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LEAST SQUARES INTEGRATION-BASED RBF METHOD FOR
SOLVING PARTIAL DIFFERENTIAL EQUATIONS
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ABSTRACT. In this paper, the method of least square and the recently developed integration-
based radial basis function method are applied for solving partial differential equations. Several
boundary value problems defined in rectangular and L-shaped domains with uniform and random
nodes are studied. Superiorities like higher accuracy and convergency are shown through comparisons
with existing results. Furthermore, a two-dimensional Burgers’ equation is taken as an example to
indicate the superior stability and higher accuracy of this proposed method. Numerical results
demonstrate that our method works better than classical Kansa’s method and adaptive meshing

technique.
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1. Introduction

Methods for numerical solutions of partial differential equations (PDEs) have
been dominated by either finite difference method (FDM), finite element method
(FEM) or finite volume method (FVM). These methods are derived by the assump-
tion of local interpolation schemes. Before the implementation of these methods,
discretisation of the domain into a number of finite elements is needed, which is not

a straightforward task.

Consequently, meshless methods have been introduced in the last decades, which
were developed with the objective of eliminating the mesh used in the popular mesh-
dependent methods. As a novel class of numerical techniques for solving PDEs,
meshless methods have attracted considerable attentions in recent years [1, 2, 3, 4, 5].
The mesh-independent property makes meshless methods very useful, especially when

dealing with high-dimensional problems with complex shaped domains.

Radial basis functions (RBFs) have played an important role in the development
of meshless methods when solving PDEs, its many applications include surface fit-
ting, turbulence analysis, neural network and so forth. The development of RBF's
is due to Hardy [6] for multi-variate interpolation problems with scattered data.

Theoretical analysis concerning solvability, accuracy, convergency and error bound
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of RBF approximation (interpolation) have also been built up and vastly studied
7,8, 9,10, 11, 12, 13].

The concept of using RBF and collocation method to solve PDEs was firstly
introduced and implemented by Kansa [14, 15], which is now called RBFCM or Kansa
method. This method is truly meshless and easy-to-use for a broad range of PDEs.
[16, 17, 18] provided theoretical foundations of RBF method for solving PDE and
derived error estimates. To get more accurate results and capable to solve large
scale problem, some special technique has been developed, such as quasi-interpolation
method [19], compactly supported RBFs [20], local RBFs [21]. Numerical results
have been proved that the method of RBF admits higher error convergence rate,
exponential convergence in contrast to the algebraic convergence of Galerkin FEM

and superconvergence of h — p FEM.

It is well-known that the differentiation lower the accuracy and is very sensitive to
the round-off error. In FDM, the central difference scheme gives the first-order numer-
ical derivatives with the round-offer error O(h?) while approximating the second-order
derivatives with the round-offer error O(h) , where h stands for the distance between
nodes. However, the integration preserves the approximation accuracy. Moreover, the
integration is a smoothing process compared with differentiation. If we plug the RBF
approximation into the PDE directly, the approximation accuracy decreases due to
differential operators. Wen et al. [22] recently proposed a method called finite inte-
gration method (FIM) and successfully applied to study material mechanic problems.
By FIM, we firstly transformed the given PDE into an equivalent integration equa-
tion. Instead of finite difference schemes, the numerical integration method is then
applied. By the simple numerical trapezoidal rule for approximating integrations,
FIM was studied and applied to solve one- and two-dimensional PDEs [23, 24]. Even
for PDEs of fractional order, results show that FIM gives results with higher accuracy

and convergency.

When solving two-dimensional problems by FIM with RBF, it is found that the
resultant linear system is nearly singular and rank deficient, which makes the method
unstable. To overcome such disadvantages, the method of least squares is applied.
Several numerical examples are given where results are compared. Note the special
advantage of integration versus differentiation, a two-dimensional Burgers’ equation
is studied to show superiority of FIM-RBF with least squares for problems with shock

wave and layer properties.

In this paper, the integration-based meshless method is further investigated for
solving PDEs. This paper is organized as follows. In Section 2, the methodology
of integration-based method with RBF approximation is introduced and applied to
solve PDEs. In Section 3, further discussions on the linear system that are deduced

by integration-based method with RBF are given. Numerical examples are given in
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Section 4. Some concluding remarks with suggested future works are given in the

final conclusion section.

2. Finite integration method with RBF's in one- and two-dimensional

spaces

2.1. The methodology of integration-based RBF method. Suppose u(x) is an
unknown function, a set of pairwise distinct nodes X = {x;,Xs,...,Xy} are given in
QU I, where x = (z,v), x; = (x;,v;), j = 1,2,..., N stand for nodes, Q € R% By

the idea of RBF approximation, u(x) has an approximation as:

(2.1) i) = DA olllx =)

where ¢(||x — x;]|) is referred to as RBF centered at x;, [|[x — x;|| is the usual Eu-
clidean distance between x and x;, A;, j = 1,2,..., N are unknown coeficients to
be determined. This set of nodes {Xj}j»vzl are called source nodes (or centers), x is

called collocation node (or approximation node).

Usually, source nodes are given and fixed. If the collocation node x is selected to
coincide with centers, unknown coefficients {}; }jvzl can be determined from interpo-
lation conditions u*(x;) = u;, ¢ = 1,2,..., N, which leads to the following symmetric

linear system in the matrix form
(2.2) PA=TU,

where the coefficient matrix ® = (¢i;) v v = (O(1% — X5[)) yroens A = [Ms A2y v’
U = [ug,us, . .. ,uN]T and u; stands for the function value at x;, j =1,2,...,N. In
this paper, multiquadric (MQ) is used as RBF. The unknown coefficients can be
computed by

(2.3) A=d'U,

where &1 £ (¢1) o
-1
ij -
On the other hand, if the collocation nodes

is denoted as the inverse of ® with elements are denoted by

(2.4) X* £ {x],%x5, ..., Xy},

are chosen to be different from source nodes, i.e., X* # X, see Figure 1. Substi-
tution of x} into (2.1) yields a linear system ®* A = U*, where ®* = (¢;;),, . n =
(Ol = z5])) pyun> UT = [u(x), u(x3), ..., u(xi,)]". The coefficient matrix ®* is
overdetermined (M > N) or underdetermined (M < N). In this case, the method of

least squares, QR decomposition or singular value decomposition are used to get A.
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FIGURE 1. Distribution of centers and nodes.

As (2.1) gives an approximation of u(x) and RBFs are smooth, we have

(2.5) ZA’@ (x =),

is an approximation of Zu(x), where 7 = z or y. Evaluation of the equation (2.5) at
collocation nodes x; gives a linear system as:

0 0.
(2.6) FUT = 2@ A,

*

where ZU* = [Zu(x}), Zu(x}), ..., %u(xM)]T, and the coefficient matrix 2®* =

[
(5 (HX =%y

Zollxi —xl)  Follx —xal) s o(llxi — xwll)
5 wollxs —xl) gl —xl) - Follxs —xnl)
5.2 = ol —xill)  Fro(llxs —x) a1 —xn|)) ,
ol —xill)  Frollxy —xall) -+ Frollxy —xnl) /0
Replace A by (2.3) in (2.6):
a * a * g * F—1 Ay *
(2.7) —U'= —®'A= 0 ¢ 'U2DU.

where D} £ a%@* &' It’s not difficult to see the size of this differentiation matrix
is M x N, where M is the number of collocation nodes and N is the number of
source nodes. The differentiation matrix D7 is either underdetermined (M < N) or
overdetermined (M > N) matrix.
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Differential matrices corresponding to higher-order derivatives, partial deriva-

tives, and mixed partial derivatives can be derived in the similar manner.

In contrast to differentiation, we consider the integration of RBF approximation.
f u(é,y) d€ and f Y u(x,n) dn are approximated by

x N z
[atend=Yx [ olle-xhde, €=,
y -
[Catwman=3"x [oln-xl)ds, =
Yo j=1 Yo

(2.8)

Substituting x; € X7 into (2.8), we have

x* .
/ (e, y) e 2 FTA,
(2.9) 0

X*
/ iz, n)dn = &, A,

Yo

where the left-hand side of above equalities are column vectors given by

/X ° U 6w dﬁ»/mo* *(€,yf)d§,---,/I:RIU*(f,yf)df]T,
/yox U (w5, m) dn, /fu*(xf,n)dn,---,/y:}‘MU*(ﬂf?,n)dn]T,

and coefficient matrices are ®, = (f;f; o€ —Xj||)d§> L& = (), B, =

NxN
yzf * ) * AR
(S elim: =x;1ydn) i = (n. )

||l>

fﬁf¢||sl—xl|| dg [ o(ler = xal)dg - [T ol1€r — xull) de
LEollgs —xilyde [ o1& —xal)de - [ o1& —xwll) dg
&, = | [ o(l& —xll) d¢ fﬁjMﬁg—lel)d& fmufg—mn)dg ,

NxN

( (
o(ll; —xull)dn [ o(lln; —xall) dn -+ [ é(]In5 — x|
fy2 o(llms =) dn [ é(|lns —xall) dn - [22 $([lm5 — x|
o= [ ¢(||"73 —xal)dy [, é(llm; —xal) dn S ¢(||"73 — xn||

;ZM o(ll€r —xill) dé [7¥ ¢ ||€X4 — Xo) d¢-- fmZM cb(llEM —xyl|)d¢
)dn
)dn
)dn

S5 o(lmi = ) dn [ 61|y — xa|)) di fyM ¢(lm —xwll) dn

NxN
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Replacing the vector of unknowns A by (2.3), we have

x*

| wewi-T e v AT,
)

(2.10) < .

/ u (z,m)dn=2,8'U£ AU,

Yo

where A* £ Ei@_l is called integration matrices, 7 = z,y.

For double-layer integrations, fmz fj u(&y,y) d&idéy and yzf) fmz w(&y,mp) d&dmy are
taken as examples. Following the same integration method (2.8) — (2.10), we know

there exist two matrices such that

A, =9, 07",
(2.11) C
Axy =, o,

where

il
QZ'Z'

z; &2
(/ / ¢<||ei—xj||>dsldgz) &= (€ = (0.
o o MxN

., (N
®,, = (/ / ¢ (Ilx = x;1]) d&dm) X = (&m) % = (25, y;) -
Yo zo MxN

Similarly, multi-layer integration can be obtained easily following the same formula

as above.

In practice, integration is more complicated and time consuming than differenti-
ation. Reason lies in the global property of the integral operator compared with the
local property of differential operator. In this paper, it is worth pointing out that
integration matrix corresponding to the multi-layer integration can be approximated
by multiplications of integration matrices that corresponding to lower-order integral

operators. As an example, we rewrite the double integration as

. z; &2
Tt yt) & / / (&, ) dérdss
&2

(2.12) -/ ( / 0 U(&,yf)d&) aé,

*

é/ ﬂ(€27y:)d€2a Z:1>2aaM

zo

where (&, y) £ foz u(&1,y) d&;. Then from (2.10) we have

T-4A'T,

IT — % *\ 7 ¥ * * * T 37 a7 m U
where U = [u(x17y1)7u(x27y2)7 s 7u(xM7yM)] 7U = [u(xlayl)uu(x%yQ)v ey u(xvaNﬂT’

Moreover, @ is an integration of u, so according to (2.10) we have

U=A4,U,
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where A, instead of A is used to represent integration matrix if X* = X i.e., source

nodes are used as collocation nodes. Hence we have
(2.13) U=AA,U

from which we see the corresponding integration matrix is A* A,. Considering (2.11),
we have A} ~ AjA,. Following the same analysis, A} can be replaced by A; A,
or A*A,. Following the same analysis, for triple integration fy% y? f;o ~d&dmdne, it’s
corresponding interpolation could be computed through either Ay A, A,, A7 A, or
A+

yyx®

2.2. Application of integration-based RBF method for solving PDEs. Given
a boundary value problem (BVP):

(2.14) Lu(x) = f(x), inQ,
(2.15) Bu(x) = g(x), on 0S).

where £ and B are arbitrary differential operators in the domain 2 and on 0€2. The
operator B can specify Dirichlet, Neumann, Robin, or mixed boundary conditions.
Time dependent PDEs can be solved by the method of lines (MOL) technique. For
clarity we only focus on steady state (elliptic type) problems. Moreover, one may
assume L is a linear differential operator while some kinds of linearization techniques
is needed to seek the solution iteratively.
To better illustrate how to apply the integration-based RBF method to solve a
PDE, we study the following simple linear PDE:
0u 0%u
al(%y)@ + as(z, y)8—y2
(2.16) iz )G+ o)
with Dirichlet boundary condition u(x,y) = g(x,y) on 0L, where a1, as, by, be, ¢, f

+c(z,y)u= f(z,y), (z,y)€Q,

and g are all smooth functions defined in © and bounded above. Integrating (2.16)
twice for x and y respectively, the differential equation is transformed into equivalent

integral function through integration by parts

(2.17)

/ / l (&, m)utw,m) =2 aal(&m) (€2,m)dés

&2 82
/ / a2 1) (fhm)d&dgz] didns

/ /62 { (S, y)u(éry) — /y o 2 (€ m)ul€r, o) diga

+/yo /yo W;(flﬂh)U(flﬂh)dmdm} de,dé,
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&2 (%1
/ / / {bl Eomyulem) — [ 5 (6, mu <£1,m>d£1dfz] déadmdn,

0

&2 2
/ / / [bz (&, ma)u(&r,m2) — /’7 ob: —— (&1, m)u (fl,nl)dmdnz} dnpd&1d§y

N / / / O / 5 (En, m)u(€r, m)drdEsdi i

y M2 o
_ / / / F(&,m)derdesdmdns + foly) + Fily) + ygo() + 1 ().
Yo Yo xo xo

where fo(y), f1(v), go(z), g1(z) are functions emerge in the process of integration.

One method to deal with these four one-dimensional functions is using RBF

approximation method. Suppose there are respectively sq, s1, 79 and r; centers used

for RBF interpolation, i.e., {y](-o)}jozl, {y](-l)}jlzl, {x§0)};():1 and {x§-1)};1:1:

Jj=1 =
=300 @), gi@) =Y 86 @)
Jj=1 =

where¢°< ) = <|y ), ¢“< )= o6(y — y;>|>,¢<°’<x> oz —2)), ¢V (2) =
o(|lz — a: |)and{a }_1,{ (1 }] 1,{/5(0 }J ¥ {ﬁ } are coefficients to be deter-

mined. leen a set of nodes X" = {x},x35,...,x},}, we have four linear systems:
(2.18) Fr=2"a Fi=0la Gj=20p" G;=a)p",

where Fy = [f5(y7), fJ(yS)a---,fJ(yT)]aF’{ = i), fis), - fT ], Go = lgo (7

gi(@y), ..., g5(x)], G [gl<x1>,g1<x2>,...,gl<a:1>J,a<0> [aP,aé’,.. ago’],am
1 1 1 1
R R ﬁ(o = 189,80 .. 89, g =M, gM ... ,Q], and coeffi-

cients matrices are <I>y = <¢§0) (yf)) ) <I>§f) = <q5§-1)(y;‘)> (I)(O <¢(0 (z *)) )
M xsg Mxs M xrg
ol — ( (1) (g ) ,
),

Figure 2 shows how interpolations of fo(y), fi(v), go(z) and gi(z) are imple-
mented:

If replace u in (2.17) by its RBFs expansion (2.1), replace integrations by cor-
responding interpolation matrices with multiple integration matrices are replaces

by multiplying lower integration matrices, we have M equalities by plugging x],



LEAST SQUARES INTEGRATION-BASED RBF METHOD 233

Y A
1) 4,0
y
M y(o) * o
ki _
Vi . X, _(xi’yi)
Vi
(1) (0)
Yimt Vigh
1 4,0)
on
>
(0) (0) * (0)
x| Xl x X0 X
) m 0 \
Xy X525 x; 0

FIGURE 2. Interpolation for one dimensional functions.

i=1,2,..., M into (2.17), which leads to the linear system:

U
o
(2.19) (a4 xof 2 vef &) ab |=-a4;,4.F
B
B
where U = [uq, us, . .. ,uN]T are unknowns to be comptuted, X* = diag{z7], z5,..., 2%},

Y* = diag{yt,y5, ...yt F=[f(x), f(x5), ..., f(x5,)]", the submatrix A which is
corresponding to integrations in (2.17) is given as

A=A5 (A —24,A,, + ALALL) + AL (As — 24,45, + Ay Ay )

(2.20)
+ A% AL (b — Aby) + AL A (b — Ayby,) + AY AL c,

with diagonal matrices given by known coefficient functions as

A = diag{al(xlv yl)a @1(%7 y2>7 . 7“1(55N7 ?JN)}

. Oa da da
Avy = diag{~(r1,51), 5 (2,92), - 5@, yw)}

0% 0%a d%a
Al,m = dwg{%;(xh y1)7 %21@27 y2)7 cee W;(xvaN)}
Ay = dmg{az(ﬂfh yl), Clz(SCz, y2)7 B 7CL2(~”CN7 ?JN)}

. Oa oa oa
AZ,:(: - dlag{a—;(xbyl)a 8—;(172,92), SR a—;(xNayN)}
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0% 0%a 0a
AQ,SL‘SL‘ = dlag{%j(l’la y1)> W;(I’Qa y2)> R %22(3:]\/7?/]\/)}

by = diag{bi(z1,v1),01(v2,72), ..., b1(zN,yn)}

. .0b 0b ob
bl,w == dzag{ﬁ—;(xlvyl)a a—;(x27y2)7 ey a—;(xvaN)}

by = diag{bZ(xlv yl)v 52(5527 y2)7 cee b2(xN7 ?JN)}

) ob ob ob
by, = dzag{a—;(:ﬁl, Y1), 8—:):2(%’ Ya2), - - - a—;(ZEN, yn)}

c = diag{c(zi,y1), c(x2,92), ..., c(xn,yn)}

Regarding the given Dirichlet boundary condition, there exist a matrix B with

elements are either 0 or 1 such that u; = u(zy, y;) = g(x;, y;) when (z;,y;) € 0
(2.21) BU=G),

where G = [g(z1,y1), (72, 92), - - . >9(95M,yM)]T~
From (2.19) and (2.21), U can be obtained by solving a linear system

U
A xa0 oV ya @b a® AT
(2.22) Y Yy z r a — Yy ’
B O o 10 16, G
5(0)
5(1)

where O stands for matrices with all elements are equal to zero.
2.3. Least square method. In (2.22), denote the coefficient matrix as

(2.23)

gaof A xo o vl ol
~\B O o o o |

The size of H is (M + Mpg) x (N 4+ rq+ 11+ So + s1), where M, N, Mg, 19, r1, So,
s1 represent the number of collocation nodes, source nodes, collocation nodes on 052,

interpolation centers of four free terms go(z), ¢1(x), fo(y), f1(y), respectively

For a special case, if 2 is a rectangular with N; X N, uniform centers, we let
collocation nodes are chosen the same as source nodes, i.e., M = N = Nj - N,
Mp =2(Ny+ Ny) —4, and let ro =11 = Ny — 1, sg = s = Ny — 1. In this case, H is
a square matrix of size (N7 - Ny + 2(Ny + No) —4) X (N7 - No + 2(Ny + No) — 4) [24].
However, from several numerical experiments we found H is always warned to be
nearly singular and rank deficient when using the backsplash order of Matlab to solve
linear system (2.22). So to avoid singularity and rank deficiency, an overdetermined
matrix H is preferred. On the other hand, overdetermined linear system is more
stable.
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There are two ways to achieve this: choose more collocation nodes, i.e., let M
large, or use less interpolation centers for fo(y), f1(y), go(z), g1(x), i.e., let ro, 71, S0, 51

small.

To better illustrate our ideas, let’s take a rectangular domain as an example.
If N7 x Ny uniformly nodes are chosen as source nodes, with N3 x N, uniformly
nodes are selected as collocation points, assume ro = r; = r and sy = s; = s. The
size of H becomes (N3 - Ny + 2(Ny + Ny) —4) X (N7 - Ny +2(r + s)). Our first idea
using more collocation nodes means let N3, N, large. The other idea is decrease
r,s. As RBFs are globally defined, collocation nodes can be chosen arbitrarily to
ensure the rank of coefficient matrix is overdetermined and full column ranked, i.e.,
rank(H) = Ny x Ny + 2(r 4+ s). So the matrix H? H is a square matrix and not
singular. In this case, the mthod of least square is used to solve the linear system
(2.22).

3. Numerical Examples

Example 1. We firstly consider the following PDE with variable coefficients and
homogeneous Dirichlet boundary conditions:

9%u 2

(31) 2l —2)5m +y(l - y)a—yg = —dry(1 —2)(1 —y), (2,9)€(0,1)x(0,1),

(3.2) u(0,y) =u(l,y) = u(z,0) =u(z,1) =0.

This 2D BVP admits an analytical solution u(x,y) = zy(1 — z)(1 — y).

According to the method of integration-based RBF, double-layer integrations
with respect x,y variables should be applied on both sides of (3.1) to eliminate dif-

ferentiations 88—; and 68—;.

Ni x N uniformly distributed nodes are chosen as source nodes with (2N; — 1) x
(2N3 — 1) uniform nodes are selected as source nodes. To approximated the four free
univariate functions go(z), g1(z) and fo(y), f1(y), N1 and Ny nodes are used as centers,
respectively. We choose N = Ny = N equal to 11, 21 and 31, respectively. Figure
3 shows the distribution of nodes when N; = Ny = 11. MQ RBF is used with the
shape parameter is chosen equals to %

To compare with results in [24], the average relative error (RE) is used, which is
defined as

1 & |u; — ufl
3.3 RE=—» ——©L
where N = N; X N, is the total number of source nodes in [0,1] x [0, 1], Upmee =

u(%a %) -

al=
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F1GURE 3. Regular nodes distribution.

Table 1 gives us numerical comparisons of relative errors with different number
of source nodes, which implies FIM-RBF with least square technique works better
than FIM-OLA, MQ and polynomial spline of radial basis function methods.

N OLA MQ PSF FIM-RBF

111371 - 02 | 1.911F — 02 | 1.299F — 02 | 2.233E — 03
21 1 5.3656E — 03 | 5.689E — 03 | 4.496F — 03 | 9.017TE — 04
311 3.083E — 03 | 1.382E — 02 | 2.373E — 03 | 5.354F — 04

TABLE 1. Average errors for different methods and number of points.

Due to the meshless features of RBF, regular nodes distribution is not necessary.
Suppose 100 nodes are randomly distributed in (0, 1) x (0,1) with 36 nodes are uni-
formly located on the boundary. The integration nodes are chosen to be 200 nodes
lie in (0,1) x (0,1) with 72 nodes uniformly on the boundary. Still use 10 nodes in
x and y direction as integration centers for RBF approximation of go(x), ¢;(z) and
fo(y), fi(y). Figure 4 gives us nodes distribution in [0, 1] x [0, 1].

In this case, the shape parameter of MQ is chosen as ¢ = 0.4. The size of the
resultant matrix is 308 x 176 and is full column ranked. By the integration-based
RBF method with least square method, the maximum pointwise error is 5.96 £ — 04

and the average relative error is 1.54F — 03.

Example 2. To further demonstrate the smoothness effect of the proposed integration-

based RBF method, we consider the following two-dimensional Burgers’ equation,
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FI1GURE 4. Randomly nodes distribution.

which contains a moving shock wave front
ou 1
(3.4) e EAU — (uuy +uuy), (z,y) € (0,1) x (0,1),
with boundary and initial conditions are set accordingly such that the exact solution
is
1
(3.5) u(z,y,t)

T 1+ exp (BEIR)

The coefficient R is a physical parameter called Reynolds number. The solution

contains a shock wave front along the line x 4+ y — ¢, which is moving with time.

The Burgers’ equation is time dependent and nonlinear, which is different from
previous examples. The backward Euler scheme is adopted to discretize the temporal

derivative and the method of linearization is used to deal with the nonlinear term:

u™ — um—l 1 a2um a2um m—1, m—1 m—1, m—1
where At is denoted as the time step, u" is the approximation of solution at mAt.
When m = 0,u’(z,y) = u(z,y,0) = 1

14+exp (ZTJ”/R) ’
Different from Example 1, we use Ny x Ny uniform nodes in [0, 1] x [0, 1] as source
nodes as well as collocation nodes. To ensure the coefficient matrix is overdetermined

and full column ranked, we use Ny —2, Ny —2 nodes as centers for RBF approximation

of go(x), g1(x) and fo(y), f1(y) -

To compare with results given by RBFCM in [25], we let }% = 0.05, At = 0.001,
and Ny = Ny = N3 =Ny =N =19,r=s=N —2=17. MQ is used with shape
parameter ¢ = ﬁ. At this situation, the size of the resultant matrix H is 433 x 429,

which is obviously overdetermined and it’s verified to be column full ranked, i.e.,
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rank(H) = 429. By algebraic analysis, HT H is not singular. Therefore the least

squares method does work here.

Profiles of approximated solutions and pointwise errors at different time are shown
in Figure 5, from which we can observe that our method can simulate the solution
of the 2D Burgers’ equation very well. At t = 1.25, the maximum pointwise error
is 2.51 x 1073, compared with 7.03E — 02 by MFS-DRM and 7.19F — 02 by Kansa
method [25].

As R becomes larger, the wave front becomes steeper, which gives more difficulty
when compute numerical results. Refer to Figure 6 (a) to see profiles of u(x,y) at the

line = y. It’s obvious that an interior layer arised as R becomes larger.

So it’s naturally to require more points locate near the wave front to get better
approximation as R become larger. Sulman et al. [26] studied this problem when
R =200. Welet Ny = Ny =N3=N, =N =41, r=s5=N —2 = 39. At the time
t = 1.25, the maximum pointwise error is 2.23EF — 02 and the discretized L? norm

error is 4.66 E — 03, where the discretized version of L? norm error is defined as

N 2
\/Zz‘:1 [u; — ujl
N )

ENAEAY . . .
N = N; - Ny, u; and uf represent exact and numerical function value, respectively.
) 1 )

Numerical solution and pointwise error are displayed in Figure 7, which is better than

results in [26] by FDM with complicated adaptive grid generate technique.

4. Conclusion

In this paper, the integration-based RBF method is introduced. Note that RBF's
are global defined, collocation nodes can be chosen different from source nodes. The

method of least squares is adopted to eliminated possible singularities.

To verify this, two typical examples are given and discussed. The effectiveness of
our proposed method is verified. Compared with differentiation, integration is more
stable and accurate through computation by computer. For problems with shock
waves and boundary (interior) layers, the solution’s derivatives change largely in a
small interval while its integral is smooth. Therefore, instead of solving PDE directly,

solving its equivalent integral equation gives more accurate solution.

Another potential application is solving PDEs with singular terms. Singular-
ity gives more difficulty theoretically and numerically. To avoid singularity, several
common techniques have been applied. Firstly add a small perturbation value to
the eliminate singularity. The solution of the singular PDE can be obtained as this
perturbation goes to zero. Instead of this time consuming process, integration can
eliminate singularity directly. We will continue our research on this problem in the

future.
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Exact solution
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(a) Profiles of u(x,y) for different R. (b) Profiles of numerical solution.

FIGURE 6. Profiles at the line z = y.

R=200, 1::'[25 t=1.25, maximum pointwise error is 2.23x 102
0.025 5

0.02 +
0.015

0.01 ~

0.005

FIGURE 7. Profiles of approximation by FIM-RBF, R = 200, t = 1.25.
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