

| <3n(n+1)(n+ 2)e2=t2v,

Except for sample function in an w-set of measure not exceeding

2v/3e7" 2 (nev)?
+1/—expq—v—
V7 (2n3 4+ 9n2 + 13n + 6) m 2




106 S. SHEMEHSAVAR AND K. FARAHMAND

Therefore from (3.10) and (3.15) we can show that outside the exceptional set

< log 3 + log nlog (n + 1) 4+ log (n + 2) + 2ne + 2v
- log 2

(3.16) N(e)

Y

—1/4

e =n~"* it follows from (3.16) and for any sufficiently large n that

24/3e~v 2 v\2
(3.17) P(N(¢) > 3ne+20) < Ve +\ﬁ exp {_U _ M} |
V/7(2n% 4+ 9n? + 13n + 6) m 2
Let n' = [3n3/4] be the greatest integer less than equal to 3n*/*, then from (3.17) and

for n large enough we obtain

EN() = Y PINGE) 2 )= 3 PING) > )+ 3 PINE) 20 + )

J>0 1<5<n/ Jj=1

12 » 2 j_ (ned)?
< n! i/2 \/i L
_n+\/w(2n3+9n2+13n+6);6 - erxp{ 2 2

j=1

(3.18) = O(n**%),
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