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ABSTRACT: To interpolate the data, a new C! rational fractal interpolation func-
tion (FIF) is proposed with the help of rational cubic spline which contains two
families of shape parameters. The uniform error bound between the rational FIF and
the original function which belongs to C? is derived. The data dependent conditions
on the scaling factors and on one family of the shape parameters are derived so that

the constructed FIF preserves the shape features which inherited in the data.
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1. INTRODUCTION

Fractal interpolation function was introduced by Barnsley [1, 2] and it is constructed
using the iteration of a finite set of contraction mappings which is called iterated
function system (IFS). It generalizes the classical interpolation methods, namely
polynomial interpolation and spline interpolation etc. Barnsley and Harrington [3]
constructed a smooth fractal interpolation functions to approximate the unknown
function. Later many authors introduced various forms of the fractal interpolation
functions [5, 6, 18].
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Apart from interpolating the data, sometimes it is necessary to preserve the prop-
erties or the shapes (positivity, monotonicity, convexity etc) which inherited in the
data. In classical interpolation, many interpolation schemes [13, 14, 15, 20, 19, 16]
were developed to preserve the shapes of the data. In case of fractal interpolation
functions, Chand et al. [8, 10, 23, 12, 21, 11, 9, 22, 7] developed various interpolation
schemes preserving the shapes of the data. In this paper, using rational cubic spline,
a new fractal interpolation scheme that preserves the shape of the data is developed.
This rational spline contains cubic polynomial in the numerator and quadratic poly-
nomial with two shape parameters in the denominator.

The rest of the article is organized in the following way: A brief introduction
about fractal interpolation function is given in Section 2. FIF with two shape pa-
rameters is constructed in Section 3 to interpolate the data that obtained from an
unknown function. Section 4 deals with the uniform error bound between an original
function and the FIF. Shape preserving aspects (positivity, monotonicity, convexity,
constrained) of constructed fractal interpolation function are explored explicitly in
Section 5. Numerical examples are provided in Section 6 to validate the theoretical
results that are obtained in Section 5.

2. FRACTAL INTERPOLATION FUNCTION

Let a set of data points {(x;, f;) : 4 =1,2,..., N} be given such that 1 < 29 < --- <
xn, I = [x1,zn] and I; = [x;, 2;41]. Let L; : I — I; be a contraction homeomorphism
such that

Lz(il,'l) = Ty, Li({EN) = Ti41-

forie J:={1,2,...,N—1}. Let K =1 x D, where D is the compact set containing
all f;’s. Consider the mappings such that for all i € J, F; : K — D satisfying

Fi(zy, f1) = fi, Filzn, fn) = fit1,

\Fi(z, f) = Fi(x, fOl < [Nllf = 1, @ el f, f €D,

(2.1)

where —1 < \; < 1. For each ¢ € J, define the function w; : K — K by w;(z, f) =
(Li(x), Fi(z, f)) for all (z, f) € K. The collection J = {K;w; : i € J} is called an
IFS.

Proposition 2.1. [2]/ The IFS {K;w; : i € J} has a unique attractor G and G is the
graph of a continuous function f*: I — R such that f*(z;) = f;, fori=1,2,...,N.

The above function f* is called a FIF corresponding to the IFS 7 and it can also
be constructed as follows:
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Let G = {g* : I — R| g* is continuous, ¢*(z1) = f1 and ¢*(zn) = fn}. Then G is a
complete metric space with respect to the uniform metric p(g7, g3) = max{|g;(z) —
g5(z)| : « € I'}. Define the Read-Bajraktarevi¢ operator T' on (G, p) as

Tg*(Li(z)) = Fi(x,9"(x)), zel, iel (2.2)

It can be seen that T is a contraction map on (G, p). Therefore, by the Banach fixed-
point theorem, T has a unique fixed-point f*(say) on G. By (2.2), the FIF f* satisfies
the functional equation

fr(Li(z)) = Fi(z, f*(2)), z€l,iel
The FIFs constructed so far are mainly based on the IFS {K;w; : i € J} with

Ll(il,') = aix—l—bi,
1€ J,
Fi(z, f) = Nif +ri(2),

where
g = THLT T INT 1T
TN — X1 IN —T1

[Ail] < 1 and r; : I — R is a suitable continuous function such that the function
F; satisfy (2.1) for each i. The real number ); is called the scaling factor of the
transformation w; and A = (A1, Ag,...,Ay—_1) is called the scale vector of the IFS.
The parameter \; plays a crucial role in determining the shape and smoothness of
the interpolant. The following proposition is established by Chand et al. to construct

Cl-rational FIFs [9].

Proposition 2.2.  Let {(x;, f;) : ¢ = 1,2,...,N} be a given data set such that
1 < a9 < - < axn. Let d; be the derivative value at the knot x;. Consider the IFS
J*={K; wi(z, f) = (Li(x), Fi(z, f)), i =1,2,...,N — 1}, where L;(x) = a;x + b;,
Fi(z, f) = sif +ri(x), ri(z) = pi(x)/q:(x) contains four real parameters, p;(x) is
cubic polynomial, q;(xz) is quadratic polynomial, q;(x) # 0 for all x € [x1,zN] and
|Ni| < a; foralli=1,2,....N—1. Let F; 1(z, f) = (\if +r§1)(x))/ai, where rgl)(x)
represents the derivative of ri(x). If fori=1,2,... . N —1,

Fi(zy, f1) = fi,  Filen, fn) = fix1, Fia(z,di) =di, Fii(rn,dy) = diga,

then the attractor of the IFS J* is the graph of a C'-rational cubic spline FIF.
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3. CONSTRUCTION OF FIF

In this section, a new rational FIF is constructed based on the rational cubic function.

Let {(z;, fi) : 1 =1,2,..., N} be a data set such that z1 < zo < --- < zn. Let d; be

the derivative value at the knot z;. Consider the Proposition 2.2, with

_pil@) _ PiQ) _ Avi(l— 0P + A2iC(1 — O + AsiC3(1 — ) + Asul®
gi(r) — Qi(C) u; +vi¢(1 = () ’

(= (x—a1)/(xny —x1), © € [x1,2N]. Here u; and v; are the shape parameters. It is

ri(x

assumed that u; > 0 and v; > 0 to avoid singularity in the denominator. Then the
rational FIF satisfies the functional equation

&(Li(x)) = Fi(z,P(x)) = \i@(z) + ri(z), xe€l, i€ (3.1)
The derivative (1) satisfies the following functional equation

) )
SO(Li(w)) = Fua (0,8 (a)) = 22 DHID - pepiey (32

a;

The constants A; ;, Az, As; and Ay ; are evaluated based on the interpolation
conditions ?(x;) = fi, D(ziv1) = fi+1, (15(1)(@) = d; and 515(1)(:@“) = d;11 (these
conditions are equivalent to F;(z1, f1) = fi, Fi(zn, fn) = fi+1, Fii(z1,d1)=d; and
Fi’l(x]\],d]\]):di+1). Let hi = Ti+1 — T4.

Put z = 1 in (3.1) to get
Avi = wlfi — Nifa]-
Put z = zx in (3.1) to obtain
Ay = wilfir1 — Nifnl.
Substituting « = x; in (3.2), we have
Az = (Bui + i) fi + wihid; — Ni[(3us + v5) f1 + ui(xny — 21)dy].
Similarly, substituting = zy in (3.2), we obtain
As i = (Bui + v) firr — wihidizr — Ni[(Bu; +vi) fv — wilzny — z1)dn].
Thus, the rational FIF @ is given by

(3.3)
where
Pi(Q) = (wilfi = N fi) (1 = O + (wil fir = Xifn])C?
+ (Bui + vi) fi + wshidi — Ni[(3ui + v;) f1 + wi(@wn — 21)d1])¢(1 = ¢)?
+ ((Bui + ) firr — wihidigr — Xi[(3ui +vi) fv — wi(en — 21)dn]) (1 = Q)

Qi(¢) = ui +vi¢(1 = (), ¢ = (x —z1)/(zn — x1), = € [T1,2N].
(3.4)
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Remark 3.1. The FIF (3.3) is the graph of the attractor of the following IFS:
{K;wi(z, f) = (Li(z), Fi(z, f)), i=1,2,...,N =1}
with

Pi(Q)
Qi(¢)’

Li(x) = ajx + b, Fi(x, f) = Nif + (3.5)
where a;, b;, P;(¢) and Q;(¢) are given as in (3.4).

Remark 3.2. If \; =0 for all ¢ € J, then the rational FIF given in (3.3) reduces to

the classical rational interpolant C' as

O(z) = Uf'(”) (3.6)

where

Us(n) = ui fi(1 = 0)* + [ushid; + fi(3u; + vi)|n(1 — n)*

+ [—uihidiza + fir1(Bui +0)]n? (1 = n) + wi firan?,
Tr — I
Vi(n) =wi +vin(l —n), n= —,TE [is Tia].
LTit1 — Xy
Remark 3.3. If \;, = 0, u; = 1 and v; = 0 then the FIF (3.3) reduces to the

standard cubic Hermite spline.

In many situations, the derivative values d;, i = 1,2,..., N are not given. In
such situations, the derivative values are computed by using some approximation
methods. In this paper, the arithmetic mean method given in [9] is used to compute
the derivative values based on the given data. These derivative values are used to

construct C' rational shape preserving cubic FIF.

) (A1 — Ag)hy hiNioq + hio1 A\,
Let A; = (fix1— fi)/ i, Let D} = Ay +———""— Df = ’
e (fix1—fi)/hi, i € J. Let Dj 1+ R T

(An—1—ANn_2)hn_1
hyn_1+ hn_2 '
At interior knots z;, i = 2,3,..., N — 1, set

i=23,...,N—1,Di =Anx_1 +

0 ifAi_1:OorAi:0,
d; =
D} otherwise, i =2,3,...,N — 1.

At end knots z1 and zy, set

0 if Ay = 0or sgn(D7) # sgn(Ay),
dy =
Dy otherwise,
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0 if Any_1 =0or sgn(D%) # sgn(An_1),
dy =

Dy otherwise.
Remark 3.4. Using the scaling factor \;, shape parameters u; and v;, shape of the
curve can be modified according to the user. In particular, the scaling factor A; and
the shape parameter v; are playing vital role on visualizing shape of the data while
u; can take any positive value. When \; — 0 and v; — oo, the FIF (3.3) converges
to a straight line in [z;, x;41]. To see this, rewrite the FIF (3.3) in the following form

Ry;(C)
Qi(¢)

} -\ [(1 —Of+CIn+ R%(O} }

B(Li(w) = (@) + { [(1 = O fi + Cfir + Qi(¢)

R1i(€Q) =uihi¢(1 — Q)[(Ai — dit1)C + (di — Ai)(1 = ()],
R2;i(¢) =uiC(1 = QU (fn — 1) — (v — 21)dN}(
+{(zy —x1)dr — (fn — f1)}(1 = Q)]

If v; = oo, then @ converges to the following affine FIF

D(Li(x)) = N\®(x) + (fi = Mif1)(1 =) + (fir1 — Nifn)C.

Also, if v; — oo and A\; — 0, then @ converges to the straight line segment in the
interval [z;, x;41], i.e.,

O(Li(x)) = fi(1 = () + fir1(.

Example 3.5. Consider the interpolation data { (0,0.5), (2.5,1.61), (3,7.3891),
(6,9.8696), (11,22.18), (15,27.3), (20,35.2) } as used in [8]. The derivative values
are approximated using arithmetic mean method and given by d; = 0, dy = 9.7058,
ds = 10.0251, dy = 1.4401, d5 = 1.8054, d¢ = 1.4133 and dr = 1.7467. Using
arbitrary scaling factors and shape parameters, the rational cubic FIF is generated
which is shown in Figure 1(a). Classical rational cubic spline is constructed by taking
all the scaling factors A\; = 0, ¢ = 1,2,...,6 which is shown in Figure 1(b). When
v; — 00, the rational cubic FIF becomes affine FIF which is shown in Figure 1(c).
When \; — 0 and v; — oo, the FIF becomes a straight line in each interval which is
shown in Figure 1(d). The parameters that are used to generate Figure 1 is given in
Table 1.

4. CONVERGENCE ANALYSIS

Assume that the data {(x;, fi,d;) : i =1,2,..., N} is generated from the function S
which belongs to C3. In this section, the error bound between the original function
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(a) Rational cubic FIF. (b) Classical rational cubic spline.
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(¢) Behaviour of FIF when v; — oco. (d) Behaviour of FIF when A; — 0 and v; — co.

Figure 1: Rational cubic FIF with two parameter family.

Table 1: Parameters for FIFs given in Figure 1 with u; = 1.5 for ¢ =
1,2,...,6.

Figure )\1 )\2 )\3 )\4 )\5 )\5 U1 V2 V3 V4 Vs Ve
1(a) 0.1 0.12 0.2 0.28 024 0.13 10 9.2 38 5 g8 39
1(b 0 0 0 0 0 0 10 9.2 38 5 8 3.9

(b)
1(c) 0.1 0.12 0.2 0.28 0.24 0.13 90 102 98 114 128 104
1(d) 0.001 0.0013 0.003 0.0023 0.0043 0.003 90 102 98 114 128 104

S and the corresponding FIF defined in (3.3) is derived. This error bound will be

estimated with the help of the corresponding classical rational cubic spline.

Theorem 4.1. Let @ be a rational cubic FIF given in (3.3) and C be a classical ra-
tional cubic spline given in (3.6) with respect to the data {(x;, f;,d;) :i=1,2,...,N}
which generated from an original function S € C*[x1,xN]. Then

h— | 1]

1
— @ < - M M M * v (3) 3k
.S oo < 1 -\ )[|>‘|00<[ 1 |+ 1 *])} 5% |ooh?c”,

where M = max{|f;| : i = 1,2,...,N}, M = max{|d;| : i = 1,2,...,N}, M*
max{|f1],|fn]}, M. = max{|d1]|,|dn|}, || = an — 21, h = max{h; : i € J}, |Ae =
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max{|\;| : ¢ € J},

(1 =n)3n*{(vi + n(u; — vi)} 8u? (1 —n)*n’

o
3

7l v == 3in) S mRw + o) =)
o 2 {(Bui +vi) — n(2ui + v;) — 3u(1—1n)}
Uz(ui,vi,n)——g‘f' 3V,(1)
20°[n(2ui + vi) — VH]* | 6uin®(1 — n){us + n(u; +vi) — nv/H;}?
3[ui + n(2us 4 vi)]? 3Vi(m){ui + n(2ui + v;)}2

2 {(Bui +vi) — (2w 4 i) Hui + n(ui +vi) —nVH P
3Vitm{wi +n(2u; + vi)}3 7

Ui +v4
max o1 (ui, v;,1), 0<n < gt

max o (i, v;, 1), e <n <1,

cf == max{o(u;,v;,n):0<n <1}, i€ J and ¢* =max{c} :i € J}.

H; = wui(u; +vi) + nvi(2u; + v;), o(ui,vi,n) =

Proof. Let 7* = {¢ : I = R| ¢ € C}(I), ¢(z1) = f1, d(an) = fn, ¢ (1) = dy
and ¢ (zy) = dy}. Then (F*, p*) is a complete metric space, where p* is the metric
induced by the C! norm ||¢|| = ||¢]lc + [|(¢)P||ec on C1(I). The Read-Bajraktarevié
operator corresponding to the FIF @ can be written as 15 : /* — F* such that

pi(Li(x), M)

a(Li(2))
where p;(z, \;) = P;(¢) and ¢;(x) = Q;i(C) are as given in (3.3). It is known that @ is
the fixed point of the operator T with A # 0. Also, classical rational cubic spline C'
is the fixed point of Ty with A = 0 = (0,0,...,0) € RV=1 Let A = (A1, Aa, ..., An—1)
be a scale vector such that |\;| < a; for all ¢ € J and with at least one \; # 0. For

A # 0, Ty is a contraction map with uniform metric. Hence

(T50)(x) = Nip(L; H(2)) + x€l, i€l

[T5@ = TXClloo < [Moo[|® = Clloo- (4.1)

Also for z € I;, we have

T3C(2) = ToCl(x)| = |Ai Co L' (2) +

pi(L (@), X))  pi(L; ' (z), 0)
gi(L; (@) ai(Ly (@)
lpi(L7 ' (2), Ai) — pa(L7 (), 0)|.
qi(L7 ()
Using the mean-value theorem for functions of several variables, there exists § =
(81,082, .-, Bn—1) such that |5;] < |\;| and

(4.2)

< illlCllee +

pi(L; (), Ni) —pi(L; H(2), 0) = ( (pi(L; (), ﬁi))) Ai- (4.3)
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From (4.2) and (4.3), we can obtain

[TXC(x) = ToCla)| < |)\i|<||c|oo

a <pl( (f)?ﬂl)) . (4.4)
N\ (L ()
To find the bound for the right hand side of (4.4), the classical rational cubic inter-

polant C' can be written as
C(x) = wi(ui, vi,m) fi + walui,vi,n) figx1 + ws(ui, vi, n)d; — wa(ui, vi,n)dig1, (4.5)

where

ui(1 —n)® 4+ Bui + vi)n(1 —n)? uihin(l —n)?

wl(ui;vivn) = ) w3(u’ivvian) =

Vi(n) Vitn) 7
(3u; + v)n? (1 —n) + un® hin*(1 —n)
wa (U, v;,M) = and wyq(u;,vi,n) =

It can be observed that
wl(u’iv Vs 77) + w2(u’i7 Vs 77) =1

Also, we get

uzhin(1 —n)? 4+ uihin®(1 —n)
ui +vin(l —n)
whin(1 —n)? 4+ uihin?(1 — n)
u;

w3 (s, vy, ) + wa(ug, vi,n) =

<
= hin(1 —n).
From (4.5), we obtain

h
C(2)] < max{|fil, |fisa]} + - max{|ds], [di+1]}

hi-—
:Mi _M’i;
+ 4

where M; = max{|f;|, |fir1|} and M; = max{|d;|, |di11]}-
Thus, we have

h—
I1C |0 §M+ZM' (4.6)
It can be noticed that

0 <pz( (w),ﬂz)

=—w] iy Uiy — wj iy Uiy — w3 iy Uiy d
o () = o — o) o = )

+ wz (uivvivn)de
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where

wi(1 — )3 4 (3u; + vi)n(1 —n)?

wi (ug,vi,n) =

Vi(n) ’
. 3u; +vi)n? (1 —n) + un?
Wy (Uiavi7n) = ( ) V((U) ) )
i(@N — 1—n)?
’LU§ (uiavi7n) = “ (xN 517)7")7( 77) ) and
N ui(rn — x1)n?(1 —
wy (us, vi; ) = Lo V}o);)’ e

Thus, we have

)

S|w1‘(uiavi7n)fl| + |w;(ui7v’ian)fN| + |w§(uiavi7n)d1|

+ [wi (us, vi, n)dn|.

By using a similar procedure for finding the bound for |C||~, it is easy to see that

8 (pi(Li (), B) . Ml
o ol | S o
From (4.4), (4.6) and (4.7), we obtain
h 1]

|TxC(z) — T3 C(2)| < [Moo([M + ZM] +[M*+ ZM*]), for z € I;.
Since this inequality does not depend on the interval, we have

IT5C —T5C |00 < |)\|oo([M+ZM]+[M +%M*]). (4.8)

From (4.1) and (4.8), we get
[€ = Clloc = [TXP = T Clloo < |TXP = TXClloo + [TXC = T Cl| oo,
which implies

10~ Clle < gy [Wee (0 + F30 0+ EDn)] o)

From [20], the error bound between original function S and the classical rational cubic
spline C' is

1 - .
IS = Clloo < 5115 |ch®". (4.10)
Using (4.9) and (4.10) with the following inequality
15 = Plloc < IS = Clloo + 1€ = |0,

we get the required bound for ||.S — @|| . O
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Remark 4.2. Since |N| < a; = hi/(xny — x1), ¢ € J, it can be seen that [|S —
QS”OO :O(h)-

o If |\;| < a?, then ||S — & =O(h?),

o If |\;| < a3, then ||S — @ =O(h3).

5. SHAPE PRESERVING ASPECTS OF FIF

Apart from interpolating the data, many times it is required that interpolant should
satisfy the properties which inherited in the data. In this section, shape preserving as-
pects of the rational cubic FIF (3.3) are developed. There are different kinds of shape
preserving aspects like positivity, monotonicity and convexity etc. Choosing random
scaling factors and shape parameters, FIF (3.3) may not satisfy these properties. So
it is required to find conditions on the scaling factors and the shape parameters to

preserve these shape aspects.
5.1. POSITIVITY OF FIF

In the following theorem, the sufficient conditions on the scaling factors and the shape
parameters are obtained to ensure the positivity of FIF.

Theorem 5.1. Let {(z;, f;) : i = 1,2,...,N} be a data such that f; > 0, i =
1,2,...,N. Let d;, i = 1,2,..., N be the derivative value at the knot x;. Then the
following conditions on the scaling factors and the shape parameters are sufficient to
the FIF (3.3) to satisfy the positivity conditions:

OSAZ <min{ai; ﬁa f’iJrl}’
fi Iz
u; > 0 and v; > max {0, V1is 721},

where

—uihidi + Nivi(an —z1)di wihidipn — Awi(en — 21)dy
fi—Aih T fiv1 = Xifn ’

Proof. The FIF & is positive if ¢(x) > 0 for all x € [z1,zn]. For each node z;, j =
1,2,..., N we obtain

1€ J.

Y1i =

Tj — T1

N VRN 1 () NS
PLi(r) = N Pla) + 5 G

2T el
N — X1
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Assume that \; > 0, i € J. Also u; > 0 and v; > 0 gives Q;(¢;) > 0. So D(Li(x;)) >
0,ieJ, j=1,2,...,N,if P;(¢;) > 0. Now, we have

Pi(¢) = A1,i(1— G + A2 (1 — () + A3 (1 — ¢) + Aga°.
It can be seen that P;(¢;) > 0if A;; >0, As; >0, Az; >0 and As; > 0. We get

A17i>0if)\i< ﬁandA47i>0if)\i< fi-‘rl.
fl fN

Let 0 < \; < {}C—, E} Then we have
17 N

—uihid; + Aui(en — z1)ds
fi—=XNif1 '

Agyi >0 if’l)i >

Also, we get
wihidit1 — Nui(xy — x1)dn

fir1 = Aifn
From the above results, it is clear that #(L;(z;)) > Oforalli e J, j =1,2,..., N if the

scaling factors and the shape parameters satisfy the sufficient conditions given in the

A3’i >0 if’l)i >

statement of Theorem 5.1. Since the FIF has recursive nature, therefore, @(L;(z;)) >
0, forallieJ, j=1,2,...,N which in turn &(z) > 0 for all x € [z, xn]. O

Remark 5.2. If \; = 0, i € J, FIF (3.3) reduces to the classical rational cubic
spline (3.6). Then

—u;h;d; uihidi-i-l}
fi 7 fim

become the sufficient conditions for the classical rational spline to be positive.

u; > 0 and v; > maX{O,

5.2. MONOTONICITY OF FIF

Let {(z;, fi) : ¢ =1,2,..., N} be a monotonic data. Let d; be the derivative value of
the unknown function at the knot x;. Without loss of generality assume that the data
is monotonically increasing i.e., fi < fo <--- < fy. Then A; = (fix1 — fi)/(wiz1 —
x;) >0, i € J. From calculus, @ is monotonically increasing in [x1, zy] if é(l)(x) >0,
for all x € [z1, xn]. We have

2@ (z) . Wi (Q)
i (Qi(¢)*

oW (Li(z)) =

5
where W;() = > Bji¢F (1 - ¢)>7*,
k=1

By, = uld}

1)
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By i = 2ui{ (Bu; + vi) A — wid; 1},

Bs,; = 3u?Af + (Bus + vi) { Bui + v;) A — uidy | — wid; },
By = 2ui{ (Bu; + vi) A — u,d;},

Bsi=uidy,,

d%:di_%v d:+1:di+1—/\idN and A = A, fN_fl,

-\
a; ! hz

3

Theorem 5.3. Let {(z;, fi,d;) : i = 1,2,...,N} be a monotonically increasing
data. Let the derivative values satisfy the necessary condition for monotonicity, i.e.,
sgn(d;) = sgn(di11) = sgn(4;). Then the following conditions on the scaling fac-
tors and the shape parameters are sufficient to the FIF @ defined in (3.3) to satisfy

monotonicity:
0< )\ < {ai, a;id; a;di1 fi+1—fi}7

di’ dy 7 fn-fi

ui(df +diy )

7 d’L {7
u; >0 and v; > max <0 A;f

},z‘eJ.

Proof. &(x) is monotonically increasing, if #!)(x) > 0, z € [x1,2x]. For each node

zj, j =12,...,N, we have

@ () | Wi(G) — T
A (Qi(¢))?’ G = Ty — 1

Assume \; > 0, i € J. It can be seen that (Q;((;))? > 0. Therefore, ®(V) (L;(x;)) > 0,
it W;(¢;) > 0. We have

, e J

oW (Li(xy)) =

Wi(¢5) = Bri(1 = §)* + B2, (1 = §)® + B3i(5% (1 — ) + Bai¢;* (1 = §) + Bsi(j-

It can be seen that ¥;((;) > 0,if By; >0, By; >0, B3; >0, By; > 0and Bs; > 0.
We have

a;d; a;d
B> 0if \; < == By, >0if \; < Qidit1
d1 N
id;  aidi fit1—fi
Let 0 < \; < {—“dl , —dN“, —f;ifl } We get
w;d} df +d ¥
By; > 0ifv; > Yiit1 B‘31>01fvlfM wid]

A Bs; > 0ifv; >

: A; A}

So according to the conditions prescribed in Theorem 5.3, it is clear that @) (L;(z;))
>0forall jeJ i=12...,N. Since &V is also a fractal function and it has
recursive nature, the condition ) (L;(x;)) > 0,i € J, j =1,2,..., N gives (1) (z) >
0 for all z € [z1,zN]. O
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Remark 5.4. If \; =0, ¢ € J then the sufficient conditions for classical rational

cubic spline (3.6) which preserves the monotonicity are

Ui(di—i-du-l)}7 ielJ

; > 0and v; > {O,
U and v; > max A

5.3. CONVEXITY OF FIF

A data {(z;, fi) 1 i =1,2,...,N} is said to be convex if Ay < Ay < -+ < A;; <
A; <o < Apn_1. Assume that the data {(x;, f;) : i = 1,2,..., N} is strictly convex.
To avoid the possibility of straight line segments, assume that dy < Ay < ... < d; <
A; < dip1 < ... < Ay—1 < dn. In this section, sufficient conditions on the scaling
factors and the shape parameters will be determined to ensure the convexity of the
FIF (3.3).

Theorem 5.5. Suppose {(z;, fi) : 1 =1,2,..., N} is a strictly convex data. Let d; be
the derivative value at the knot x;. Let the derivative values satisfy di < Ay < ... <
di < Aj < dip1 < ... < An_1 <dn. Then sufficient conditions on the scaling factors
and the shape parameters to ensure convezity of ® in (3.3) are

hi(di+1 — Az’) hi(Ai — di) ai(di+1 — di) }
dv(en —x1) = (fn = 1) (fn = fi) —di(eny —x1)” (dv —di) T

0 < A\ < min {a?,

wildip — A7) ui(A] - *)}
(A7 —di) 7 (di, — A7)

Proof. Since @ belongs to C', & is convex, if ®3) (z7) or &) (27) exists and non-

negative for all z € (z1,zn)[4, 17]. We have

ui>0(mdvi>max{

X (z) vi Q)

P (Li(z)) = a2 + hi(Qi(¢))3’

6
where U¥(¢) = Z Ck,z(k_l(l _ )k

Cri = 20 {(2u; + vi)(Af = df) — wildjyy — A))},

Coi = 2ui{Tui(Af — d7) + 20i(Af — d}) — 2ui(dfy, — A))},
Csi = 2u{(6uf + wv;) (A} — df) + 2ui(d},, — d})},

Cui = 2ui{(6u] + wv;) (dfyy — AF) + 2u? (df, — d)},

Cs,i = 2ui{Tui(dyy — A7) + 20i(d}yy — AF) = 2ui(A] — d)},
Coi = 2uZ{(2u; + v;)(dq — AF) —u;(AF — df)},
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df =d; — 20 dr | =digy — 2 A = A - NI

a; a; hi

Now, we get

C A7t
@),y - YL M
?e) = 1= 5 (5.1)
_ Co,N—1 An-117!
o2 = S 1-— 5.2
IR v Ll B (52)
A C
2) (o) = 2 p(2) .ty 4 Zhn — _
@ (xn)fagb@ (x1)+u%hn’ n=23,...,N—1
(5.3)

Let 0 < \; < a?, i € J. From (5.1), (5.2) and (5.3), it is evident that if Cy ; > 0, i € J
and Cs ny—1 > 0, then the right-handed second derivatives at the knots x;, 7 € J and
the left-handed second derivative at x are nonnegative. For a knot point z,, n € J
we get

X\ P2 (Tt
6O (Ly(ar)) = M2 00) | pat), ie

a;

where R;(x) = Ri(x1 + ((zn — 21)) = V7 (¢)/(hi(Q;i(¢))?). Assuming that Cy; >
0, i € J, we get & (L;(x})) > 0 if Ri(x) > 0. Note that R;(x;}) > 0, if the
coefficients C'j; > 0, for j = 1,2,...,6. Using the Three chords lemma for the convex
functions [4], the convex data should satisfy di < (fx — f1)/(zn — 21) < dy. One
can see that

hi(A; — d;)

(fnv — f1) —di(zn — 21)’
hi(diy1 — D)
dy(zn —21) = (fn — f1)]

* * . ) a’i(diJrl - d’L)
(@10 = i) >0, if 5 < Sy

(A7 —di) >0, if\<

(dign — A7) >0, if) <

Let

hu(dir = &) hi(Ai — di) ai(diy1 — di)
an —x1) — (fv — f1) (fnv — f1) —di(zn —x1)" (dy — da) } (5.4)

< \i i
0 < X\ < min { an
It can be seen that

Cri >0 & (2ui +v)(A] —df) —ui(diy; — A7) > 0.
ui(dZH — AY)

(2ui +vi) (A} — d}) —ui(dfy — A}) >0, ifv; > TS
)

(3

0271‘ >0 < 7U1(Ar — d:) + ZUi(Ar — d:) — ZUi(d;rl — A: > 0.
A(d? A
(] = )+ 2027 — )~ Zudfyy — 2D 20, if > D)

0371‘ >0 < (6uf =+ ’U,z’Uz)(Ar — d:) + 2“’12( L_l — d:) > 0.
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The assumption on the scaling factor given in (5.4) ensures that Cs,; > 0.
Cpi20 & (6uf +uwi)(diyy — A)) +2uf(dfyy —df) 2 0.

The assumption on the scaling factor given in (5.4) shows that Cy; > 0. Similarly,
one can observe that

J(AF —d
Cs; >0, ifv; > M,
(di-i-l - Ai)

(AT — dF
0671' Z 0, if (%3 Z M
(di-i-l - Ai)

Thus the conditions on the scaling factors and the shape parameters given in Theorem
5.5 ensure Cj; > 0,i € J, j =1,2,...,6 and hence the nonnegativity of &) (L;(z;))
for i,n € J, @ (xy). The nonnegativity of &2 (L;(x;")) for i,n € J, and &3 (xy)
ensures ¢(2) (z7) or ) (27) for € (z1,xy). O

Remark 5.6. If \; =0, then the conditions

wi(digr — ) wi(A; —dy) }

ui>0andvi>max{ D —d) A
i — @ it1 — 8

are the sufficient conditions for the classical rational cubic spline (3.6) to be convex.

Remark 5.7. If Az — di =0or d7;+1 — Az = O7 then take /\z = 0, dz = d7;+1 = Ai.
In this case, ¢ becomes a straight line @(L;(z)) = fi(1 — ) + fi+1¢ in the interval

[z, ip1].
5.4. CONSTRAINED FIF

Let {(x;, f;) : i = 1,2,..., N} be the data such that it lies above the straight line
y = mzx + ¢, i.e., f; > y; where y; = mx; + ¢. Then, in general, the FIF & may not
lie above the line y = ma + ¢ in |21, 2x]. In this subsection, sufficient conditions
on the scaling factors and the shape parameters are derived such that & would lie
above the straight line y = max + ¢. The straight line y = ma + ¢ can be written as
y1(1—=¢) +yn¢, (= (r —x1)/(z1 —zN), € [x1,2n]. The FIF & lies above straight
line y1(1 — ¢) + yn( if P(x) > y1(1 — () + yn¢, for all z € [x1,xn]. Since the graph
of @ is the attractor of the IFS (3.5), it is evident that @(x) > y1(1 — ¢) + yn(, for
all x € [z, zn] if Fi(z, f) > vi(1 = ¢) + yiy1C for all (x, f) such that x € [z, zn],
f>n(1—-0)+yn¢, i=1,2,...,N—1.

Theorem 5.8. Let {(z;, fi) : 1 =1,2,...,N} be the data such that it lies above the
straight line y = ma + ¢, i.e., f; > y; where y; = mx; + c. Then the FIF & defined in
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(3.8) lies above the straight line y = mx + ¢ in [z1,xN], if the scaling factors and the

shape parameters satisfy the following conditions:

ogAi<min{ai, fLow fijj;_z’;l},
Lz

w; > 0 and v; > max {0,(51,1', 52,i};

where
—wi[(fi = yir1) = Ni(f1 —yn)] — wilhidi = Ni(zy — 21)d4]
(fi —yi) = Nilfr — 1) ’
5o = —ui[(fir1 —yi) = Ni(fv —y1)] = wi[=hidip1 + Ni(wy — 21)dN]
2 (fix1 = ¥ir1) — Ni(fn —yn)

01, =

3

Proof. For each fixed i = 1,2,...,N — 1, let 0 < \; < a; and (z, f) such that
x € [r1,zn] and f > y1(1 — ) + ynC. Tt is evident that fA; > [y1(1 — ¢) + yn¢]Ni.

We have

Li(©) £i(©)
Qi(¢) Qi(¢)
To prove Fi(xz, f) > yi(1 — ¢) + yi1+1(, it is enough to prove that

P;(¢)
Qi(0)

Aif +

> [y1(1 = ¢) +ynClNi +

[y1(1 —¢) + ynCNi + > yi(1 = ¢) + yit1(, (5.5)

Now (5.5) can be written as

Q:i(O)[Niy1 —y) (1 = O 4+ (Niyny — vir1)C] + Pi(€)
Qi(¢)

Since Q;(¢) > 0, to prove (5.6), it is sufficient to show that Q;({)[(Niy1 — v:)(1 —
Q) + (Aiyn = yiv1)¢] + P5(¢) > 0. The numerator Q;(C)[(Aiyr — i) (1 =€) + (Aiyn —
Yi+1)C] + Pi(C) can be written as Qi(Q)[(Aiy1 — i) (1 — ) + (Niyn — yi+1)¢] + F(() =
D1;(1=¢)* 4+ D2,i¢(1 — {)* 4+ D3,:¢*(1 — ) + D43, where

> 0. (5.6)

Dy =uil(fi — i) = Mi(fr —y1)l, Dayi = wil(firr — yir1) — Mi(fv —yn)l,
Do =(2ui +vi)[(fi —ys) — Xi(f1 —y0)] + wil(fi — yi1) — Ai(f1 — yn)]

+ wilhid; — Ni(xn — x1)d4],
D3 =2u; +v:)[(firr — yir1) — M(fv —yn)] + wil(firr — vi) — Ai(fv — )]

+ ui[—hidiy1 + Ni(zn — z1)dN].
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It can be seen that Q;(C)[(Niy1 — vi)(1 — €) + (Niyn — yi+1)C] + Pi(¢) > 0, if all the
coefficients D;; >0, j =1,2,...,4. We have
fi—yi

Dy >0, if A < , Dy;>0,if N < frr = yin
h=wn N —yn

Let 0 < )\; < min {ﬁ, %} The coefficient Dy ; > 0, if

—wi[(fi = yir1) = Ni(f1 — yn)] — wilhidi — Ni(zn — 21)d4]
(fi - yz) - )\i(fl - y1)

v >

The coefficient D3 ; > 0, if

—ui[(fit1 —yi) = Nilfn —y1)] — wil[=hidit1 + Ni(zn — 21)dN]

vi > (fi+1 — yir1) — Ni(fv —yn)

Thus the sufficient conditions on the scaling factors and the shape parameters to

satisfy (5.5) are

0< A < min {ay, o0 Tt Zben,
0

u; > 0 and v; > max{(Su, 5271‘},

6. NUMERICAL EXAMPLES

In this section, the effectiveness of the FIF (3.3) towards the visualization of the

shaped data is illustrated through numerical examples.

Example 6.1. Consider the positive data set { (1, 14), (2, 8), (3,2), (8,0.8), (10,0.5),
(11,0.25), (12,0.4), (14,0.37) }as used in [20]. Using the arithmetic mean method,
the derivatives are approximated and are given by d; = —6.0000, ds = —6.0000, ds =
—5.0400, dy = —0.1757, d5 = —0.2167, dg = —0.0500, d7 = 0.0950 and ds = —0.1250.

Figure 2(a) represents a nonpositive FIF which is drawn based on an arbitrary
scaling factors and shape parameters. According to restrictions given in Theorem 5.1,
the scaling factors and shape parameters are restricted. Figure 2(b) is a positive FIF
which is drawn based on these restrictions.

To demonstrate the effect of the scaling factors on the FIF given in Figure 2(b),
by perturbing the scaling factors A3 and A4, the FIF in Figure 2(c) is constructed.
There are significant changes in Figure 2(c) in the intervals [z3,z4] and [z4, 5] in
which the curve becomes smooth and moves upward. Whereas the changes in the

other intervals are not significantly visible.
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To demonstrate the effect of shape parameters on the FIF given in Figure 2(b),
the FIF in Figure 2(d) is constructed by changing the shape parameters vs and vy.
There is a little change in the intervals [x3, 24] and [z4, z5], but there is no significant
changes in the other intervals.

Figure 2(e) is constructed by perturbing the scaling factors As, A\¢ and A7 with
respect to Figure 2(b). Observe that the FIF becomes smooth in the corresponding
intervals. Finally, the classical rational cubic spline is constructed by taking all scaling
factors as zero and it is shown in Figure 2(f). The values of scaling factors and shape

parameters used in drawing various FIFs in Figure 2 are given in Table 2.

Example 6.2. Next consider the monotonic data set { (0,0.5), (2.5,1.61), (3,7.3891),
(6,9.8696), (11,22.18), (15,27.3),(20,35.2) } [8]. The derivatives are computed us-
ing arithmetic mean method and are given by d; = 0, do = 9.7058, d3 = 10.0251,
dy = 1.4401, ds = 1.8054, dg = 1.4133 and d; = 1.7467. According to restrictions
given in Theorem 5.3, the scaling factors and the shape parameters are restricted.

Figure 3(a) represents a monotonic FIF which passes through a monotonic data.
To demonstrate the effect of the scaling factors on the FIF given in Figure 3(a), by
perturbing the scaling factors A\; and A3, the FIF in Figure 3(b) is constructed. Visible
changes occurred in the intervals [z1, 23] and [x3,z4], whereas changes in the other
intervals are not visible.

Similarly by perturbing the scaling factors A4, A5 and Ag with respect to Figure
3(a), Figure 3(c) is constructed. Curve between the corresponding intervals moving
towards a straight line. To demonstrate the effect of the shape parameters on the
FIF in Figure 3(a), the FIF in Figure 3(d) is constructed by changing the shape
parameters vz and v4. In similar fashion, we perturb the shape parameters vs and wvg
with respect to Figure 3(a), to construct Figure 3(e). Finally by taking all the scaling
factors are zero, classical rational cubic spline is constructed and is shown in Figure
3(f). The values of the scaling factors and the shape parameters used in drawing

various FIFs in Figure 3 are given in Table 3.

Example 6.3. Next consider the convex data { (1,10), (2,2.5), (4,0.625), (5,0.4),
(10,0.1) } as given in [20]. Using arithmetic mean method, the derivatives are approx-
imated and are given by d; = —9.6875, dy = —5.3125, d3 = —0.4625, dy = —0.1975
and ds = 0.

Figure 4(a) represents a nonconvex FIF which is drawn based on an arbitrary
scaling factors and shape parameters. According to the restrictions given in Theorem
5.5, the scaling factors and the shape parameters are restricted. Figure 4(b) is a
convex FIF which is drawn based on these restrictions.

To demonstrate the effect of the scaling factors on the FIF in Figure 4(b), by
perturbing the scaling factor Ao, the FIF in Figure 4(c) is drawn. From Figure 4(c)
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it is evident that significant change occurred in the interval [z, 3] i.e., the curve
becomes more smooth in this interval and changes in other intervals are negligible.
To demonstrate the effect of the shape parameters on the FIF in Figure 4(b),
by perturbing shape parameter vo, the FIF in Figure 4(d) is constructed. In the
interval [x2, x3], curve moves upward and whereas in other intervals the changes are
not visible. By taking all the scaling factors are zero, Figure 4(e) is drawn which is
classical rational cubic spline preserving convexity. By taking arbitrary scaling factors
and shape parameters Figure 4(f) is drawn. The values of the scaling factors and the

shape parameters used in drawing various FIFs in Figure 4 are given in Table 4.

Example 6.4. Next, by considering the interpolation data { (1,2.5), (1.25,1.5),
(2.8,2), (3,2.5), (3.2,3.5),(4.2,4.5), (4.5,5,5) } which lies above the line y = 0.5z +
0.28, the FIF is constructed. By taking arbitrary scaling factors and shape parameters
Figure 5(a) is constructed. From Figure 5(a), it is clear that FIF does not lying above
the line y = 0.5x + 0.28. Therefore, the scaling factors and the shape parameters are
taken according to Theorem 5.8 and using this, Figure 5(b) is drawn. In Figure 5(b),
it is observed that the FIF lies above the line y = 0.52+0.28. After perturbing scaling
factor A5 with respect to Figure 5(b), Figure 5(c) is constructed. In a similar fashion,
after perturbing the shape parameter vs with respect to Figure 5(b), Figure 5(d)
is drawn. Classical constrained FIF is constructed by taking all the scaling factors
are zero which is shown in Figure 5(e). By taking random scaling factors and shape
parameters, Figure 5(f) is constructed. The parameters used to construct Figure 5

are given in Table 5.

7. CONCLUSION

To interpolate the data, a new rational cubic fractal interpolation function is thus con-
structed with the help of rational spline. The conditions derived on the scaling factors
and half of the shape parameters to preserve the shapes of the data makes it compu-
tationally economical. By perturbing the scaling factors and the shape parameters,
shape of the curve can be modified according to desire. Therefore, the constructed
FIF has more influence on shape preserving problem. By imposing suitable conditions
on the scaling factors, the FIF has O(h?) accuracy if the original function belongs to
the class C3.



RATIONAL CUBIC FRACTAL SPLINE

Table 2: Parameters for positive FIFs with u; = 1.5 fori=1,2,...

203

7.

parameter |Figure 2(a)|Figure 2(b)|Figure 2(c)|Figure 2(d)|Figure 2(e)|Figure 2(f)

A1 0.1000 0.0754 0.0754 0.0754 0.0754 0

A2 0.2300 0.0754 0.0754 0.0754 0.0754 0

A3 0.0300 0.1324 0.0132 0.1324 0.1324 0

A4 0.0600 0.0471 0.0271 0.0471 0.0471 0

A5 0.0420 0.0347 0.0347 0.0347 0.0034 0

A6 0.0500 0.0169 0.0169 0.0169 0.0016 0

A7 0.0450 0.0266 0.0266 0.0266 0.0026 0

U1 0.5000 0.5000 0.5000 0.5000 0.5000 0.8000

Vg 3.5000 1.5000 1.5000 1.5000 1.5000 1.5000

U3 4.0000 153.0000 | 20.9733 | 350.0000 | 153.0000 | 20.9000

vy 5.6000 2.5000 2.5000 10.5000 2.5000 1.5000

vy 8.5000 1.0000 1.0000 1.0000 4.0000 1.0000

or 7.9000 3.0000 3.0000 3.0000 7.3000 3.0000

U7 5.0000 0.5000 0.5000 0.5000 2.0000 0.5000
Table 3: Parameters for monotonic FIFs with u; = 1.5 fori=1,2,...,6.

parameter |Figure 3(a)|Figure 3(b)|Figure 3(c)|Figure 3(d)|Figure 3(e)|Figure 3(f)

A1 0.0250 0.0015 0.0250 0.0250 0.0250 0

A2 0.0240 0.0240 0.0240 0.0240 0.0240 0

A3 0.0610 0.0210 0.0610 0.0610 0.0610 0

A4 0.2000 0.2000 0.1000 0.2000 0.2000 0

A5 0.1360 0.1360 0.0940 0.1360 0.1360 0

A6 0.2160 0.2160 0.1160 0.2160 0.2160 0

U1 145.7800 | 35.1300 | 145.7800 | 145.7800 | 145.7800 | 33.7900

Vg 3.7300 3.7300 3.7300 3.7300 3.7300 3.6000

V3 134.0000 32.6400 134.0000 | 365.0000 | 134.0000 21.7900

vy 3.2000 3.2000 2.6000 120.0000 3.2000 2.0000

Us 32.4000 32.4000 8.7000 32.4000 | 250.0000 4.5000

or 31.6000 31.6000 5.3000 31.6000 | 280.0000 4.0000
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(a) Nonpositive FIF. (b) Rational cubic positive FIF.
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(e) Effect of A5, A\¢ and 7. (f) Classical rational interpolant.

Figure 2: Positivity preserving interpolation.

Table 4: Parameters for convex FIFs with u; = 1.5 for i =1,2,...,4.

parameter |Figure 4(a) |Figure 4(b)|Figure 4(c)|Figure 4(d) |Figure 4(e) |Figure 4(f)
A1 0.1000 0.0113 0.0113 0.0113 0 0.0430
A2 0.2000 0.0434 0.0043 0.0434 0 0.0740
A3 0.0100 0.0020 0.0020 0.0020 0 0.0100
A4 0.2000 0.0081 0.0081 0.0081 0 0.0160
U1 2.4000 3.3692 3.3692 3.3692 2.5000 5.6000
Vg 14.0000 16.5544 14.9146 50.0000 18.8158 3.0000
v3 4.6000 17.1542 17.1542 17.1542 13.9545 6.2000
Vg 3.0000 7.3637 7.3637 7.3637 4.4375 4.0000
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(f) Classical rational interpolant.

Figure 3: Monotonicity preserving interpolation.
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(a) Nonconvex FIF. (b) Rational cubic convex FIF.
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(e) Classical convex interpolant. (f) Convex interpolant with arbitrary parame-
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Figure 4: Convexity preserving interpolation.
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(e) Classical constrained FIF. (f) Constrained FIF with arbitrary parameters.

Figure 5: Constrained interpolation.
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Table 5: Parameters for constrained FIFs with u; = 1.5 for i = 1,2,...,6.

parameter |Figure 5(a) |Figure 5(b)|Figure 5(c)|Figure 5(d)|Figure 5(e)|Figure 5(f)
A1 0.07 0.07 0.07 0.07 0 -0.06
A2 0.4 0.09 0.09 0.09 0 -0.2
A3 0.05 0.05 0.05 0.05 0 -0.04
A4 0.05 0.05 0.05 0.05 0 0.05
As 0.28 0.28 0.18 0.28 0 -0.18
A6 0.08 0.08 0.08 0.08 0 0.08
vy 3 3 3 3 3 3
Vg 3 46 46 46 14 30
U3 3 3 3 3 3 3
Vg 3 3 3 3 3 3
Us 3 3 3 10 3 3
Vg 3 3 3 3 3 3
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