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ABSTRACT. This article studies a multi-dimensional parabolic problem with a concentrated
nonlinear source having local and nonlocal features. It is shown that if its solution exists, then it
blows up everywhere on the boundary of a ball where the concentrated source is situated. A criterion

for the solution to blow up in a finite time is also given.
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1. INTRODUCTION

Let ¢ = ($1,%2,$3, - --,$,) be a point in the n-dimensional Fuclidean space in R,
T(> 0) and m(> 1/2) be real numbers, D be a bounded domain in R”,dD be the
boundary of D, B be an n-dimensional ball, {¢ € R" : [¢ — b| < R}, centered at a
given point b with radius R, B € D, dB be the boundary of B, v(s) denote the unit
inward normal vector at ¢ € OB, xz(s) = 1 if ¢ € B and xz(s) = 0if ¢ € D\B be
the characteristic function. Without loss of generality, let b be the origin. We would

like to study the following multi-dimensional nonlinear parabolic problem:

A= P8 g ) zm3) in D x (0,17),

(1.1) - . R
u(s,0) =(s) on D and u(s,v) =0 for ¢ € 9D,0 < v < T.

We note that F and S are given functions, A = 7" |, 9°/0¢?, and Z(7y) = [ S(u(s,))ds.
The nonlinear source in the problem (1.1) is the product of a local contribution
(OxB(s)/0v)F(u(s,7)) and a global contribution Z™ (). In order to study the be-
havior of the solution over a unit domain, we consider a domain having the same
shape as D [1]. If the shape of the domain is given, then the domain can be uniquely

determined by its size. Let D be a bounded n-dimensional domain having the same

Received June 30, 2016 1061-5369 $15.00 @Dynamic Publishers, Inc.



30 R. BOONKLURB, A. SIRTIROOP, AND T. TREEYAPRASERT
shape as D. Then, there is 7o € D N D and a positive constant A such that
D ={c:¢ =9+ A(x — x0) for z € D}.

Let the size of D be one, that is |D| = [, dz = 1. Without lost of generality, we can
let zy be the origin. We note that

~ 1 1 “ 1
| T fpde\ " S
A s?zeofD _ I3 ds _ 1D _ 1Dk
size of D [ da | D]
Consider the change of variables v = A%t and ¢ = Az. Let B = {x € R" : |z| < R},

where 0B is its boundary and R = J%/A, v denote the inward normal at x € 0B,

©(x) be an infinitely differentiable function with compact support, and §(z) denote

the usual Dirac delta function. By using the spherical coordinates [7], Ox z(s)/0v can

be rewritten as following:

/ LCB(AQ:) o(z)dz
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and
— [ stutcands =4 [ stutz. )i
D b
where S(u (g 7)) = s(u (x t)). Let A =" 0%/0x3, H = 0/0t — A, F(u(s,7)) =

f(u(z,t)) = [, s(u(z,t))dz, T = T/A?, 9D be the boundary of D, D be the
closure of D, and 2= D x (0,7T]. Then, the problem (1.1) becomes

a ™t Oxs(<) N
12) Hu = )D) S5 flua, )UT(E) i Q.

u(x,0) = ¢(z) on D and u(z,t) =0 for x € 9D,0 <t < T.

We assume that f(u),s(u), f'(u) and f”(u) are positive, s'(u) and s”(u) are non-
negative, and (x) is nontrivial on dB, nonnegative and continuous function such
that

2 o)) ([ stotane) o

This intuitively means that at the beginning, the temperature will rise up.

(1.3) Aip(z) + | D™+

The problem (1.2) describes a temperature u due to a nonlinear source having
local and nonlocal features subject to the initial condition ¢ (z) and zero temperature

on the lateral boundary.

A solution of (1.2) is a continuous function on € satisfying (1.2). A solution u
of the problem (1.2) is said to be blow up at a point (x,t;) if there exists a sequence
{u(x,, t,)} — oo as (z, t,) — (x,tp).

Instead of studying u(b,t) for any point b € B, we would like to investigate a
solution wu(z,t) of (1.2).

We also assume €2 has the property that for any point P € 9D x (0,71, there
exists an (n 4+ 1)— dimensional neighborhood ¥ such that ¥ N 9D x (0,7] can be

represented, for some ¢ € {1,2,...,n} in the form

T; = ﬁ(l’l,l’g, ey Li15 Ljt 1y - -+ 5 Ly t),
where 3, D3, D?(3 are Holder continuous of exponent a € (0,1) while D,D;3 and
D?j3 are continuous.

Let G(x,t; &, 7) denote Green’s function corresponding to the problem (1.2). With
the above assumptions on €, G(z,t;&,7) has the following properties [6]:

(a) There exists a unique G(z,t; ¢, 7) that is continuous in Qx (D x [0,T)), t > 7.
Furthermore, G /dz, 0*°G /0z* and OG /0t are continuous functions of (z,t;&,7) in
Qx (Dx][0,T)),t>r.

(b) For each ({,7) € D x [0,T) on 0D x (7,T], G(z,t;&,7) > 0in D x (1,T7.

(c) For any fixed (¢,7) € D x [0,T) and any € > 0, 0G/dz, 0*G /dz* and OG0t

are uniformly continuous functions of (x,t) € Q with ¢t — 7 > €.
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The problem with the case n = 1 was studied by Chan and Tian [4]. They
proved that there was a unique continuous solution before the blow-up has occurred
and they also gave a blow-up criterion. For an n-dimensional problem, Chan and
Tian [5] studied a blow-up with nonlinear source of the form

P i, 1)

They showed that the nonlinear source represented a correct formulation of a con-

centrated source in multidimensional problems. They also showed that the problem

had a unique solution before the blow-up occurred on the boundary of a ball.

We extend the problem of Chan and Tian [4] into a multidimensional version
base on the formulation of Chan and Tian [5]. In section 2, we quote Boonklurb and
Siriroop’s results [1] that the integral equation corresponding to (1.2) has a unique
continuous solution u, which is nondecreasing function of ¢. Then, it leads to the
conclusion that u is a unique solution of problem (1.2). Finally, we give sufficient
conditions for a finite time blow-up. The blow-up set of the problem (1.2) is also

given.

2. BLOW-UP SET AND SUFFICIENT CONDITIONS FOR BLOW-UP
IN A FINITE TIME

Boonklurb and Siriroop [1] transformed the problem (1.2) into an integral rep-
resentation. To construct the representation, they used the adjoint operator of the
heat operator, H* = —0/0t — A, and the Green’s second identity to obtain

1) ()= /D G, 1: £, 0)(€)de

g 9
+ D /0 /D Gl t:€,7) X;}ff) Fu(e, 7)) U™ (7)dedr

Using the divergent theorem and integration by parts, (2.1) becomes

(22)  ulet) = /D G, €,0)(€)dE + / /aBG(ft,t;S,T)f(U(é“,T))Um(T)deT-

For ease of reference, we will quote theorems 2.3 and 3.1 of Boonklurb and Siriroop

[1] as theorems 2.1 and 2.2, respectively.

Theorem 2.1. There exists t, such that for all0 <t < t,, the integral equation (2.2)
has a unique continuous solution uw > (x), and u is nondecreasing function of t. If

ty is finite, then u is unbounded in [0, ).

Theorem 2.2. The problem (1.2) has a unique continuous solution u for 0 <t < t,.

By modifying the technique of Chan [2], we can show that if the solution u of the
problem (1.2) blows up, then it blows up everywhere on the boundary of the ball B.
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Theorem 2.3. Ift, is finite and v attains its maximum on 0B, then u blows every-
where on 0B.

Proof. By Theorems 2.1 and 2.2, the problem (1.2) has a unique continuous solution
u for 0 <t < t,. We will first show that, for any ¢ > 0, the solution u of the problem
(1.2) satisfies

u(x,t) > u(y,t) forallz € 9B and y ¢ 0B.
Since u (x,t) is known on 0B x (0,1), let it be denoted by ¢ (x,t), and rewrite the

problem (1.2) as the following two initial-boundary value problems:

(2.3) f{u:Oian (0,%p) ,
u(z,0) = ¢(x) on B and u(x,t) = g (x,t) on OB x (0,t),

Hu=0in D\B x (0,t),

(2.4) { _
u(z,0) =1 (x) on D\B and u(x,t) = g (z,t) on 0B x (0,t)0.

Consider the problem (2.3). It follows from the strong maximum principle that (cf.
Friedman [6]) that u attains its maximum on 0B X (0, ;). Since u is a nondecreasing
function of ¢, we have, for each given n € (0,1,), u attains its maximum for 0 <t <7
somewhere on 0B x {n}. Suppose that there exists a smallest positive number, say
to, and some yy ¢ OB such that u (yo,%9) = mingesp u (z,ty). We claim that for
x € 0B, u(x,ty) = u(yo,to). If this is not true, then there exists some xy € B such
that u (zo,t9) > mingegpu (z,%y). Since w is continuous, there is a point (y,ty) in
a neighborhood of (zg, %) such that ¥ ¢ 0B and u (y',ty) > min,cop u (z,ty). This
contradicts to ty being the smallest number such that u (yo,tg) = mingeop u (2, to).
Thus, the claim is proved. We now have that u attains its maximum at (yo, to) for
0 <t <ty Ifyp € B, then u = u(yo, %) in B x (0,to] by the strong maximum
principle. Since u is continuous, we have u = wu (yo,t9) in B x [0,%o]. Then, u is
constant in B x [0,t,]. This gives a contradiction since v is not constant on B. If
Yo € (D\B), then u = u (yo, to) in (D\B) x (0,%]. By using the continuity of u, we
have that u = u (yo, ) in (D\B) x [0,%]. We again have a contradiction since ¢ is
not constant on D\ B. Therefore, for any ¢ > 0,

(2.5) u(x,t) > u(y,t) forallz € 9B and y ¢ 0B.

We claim that for each t > 0, u attains the same value for x € 0B. Suppose there
is a point xg € dB such that u (xg,t) > mingegp u (z,t) for some ¢ > 0. Since u is
continuous, there exists a point (7,¢) in a neighborhood of (zo,t) such that § ¢ 0B
and u (7,t) > mingesp u (x,t). This contradicts (2.5). Hence, for any ¢ > 0,

(2.6) u(x,t) = maxu(z,t) for v € OB and maxwu (z,t) > u(y,t) for any y ¢ 0B.
€D zeD

From (2.6), u blows up everywhere on 0B as t — t. O
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Let
() = [ olyula, s,
where ¢ is the normalized fundamental eigenfunction of the problem,
Ap+Ap=0in D and ¢ =0 on ID,

with A denoting its corresponding eigenvalue.

We will investigate the sufficient conditions for finite time blow-up by developing
the method of Chan and Tian [4].

Theorem 2.4. Let w be the n-dimensional solid angle, M(t) = sup,cpu(z,t), and

Y attains its maximum on 0B. If

1

)\ 2m—1
(2.7) 1(0) > (W) )
(2.8) o) f(u(z,t)) > u"(z,t) for all x € OB and for all t > 0,
(2.9) s(u(x,t)) > u(x,t) for allx € D and for all t > 0,

then the solution u of (1.2) blows up everywhere on OB in a finite time.

Proof. Multiplying the normalized eigenfunction ¢ to (1.2) and integrating over D,

we obtain
W+ = [ o)D" L o) U7 (0 ds
=[] 6 wle ) Um0 () V() o
_ _/Bi; plmte aigb(:)s)f(u (2, £) U™ (£) vgdae

1
m+ n

¢ () f(u(z,t)) U™ (t) de.

A

:/D
oB

By using (2.9) and the supremum property, we have s (u (z,t)) > M (¢t) for all ¢t > 0,

and

/Ds(u(:c,t))dxZ/DM(t)dx:M(t) for all t > 0.
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By (2.8) and the above argument, we obtain
. |mtt ym+L
/ D" 6 (@) f(ule, ) U () de > / D" (@ 1) U™ (1) da
oB oB
~ m+%
= |D Mm(t)Um(t)/ dx
OB
~ m+% 1
= |D M™ () U™ (t) R" ™ w
A m+%
> |D M*™ (t) R 'w,
where R""'w is an n-dimensional surface area of a sphere. Thus,
L~ m—l—%
(2.10) w'(t) + Au(t) > | D M*™ (t) R"'w for all t > 0.
By the Schwarz’s inequality,
/¢ u(z,t)de < M (t /¢ Ydx < M (t \D|2</¢2 d:c)
Since [, ¢* (r)dx =1 and |D| = 1, we have
wu(t) < M (t) for all t > 0.
Thus, (2.10) becomes
. |m+L
() + () > (D] " R o™ (¢).
Solving this Bernoulli’s inequality, we obtain
- )\e(l—2m)t
:U’2 1(t> = . 1 .t '
" Rn—1lye@m-1)At <)\M1—2m (0) — 1D " Rn—lw)
Hence, y?>™1(t) tends to infinity whenever
N 7”‘|'l . m_;’_l
D n Rn—lwe@m—l))\t + ()\lul—Zm (O) D n Rn—lw) -0
Thus, we obtain that, if
1
1 )\Ml—2m (0) f) n Rn—lw
t— In
1—2m) A oMty ’
( m) Rn—lw
mal
then ;>™~1(¢) tends to infinity. From (2.7), we have y?>™~1(0) < |D| " R*lw/\.

Hence, i tends to infinity for some finite time ¢ = t;, where

1
~ n

1 _)\,ul—2m (0) —\D Rn—lw
tb S In

(1 —2m) A

+7
Rr—1y
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It follows from Theorem 2.3 and the above argument that u blows up for some finite

time t;, on the boundary of the concentrated ball B. O

From the above theorem, we obtain the upper bound for the blow-up time of our
problem. One can try to use the numerical technique to find the numerical blow-up
time for some specific domains. Especially, one may see the relation between the size
of the domain and the blow-up time. Moreover, one may notice that if the radius of
the concentrated ball is too big, the effect of the boundary condition may prevent the
blow-up to occur. If this is the case, we may extend the idea of Chan and Boonklurb

[3] to find a critical radius of the concentrated ball in order to guarantee the blow-up.
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