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ABSTRACT: We study a new method for the strong approximate solution of
stochastic differential equations using coupling and we prove by the Matlab imple-
mentation an order one error bounds for Davie’s scheme [5] in section (8) for the
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three-dimensional invertible SDEs to show the convergence result.

Key Words: strong approximate solution, stochastic differential equations, Davie’s
scheme, Matlab

Received:  August 6, 2018 Accepted:  October 11, 2018;
Published: November 14, 2018 doi:  10.12732/npsc.v26i3.5
Dynamic Publishers, Inc., Acad. Publishers, Ltd. https://acadsol.eu/npsc

1. INTRODUCTION

In this study we investigate the new method developed by Davie [5] which uses cou-
pling and gives order one for the strong convergence for stochastic differential equa-
tions (SDEs). There are many numerical methods for solving SDEs. P.E.Kloeden and
E.Platen [6] have described a method based on the stochastic Taylor series expansion
but the major difficulty with this approach is that the double stochastic integrals can-
not be so easily expressed in terms of simpler stochastic integrals when the Wiener
process is multi-dimensional. In the multi-dimensional case the Fourier series expan-
sion of Wiener process has been used to represent the double integrals by [6], [11]
and [10] but we need to generate many random variables each time therefore it takes

a lot of time to compute and also it is hard to extend to higher order. We will see
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in this study a modified interpretation for the normal random variables generated
in the Taylor expansion. This method will give order one convergence under a non-
degeneracy condition for the diffusion term. In standard methods such as Milstein
we generate the approximations for the Taylor expansion terms separately. In the
coupling method we will generate the approximation for the Taylor expansion as a
combination of random variables. The modification is by replacing the iterated in-
tegrals by different random variables but with a good approximation in distribution.
Then we will obtain a random vector from the linear term which is a good approxima-
tion in distribution to the original Taylor expansion. There have been many studies
using coupling for the numerical solution of Stochastic differential equations. In [12]
Kanagawa investigate the rate of convergence in terms of two probability metrics
between approximate solutions with i.i.d random variables. Rachev and Ruschen-
dorff [8] in volume 2 developed Kanagawa’s method by using the Komlés, Major and
Tusnddy theorem in [7]. In [13] Fournier uses the quadratic Vaserstein distance for
the approximation of the Euler scheme and the results of Rio [14] which gives a very
precise rate of convergence for the central limit theorem in Vaserstein distance. Also
Rio in [21] continues his research in [14] for the Vaserstein bound to give precise
bound estimates. Under uniform ellipticity, Alfonsi, Jourdain and Kohatsu-Higa [3]
and [4] have studied the Vaserstein bound for Euler method and they have proved
an O(h(%_“)) for one-dimensional diffusion process where h is the step-size and then
they generalize the result to SDEs of any dimension with O(h,/log(+)) bound when
the coefficients are time-homogeneous. Cruzeiro, Malliavin and Thalmaier [15] get an
order one method and under the non-degeneracy they construct a modified Milstein
scheme which obtains an order one for the strong approximation. Charlbonneau,
Svyrydov and Tupper [16] investigate the Vaserstein bound [9] by using the weak
convergence and Strassen- Dudley theorem. Convergence of an approximation to a
strong solution on a given probability space was established by Gyongy and Krylov in
[17] using coupling. Davie in [22] applied the Vaserstein bound to solutions of vector
SDEs and uses the Komlds, Major and Tusnady theorem to get order one approxi-
mation under a non-degeneracy assumption. In this paper we will give the proof of
an order one convergence for Davie [5] method by using Matlab implementation for
a specific SDEs. The proof will be in LP space using three-dimensional SDEs. The
rest of this paper is organized as follows. Section 2 reviews some results concerning
SDE and introduce Davie [5] method. Section 3 presents the idea of bounds using
two-level coupling. In section 4 we look at and explain the method of the approximate
coupling for general d. In the last section we give numerical example to the show the

convergence behavior for 3-dimensional SDE.
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2. STOCHASTIC DIFFERENTIAL EQUATIONS(SDES)

Definition: let {W(¢)}+>0 be a d-dimensional standard Brownian motion on a prob-
ability space (2, F,P) equipped with a filtration F = (F;)t>0, ¢ = a(t,z) be a
d-dimensional vector function(called drift coefficient) and b = b(¢,x) a d X d-matrix
function(called diffusion coefficient). Stochastic processes X = X (t), where ¢ € [0, T],

can be described by stochastic differential equations
dX (t) = a(t, X (t))dt + b(t, X (t))dW (¢). (2.1)

Let the initial condition X (0) = x be an Fy-measurable random vector in R%. An

Fi-adapted stochastic process X = (X (t))i>0 is called a solution of equation (2.1) if

X(t):X(O)—i—/ola(s,X(s))ds—k/O b(s, X (s))dW (), (2.2)

is satisfied.
2.1. STRONG CONVERGENCE FOR SDES

Suppose that a probability space (Q, F,P) is given. In this probability space € is the
set of continuous functions with the supremum metric on the interval [0, T], F is the
o-algebra of Borel sets and P is the Wiener measure. We consider an approximate
solution x, of (2.1) which uses a subdivision of the interval [0, 7] into a finite number
N of subintervals which we assume to be of length h = % Also we assume the
approximate solutions xj is a random variable on 2. Now we say that the discrete
time approximation xp with the step-size h converges strongly of order ~+ at time
T = Nh to the solution X (t) if Elz;, — X(T)[? < Ch"?,h € (0,1) where the strong
convergence will be in LP space and X (T') is the solution to the stochastic differential
equation. C' is a positive constant and C' independent of h.

Our method will give a strong approximation in the sense of this definition.
2.2. NUMERICAL METHOD FOR APPROXIMATING THE SDES

There are many numerical methods for solving stochastic differential equation, here
we will mention two important schemes. The first one is the Euler-Maruyama scheme
which will give strong order % and the second one is the Milstein scheme which has
an order one for the strong convergence. Suppose we have the stochastic differential

equation.

d
dX(t) = a;(t, X (0)dt + > b (t, X () dWi(t),  X;(0) = X (2.3)
k=1
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where i =1,...,d on an interval [0,7], for a d-dimensional vector X (¢), with a d-
dimensional Brownian path W (¢). In order to approximate the solution, we assume
[0,77] is divided into N equal intervals of length h = T'/N.

2.2.1. EULER-MARUYAMA SCHEME

The simplest numerical method for approximating the solution of stochastic differ-
ential equations is the stochastic Euler scheme (also called Euler Maruyama scheme)
which utilizes only the first two terms of the Taylor expansion and it attains the strong

convergence vy = % Firstly, consider the Euler-Maruyama approximation scheme.

d
29t =2+ a;(jh, D)k + > bir(jh, D) aw?, (24)
k=1

where AW,gj) = Wi((j + 1)h) — Wi(jh) and our numerical approximation to X (jh)
will be denoted x(7).

2.2.2. THE MILSTEIN SCHEME

We shall now introduce the Milstein scheme which gives an order one strong Tay-
lor scheme. We could obtain the Milstein scheme by adding the quadratic terms

ZZ 11 Pkt (jh, xU ))A,gz), to Euler scheme which gives the following scheme

d d
e =2+ ai(h, 2N+ b (e D)VAW + N pia(h, 29 AP, (2.5)
k=1 k=1

where AW = Wi ((j + 1)h) — Wi (jh),
A = [T Wi(t)— Wi (jh) }dWi (1), and pua (£, 2) = Y8,y bk (£, 2) Q2L (¢, ).
The implementation of the Euler scheme is easy to do as only needs to generate

the normal distribution for the standard Brownian motion AW,ij ) but it is not easy
to generate the integral A,(le) for the Milstein scheme when we have two or more

dimensional SDEs. We need to mention some facts about the two-level approximation.
2.3. TWO-LEVEL APPROXIMATION

We need to generate the increments AW,gj ) when we approximate the solution to (2.1)
by using Euler or other schemes which we will explain later in this section, therefore
Levy’s construction of the Brownian motion will be used to simulate a sequence of

approximations converge to the solution. That is

AW]gr,j) _ AngrJrl,Qj) —|—AW]§T+1’2j+1), (26)
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where r € N and AW, = Wi ((j + 1)h")) — Wy, (jh")) with (") = Z.

We will call the two-level approximation in (2.6) the trivial coupling. We could gen-
erate the normal distribution in (2.6) for the increments for a given level r by firstly
generating the increments in the LHS AW,gr’j ) and then conditionally generating the
increments in the RHS. We do the same process for each level r + 2, r + 3 and so on.
After that we will get the Brownian path W (t).

2.3.1. EMPIRICAL ESTIMATION OF THE ERROR OF A
NUMERICAL METHOD

Because usually we do not know the solutions of the stochastic differential equation
explicitly therefore we could not directly estimate the mean error F|X (T') — x| which
is the absolute value of the difference between the approximation solution x; and the
solution X (T") of an SDE (2.1). Assume the approximate solution z;, converges to the
solution X (T) as we decrease the step-size and go to zero. Then we can estimate the
order of convergence for a particular scheme by repeating R different independent sim-
ulations of sample paths. We will use the following estimator {e = }%E(}x(r) = Z(r) |)}
for different approximation solutions () and #,y for different range value of h. So
for any numerical method if we have a bound for the error E|x; — x,/2| < C1h?Y then
Elxy o — xp4] < C1(2)7 and then Elxp 4 — 28] < C1(Z%)7 and so on. Therefore
we will get a geometric series then we will obtain
Ci1hY

EIX(T) ] < 3 Cu() = 200 (2.7)
h=0

So from (2.7) we could estimate the convergence and the constant. If the commuta-
tivity condition for pu(t, ) = pux(t,x), holds for all 2 € R, ¢ € [0,7] and all 4, k,
then the Milstein scheme (2.5) reduce to

d d
xf;jﬂ) = acz(,J) + ai(jh, x9)h + Zbik(jh,a:(j))AW,gJ) + Z Pik (jh,a:(j))B,(jl)7 (2.8)
k=1 k=1

which only depends on the generation of the Brownian motion AW,gj ). Scheme (2.8)
will give an order one if d = 1, but if d > 1 will have order % As it is described in
Davie’s paper we could do a modification to scheme (2.8) which will give an order

one under a non-degeneracy condition.
2.4. A MODIFICATION TO (2.8) WHICH GIVES ORDER ONE

As it is described in Davie’s paper [5] the interpretation of generating of the normal

distribution will be changed in scheme (2.8) which leads to convergence of order one
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under a non-degeneracy condition. In the implementation of the Milstein scheme we
start by generating the random variables AW,gj ) and A%) separately and then we add
these random variables to get the RHS of scheme (2.8). The idea here that we will try
to generate the following Y := > b (jh, x(j))AW,gj) + > piri(Gh, x(j))A,iz), directly.
If we have a scheme

xl(j+1) _ xl(j) + a;i(jh, a:(j))h + Zbik(jh; x(j))Xlgj)

+ Z piri(jh, x(j))(Xigj)Xz(j) — hdkr), (2.9)
where the increment X ,gj ) are independent N (0, h) random variables then it is the same
as scheme (2.8) with AW,gj ) replaced by X ,gj ) and we do not assume AW,gj )= X ,gj ).
Now we need Z; := Zbik(jh,x(j))X,gj) + Zpikl(jh,x(j))(X,gj)Xl(j) — hdgr), to be a
good approximation to Y;, in other words how we could find a joint distribution of
random vectors (AWéj ),A,(i)) and (X ,gj )) so they have the required marginal distri-
bution, with bound E(Y; — Z;)2 = O(h®). We will explain in the following section
how we can use a coupling to find the required marginal distribution which will give
good bound for the random distribution Y; and Z;. After that we will get an order
one approximation between the two approximate solutions of the SDEs, x(jh) and
) ie. E(z(jh) — 29)) = O(h?). We need to mention two facts before we explain
the approximate coupling.

(1) In the implementation we will use the explicit versions for the coefficients from
the Runge-Kutta scheme coefficients(11.1.7) in Kloeden and Platen’s book [6] i.e.

bir(Th) — bir(x)
Vh

where (Tﬁl =x+ bl\/ﬁ) forl =1,2,--- and S5 we will be used an approximation to

Biri(x) =

Pikl -

Lemma 2.1. Suppose we have the Runge-Kutta scheme coefficients(11.1.7) in Kloe-
den and Platen’s book [6], i.e.

Vh

with by () twice differentiable with respect to x and Y!, =z + b'\h for 1 =1,2,--- .
Moreover the b, (x) and its second derivative are bounded by constant. Then the differ-

Biri(z) =

ence approzimation between By (x) and the derivatives term pig(x) will be O(h).i.e.

2/p
<|5ikl () — pikt ($)|p) < Cph (2.10)

where C), is a constant.
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Proof. see Alnafisah [1] O

Lemma 2.2. Let p € P. Then we can find a vector polynomial ¢ € P? such that
V.(f¢) = fPp.

Proof. see Lemma 1 in [5] O

Lemma 2.3. Letn < N and R be positive integers, and for j = 1,--- /N let

pj,T; € P, all having degree< R, and such that p; = r; for j < n. Let n > 0 with

nR < n and let K > 0. Then we can find C > 0 such that, if € > 0 and we write

Mo = pfxpdr and vy = rfxpdr where p = 1—|—Z L pj, = 1—|—Z _, €lrj and

={z € R?: || < e "}, and if p and v are probability measures on R? with

qu( + |2*)dlp — pol(z) < Ke**2 and [,, (1 + |z|*)d|v — wo|(z) < Ke*"*2, then
W (u,v) < Centl.

Proof. see Lemma 2 in [5] O

3. BOUNDS USING TWO-LEVEL COUPLING

First we consider scheme (2.9) and for the simplicity we will let b;x(x) depend only
on z and also the drift term equal zero, so

27 = e £ S b (@NXD + 3 pir @)X XD — how). (3.1)

Now for the step-size h(") = 27 we will have 2"d independent random variables X, ()

Then at two consecutive levels, in other words from level r to level » + 1, r € N we
need to find a coupling between X,gm) which is N (0, h(")) and (X,grﬂ’?J), X,g”mj“))
so they are independent of each other and they are N (0, A" t1). If We have that igm)

is a solution of 3.1 at the level r then for a fix time j we compare (3 1) ot level r
with z N(TH %2 i the level 7 + 1, we have
‘,31(7’7j+1) ~(7’ 7) + Z bik (r,j) X(Tvﬂ)
1 d
A Z @)X = hD6u), (3.2)

and define y as the following

d
y = £§r+1,2j) + Z bik(j(rJrl,Qj))X]gr,j)
k=1
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d
1 ~(r i T,J T,J T
+ 5 Z pikl(x( +1,23))(Xlg ,J)Xl( J) h( )5kl); (3.3)
k=1

also we have

d
Fr+L2i+1) _ i§r+1,2j) + Z bik(i(r+1,2j))Xlgr+l,2J)

i
k=1

d
1 ~(r i r j T j r
+ 5 § pikl(x( +1,2j))(Xlg +1,2J)Xl( +1,25) h( +1)5kl)- (34)
k=1

d
j§r+1,2j+2) _ jfjl(r-|r1,23+1) + Z bz‘k(i(rﬂ’zjﬂ))X,gTH’Qﬁl)

k=1

d
1 ~(r ; r+1,25 T j T
5 D P (ETTRAE OGN YLD 0 gy (3.5)
k,l=1

We should mention that when we write X = O(M) for the random variable X we
mean the L? bound for it i.e. (F|X[?)'/? < CM. Now, from lemma 2.1 we have

bz‘k(j(T—'_l’Qj-'—l)) _ bik(i,(r-i—l,Qj)) +Pz‘kl(i(r+1’2j))(X,£T+1’2j)) + O(h)

and pig (2THLETDY = puy (207HL2)) 4+ O(h).
Using these relations in (3.5) and combining it with (3.4) we get.

d
fi(r+1,2j+2) _ fi(r+1,2j) + Zbik(fi(r—i-l,Qj))(XIET-FLQJ) +X]£T+172]+1))
k=1
d . .
+ Z pi (£ H120)) X (rHL27HD) x (r1.27)
Lk=1
ML
~(r+1,2j (r+1,25) v (r+1,25)
5 D pu(ETTA) (X X
k=1
+ X]gr+1,2j+1)Xl(r+1,2j+l) o h(r)ékl)

+ (3.6)

where A = O((h(")3/2).
Now, let (c;;) be the matrix inverse of (bik(i(T‘H’Qj))) so that Zj cijbik(a?““gj)) =
dik- Then from equation (3.3) and (3.6) if we need the local error y — ;E,(:H’QHQ) =
O((h(")3/2), we require the coupling to satisfy

X(r,j) _ X(r+1,2j) +X~(T+1’2j+1)

i
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i zd: - (Xlgr+1,2j+1)Xl(r+1,2j) _ Xl(r+1,2j+1)Xlgr+1,2j)) +O((hY3/2),
k=1
where 751 = % j CijPikl-

Now we will reformulate (??) by a scaling. We fix r write € = (h(r))l/Q,Xi(r’j) =
e\/;,Xi(TH’zj) = ¢Y; and Xi(TH’QjH) = €Z;. Then Vi,---,Vy are independent and
N(0,1), while (Y1,---,Yy4, Z1,--+ ,Z4) are independent and N(0,1/2). Now we need
to find a coupling between a vector (V;) and (Y;, Z;) so that

d
Vi=Yi+Zi+e > mulZiYi— Z1Yi) + O(%). (3.7)
k=1
We need to write U; = Y; 4+ Z; and U =Y; — Z; that gives U; and U} are independent
and N(0,1). We have U;Uy, — U;U; = 2(Y1 Z), — Z;Y%) so that from equation (3.7) we
obtain

d
Vi=Ui+e > 7ul(UUs = UUL) + O(e%). (3.8)
k=1
Therefore, we require a coupling between (Vi,---,Vy) and (Uy,--- ,Uq, U, -+ ,Uj),
here all the random variables are N(0,1), and also (Vi,---,Vy) are mutually inde-

pendent,
(Uy,---,Uq,Uf, -+ ,Uy) are also mutually independent, and (3.8) holds.

4. APPROXIMATE COUPLING FOR GENERAL D

In this section we will describe the approximate coupling which satisfies (3.8) with U,
U* having the required distribution but the random variable V" has only approximately
a standard normal distribution. Here the error bounds are somewhat less precise but

the estimates can easily be made rigorous. First of all, we will start with a lemma.

Lemma 4.1. Let U = (Uy,---,Uq) be a random vector with N(0,1) distribution
and let A be a fired d X d matriz. Let Y = U + € AU. Then the density function of Y
satisfies

fr(y) = 2m) Y2 W21 1 eyt Ay — trA) + Q) + O(%) (4.1)
where Q = —(trA)y' Ay — y' A%y — L|Ay|> + L (y' Ay)* + L (trA)? + Ltr(A?).

Proof. see Davie [5] U

We need now to apply the lemma to (3.8). We will use the same definition for U
and U* as in (3.8) and define

d

Z T (U Ux — U Uy) (4.2)
k=1

)

Yi=U; +

DO
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If we define oy = %(Tikl — Tiyik) then we could rewrite (4.2) in the following way

d

Vi =Ui+e Y omUl} (4.3)

k=1

Now we need to find V' which is close to N(0, ) such that V — U = O(€?). To do
this we first apply the previous lemma to approximate the density function of Y. We
write Y = U 4 ¢AU where the matrix A = (a;x) is given by a;, = 27:1 oi U}, Then
the density of Y, conditional on U*, is given by (4.12) from the previous lemma. Now
we need to find the unconditional density of Y by substituting for A in (4.12) and
taking the expectation with respect to U*. We will do this for every term separately.
Firstly let

1 ifk=1
kl =
0 ifk#1
If we have the normal distributions U7, .-, U and let

= ZalUl*v Ny = Zkag
=1 k=1

E N1N2 =F Z alkal Uk = Zakbk
k,l=1

So from equation (4.12) and taking the expectation w.r.t U* , we have.

d

d d
E((trA)y' Ay) = Z (Z amm)aikykyv Z Z TmmiOikiykyi  (4.4)

i,k=1 i,k=1m,l=1

) )

E(y' A%y) ( Ed: (Z azmamkykyz)> zd: zd: TimlOmklYkYi (4.5)

i,k=1 =1 i,k=1m,l=1

d

d d
E|Ay|2 ( tAtAy ( Z <Z amﬂmk!ﬂc%)) = Z OmilOmklYkYi

i,k=1 i,k=1m,l=1

(4.6)

d d d
E(y'Ay)* = E( Z aikajmykyiymyj> = Z Zo'iklo'jmlykyiymyj (4.7)
kym=1Il=1

.5,k m=1 ,9,k,m=

d d
E((trA)?) ( > aiiakk> = > Gk (4.8)
iki=1

i,k=1

)
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d

d
az’kaki) = Z Okl Okil (4.9)
i k=1

i ik, =1

vy

E(trA?) = E(trAA) = E(

)

Now from (4.4) to (4.9) the unconditional density of Y satisfies

d
(27T)_d/2€_y2/2{1+62<lc— > vkt Y \I’ijkmyiyjykym)}+0(€4) (4.10)

d
i,k=1 i,5,k,m=1

Where £ = %szzl(%kmku + 0iiokkt), Gix = Zimzl(oimlamkl + CikiOmmi +
2O milOmii)

and Vyjpm = % 27:1 Oik10jmi. Here there is no €3 term because the density is invariant
under € — —e. A correction term needs to be added to the distribution Y to make it
close to the standard normal distribution. We consider an R%-valued random variable

V given by

d
Vi=Ui+e Y omlil] +epi(U) (4.11)
k=1

Here we need to choose the p which is an R%valued polynomial on R%. After we add
the correction term to the V' then we need to find its density function fy and we will

use the following Lemma.

Lemma 4.2. Let U = (Uy,---,Uy) be a random wvector with N(0,I) distribution
and let A be a fized d x d matriz. Let Y = U+ e¢AU + e2p(U) where p is an R%-valued
polynomial on R, Then the density function of Y satisfies

Fy(y) = 2m)" 2" WE12{1 4 e(yf Ay — trA) + E2Q} + O(e?) (4.12)

Where Q = —(trA)y' Ay — y* A%y — 5| Ay|* + 5 (y' Ay)* + 5 (trA)? + 5tr(A%) +y.p(y) —
Vop(y).

Proof. See Alnafisah [1]. O

So the density function fy satisfies
Foly) = @m) =2 W2 {14+ (K- 0(y) + U (y) + yp(y) — Vp(y) } + O(*) (4.13)
where 0(y) = ¢,y Oayiye and U(y) = S0 Uik Uil Yitm.

From lemma 2.2, the polynomial p could be chosen such that

V.(fp(y)) = f(¥(y) = 0(y) + 1) = fV.ply) —ypw)f = f(¥(y) —0(y) + )

This gives

Vop(y) —yply) = Y(y) —0(y) + 1 (4.14)



290 Y. ALNAFISAH

i here is a constant. Because fy is a density and its integral over entire space
equals to one then we should have y = K. Now we will verify that if we have
p = %V(Q + 6 — %) then it will satisfy (4.14). We need to find every term
separately. If we have that

Oyi .. Oya
dy1 Oy1
F/ _ . .
oy .. Oya
0yYa 0yYa
011 -+ b Y1
0=: : and y =
Oar -+ Oaq Yd
then
d
V(0(y) = V(Y Ointiyr)
ik=1
d d
= Z 0. Vyiyr + Z 01y Vyr
ik=1 ik=1
=F'Oy+ F'oly
= 1,0y + I,0%y
=0y +0'y (4.15)
On the other hand we have
d
i,j,k,m=1
d d
= Z Zaiklgjmlyiyjykym
i km=1 1
d d d d
= ( Z Uz‘klyiyk)( Z Ujmlyjym) +--+ ( Z O'ikdyiyk)( Z Ujmdyjym)
ik=1 jym=1 i k=1 jym=1
2 d 2
= | Z Uiklyiyk| +---+‘ Z Uikdyiyk|
ik=1 ik=1

and

d d
V(¥(y) = V(]| Z Oik1Yi Yk EEERURE | Z O'ikdyiyk|2)

ik=1 ik=1
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d d
Now let 01(y) = D25 oy Oik1Yiliks 5 0a(y) = D pmy Tikd¥iYk

and Al = Oikl, """ ,Ad = Oikd Then

V(¥(y) = V(o1(y)* +--- +0a(y)?)
=Voi(y)* + -+ Vou(y)®
=201(y)Voi(y) + -+ 204(y)Voa(y)
= 201(y)(Ary + A1y) + - - + 204(y)(Aay + Agy)
=201(y)B1 + -+ 204(y)Ba
Where By = (A1y + Aly), -+, Ba = (Aay + ALy)

V2(¥(y)) = V(201 (y)Br + - - + 204(y) Ba)

=2Vo1(y)B1 + 201 (y)VBy + -+ - +2Voi(y)Ba + 204(y)VBq
= 2(Awy + A1y)'Br + o1 (y)(tr(A1)) + - + 2(Aay + Agy)' Ba
+4oa(y)(tr(Aa))
= 2y [AT AL + AT + 24, (tr(A)) + (AD)* + AL AfJy + -
+2y' [AgAa + AG + 2A4(tr(Aa)) + (A7) + AaAy]y
=2y'Ery+ -+ 2y Eay
=2y"(Ey + -+ Eg)y
=2y'By

where By = AL Ay + A% + 24, (tr(Ay)) + (A})? + A1 AL,

Eq= AbAg+ A3+ 2A4(tr(Ag)) + (AL)? + Ag A},

and F=Fy+---+ Ey4

Finally we need to find V[V2(¥(y))]

VIV2(¥(y))] = V(24" Ey)

=2(By + B'y)
So from (4.14) we have
0+0' 0+0!
Vop(y) —yply) = —E+ % —y'Ey—y'[-Ey+ %
—(o1(y)B1 + -+ - + 04(y) Ba)]
0+ 06t 1O+ Ot
_ 5+ 8*9) ; o w

+ (o1(y)® + - + 0a(y)?)
=V(y) —0(y) + p (4.16)
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After we find the derivation of p we could see the €2 term will equal zero, also fy
is an even function of €, therefore we will not have an €3 term in its expansion, so
fvy) = (2m)~%2e=1v1*/2 £ O(e*). We also see that this Vsatisfies (3.8).

Now we need to expand the density fy further as

fv(y) = o)1 +qy)) + O(e®)

where ¢(y) is the density of standard normal distribution in R?. i.e.
Bly) = (2m) eI/

and ¢ is a polynomial in € and y and its expansion has ¢* and €% terms but the
dominant term will be of order €, i.e. it has O(e*). Then from lemma 2.3 we can
deduce that the distance (Wy) between the random variables V and V = N (0, I) will
be of O(e*). This means V will be coupled to V so that

E|V -V =0() (4.17)

The purpose of the following discussion is to show how we could use the empirical
estimate as in section 2.3.1 with the approximate coupling to get an estimate for
the error using the coupling V and hence we get an empirical upper bound for the
Vaserstein distance between the approximate solutions at two levels.

So if we need to generate coupled approximate solutions Z("™7) and #("+12) at
two different levels r and 7 4+ 1 then we could use the above definitions of V.U, U*.
Because V' does not have the exact normal distribution N (0, I'), therefore we will not
get the true implementation for (™7 in (3.1). We could get the true implementation
of (3.1) which we will call z("9) by substituting V by V, but we do not have a means
of generating it jointly with the level 7 + 1 solution, therefore we use #("/) as an
approximation. As we have done before, we have that the bound between #("7) and
#r+1.23) is O(h), and from (4.17) we obtain the bound z(™7) — (") = O(h?).

Now we need to estimate the error as the following. If we have that IV is the total
number of steps at level r, we need to estimate the following E|z("™N) — z(r+1L.2N)|
where z("N) is the true implementation of (3.1). But as we mentioned before that we
could estimate empirically E|z("N) — #("+1.2N)| by using the approximate coupling
method. After that we could get O(h?) bound between E|z("N) — z(r+1.2N)| and
E|zrN) — g(r+1.2N)) - Ag we expect E|z(N) —z(r+1.2N)| to be of order h, so the error
h? between them should be negligible for small h, hence the approximate method is
effective for empirical estimation.

In following section we will show the numerical results of the approximate coupling
for the scheme (2.9) which support the theoretical results. I would like to mention that
the following implementation will be for 3-dimensional stochastic differential equation

but the codes could be applied to d-dimensional SDEs.
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Theorem 4.1. Assume the matriz by () is invertible and twice differentiable with
respect to x. Moreover the by (x) and its second derivative are bounded by constant.
Also we assume the boundedness on the inverse of the matriz by, (x). Then we obtain
the following

(Blz{ 12 = g{r)py2/e < pyhett (4.18)

where 7" and ig”l’%) are define the same in (3.2), (3.4) and (3.5) where the

i
explanation of the generation of the random variables X has been shown in the coupling
summary.

Proof. See Alnafisah [1]. O

5. THE IMPLEMENTATION OF APPROXIMATE COUPLING IN
THREE-DIMENSIONAL SDE WITH INVERTIBLE DIFFUSION

First of all, we have the 3-dimensional SDE, which is invertible.

Xm(t) = —(sin(Xl(t)))2dW1 + deQ + W]WdW&
dXo(t) = mdwl + (cos(X1(t)))2dWs, 5.1)
X5 (1) = (cos(Xs(t)2dW: + Wll(t))?d%’

for 0 <t <1, with X;(0) =2,X3(0) =0and X3(0) =1

where W1 (t), Wa(t) and W3(t) are independent standard Brownian motion.

To apply a numerical method to this SDE we need to simulate solutions (for the
same Brownian path) simultaneously using two different step sizes (h and h/2).

The Matlab implementation for this SDE using the approximate coupling, which
will show us the result of the absolute value of the difference between two solutions
with step size h and h/2.

To construct this experiment, we will decrease the step size (h) every time when
we calculate the error and examine the convergence order of the approximate coupling
method. We will repeat this with different step size using (for example, R = 1000)
independent simulations. Then the order of convergence of this method between two
approximate solutions should be 1.

For the SDE we use the Matlab code to estimates the absolute error e = }% Zf‘;l |x§f) —
ng/)2|, for the approximation solution x; where each simulation is for the same Brow-
nian path. We will run the Matlab code with different number of steps (50, 100, 200,
400, 800, 1600) over a very large number of paths.
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step-size | error(e)
0.02 0.0225
0.01 0.0117
0.005 0.0059
0.00025 | 0.0028
0.000125 | 0.001

Table 1: The error results for the Approx. coupling in 3-d.

The plot of logierraes) against logih) for the approx. cowspling in 3-d

3 T T T T T T
¥ =gl p2 e
a1 [ e =4
Coeflicients: e
= pi = 0.88728 o
% ol |pe=0as0s0s P |
B e
2 P
Bl T — % — log(eror) against kog (h) A
ST the slope
o
7 1 I 1 1 1 !
-7 -6.5 ] -558 a3 -4.5 4 -35
Iog(n}

Figure 1: plotting for the convergence of the Apprx. coupling in 3-d

The table (1) and the plotting in Figure (1) show the implementation of the
approximation solutions of the previous 3-dimensional SDEs with different number of
steps (50, 100, 200, 400, 800, 1600). Running the code for 1000 simulations gives a

value for its estimator € equal to 0.0225 with the step-size 0.02 i.e.

1 1000 ) @)
€ = m ; |fEh —xh/2| = 0.0225

and 0.0117 with step-size 0.01 and so on. This means when we increase the number
of steps which each time gives a smaller step-size then the estimate error e will give
O(h) as it appears in the results in table (1). Also the Figure (1) is a plot of the
log of the estimator € i.e. loge against the log of step-size h i.e. log(h) which has a
slope of 0.98725 which again indicates a strong convergence of O(h) for the stochastic
differential equation (5.1).

Therefore from these computational results we could see that we have obtained

good agreement between the theoretical bound in [1] and the implementation results.
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